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Introduction 


The  demands  for  higher  performance  and  a  more  flexible  design  system  require  the  airfoil  and  turbomachinery  blade  designer 
to  be  more  innovative  and  to  design  beyond  the  limits  of  experimental  data.  Iterative  procedures  in  which  an  optimum  is 
obtained  by  a  comparison  between  the  results  of  different  designs  are  being  replaced  by  new  computational  methods  in  which 
the  objective  is  defined  by  a  direct  calculation.  Such  methods  use  a  minimum  of  empiricism,  are  better  suited  to  profit  from 
modem  computational  tools,  and  are  more  easily  integrated  into  modem  manufacturing  systems. 

,  -i  £■,  r*  /  :p  ?  ) 

>  Blade  or  airfoil  designs  are  normally  made  in  two  steps,  and  the  lectures  are  accordingly  grouped  into  two  parts.  -*•  r  •  " 

In  the  first  part,  optimisation  of  the  target  pressure  and  velocity  distributions  arc  discussed  taking  into  account  the  required 
performance  and  the  loss  mechanisms  in  the  boundary  layer.  Both  direct  optimisation  resulting  from  an  inverse  boundary  layer 
calculation,  and  an  iterative  optimisation  by  minimisation  of  the  losses  are  presented.  It  is  clear  from  both  procedures  that 
inclusion  of  off-design  operation  is  one  of  the  greatest  difficulties  involved  in  blade  or  airfoil  optimisation. 

The  second  part  of  the  course  gives  an  overview  of  the  numerous  inverse  blade  design  methods  that  have  been  developed  both 
for  turbomachinery  and  aeronautical  applications.  This  ranges  from  simple  parameter  definitions  of  two-dimensional  cross- 
sections  to  the  full  three-dimensional  definition  of  wings  and  blade  channels.  Jhe  more  academic  interest  of  a  detailed 
numerical  definition  of  arbitrary  shapes  conflicts  here  with  the  mechanical  constrafnts  imposed  by  the  industrial  manufacturer. 

The  methodology  to  account  for  a  large  number  of  constraints,  as  required  in  inverse  designs  and  optimisations,  is  also 
discussed  and  is  illustrated  by  results  from  numerous  applications  discussed  in  the  last  group  of  lectures. 

One  of  the  objectives  of  this  short  course  is  to  exchange  views  and  to  promote  a  discussion  between  turbomachinery  and 
aeronautical  designers.  Most  designers  are  active  only  in  one  field  of  application  and  are  not  aware  of  publications  by  the  other 
group.  However,  boundary  layer  calculation  methods,  potential  flow  and  Euler  solvers  are  almost  directly  applicable  to  both 
single  blades  and  multiple  blade  rows.  It  is  therefore  surprising  that  this  kind  of  discussion  is  not  more  frequent. 


R.Van  den  Braembussche 
Lecture  Series  Director 
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Introduction 


Face  a  la  volume  des  constructeurs  d'ameliorer  les  performances  des  profils  aerodynamiques  et  des  aubes  des  turbomachines, 
et  d 'adopter  une  methodologie  de  conception  plus  souple,  le  conccpteur  devient  plus  innovateur.  en  placant  )e  concept  de  son 
prototype  au-dela  des  li mites  des  donnees  experimentales. 

Les  procedures  iteratives.  ou  le  resultat  optimal  est  obtenu  par  comparison  entre  les  resultats  de  differentes  projets,  cede  la 
place  a  de  nouvelles  methodes  informatiques.  ou  1'objectif  est  defini  par  calcul  direct.  De  telles  methodes.  qui  ne  font  appel  qu  a 
un  minimum  d'empirisme.  sont  plus  susceptibles  de  bcneficicr  des  outils  informatiques  modemes  et  de  s  integrent  aux  systemes 
de  fabrication  modernes. 

Les  profils  aerodynamiques  et  les  aubes  des  turbomachines  sont  generalement  definis  en  deux  etapes  et  le  cours  est,  par 
consequent,  divise  en  deux  parties. 

La  premiere  partie  examine  loptimisation  de  la  repartition  des  pressions  et  des  vitesses,  en  tenant  compte  des  performances 
souhaitccs  et  du  processus  des  pertes  au  niveau  de  la  couche  limite.  Loptimisation  directe  qui  resulte  du  calcul  inverse  de  la 
couche  limite  est  decrite.  ainsi  que  loptimisation  iterative  obtenue  par  minimalisation  des  pertes.  Les  deux  approches 
demomrent  elairement  que  la  prise  en  compte  du  fonctionnement  hors-etude  resle  Y une  des  plus  grandes  difficultes  a 
surmontcr  pour  reussir  Toptimisation  des  profils  aerodynamiques  et  des  aubes  des  turbomachines. 

La  deuxieme  partie  du  cours  est  consacree  a  un  expose  des  differentes  methodes  inverses  qui  ont  ete  developpees  pour  la 
conception  des  aubes  des  turbomachines  et  pour  d’autres  applications  aeronautiques.  Ceci  va  des  simples  definitions 
parametriques  de  coupes  bidimensionnelles  a  la  defintion  complete  d’aubes  et  de  cannaux  d  aube.  L  interet  plutot  speculatif 
presente  par  des  definitions  numeriques  detaillees,  se  heurte,  ici,  aux  comraintes  mecaniques  imposees  par  I’industriel. 

Une  methodologie  qui  tient  compte  d  un  grand  nombre  de  contraintes,  comme  c’est  le  cas  pour  l  optimisation  et  la  conception  a 
l  aidc  des  methodes  inverses,  est  examinee  et  mise  en  lumiere  par  les  resultats  de  nombreuses  applications  qui  sont  traitees  lors 
de  la  derniere  session  de  cours. 

Lun  des  objectifs  de  ce  cours  est  de  permettre  un  echange  de  vues  et  de  developpcr  le  debat  entre  concepteurs  de 
turbomachines  et  concepteurs  d  aeronefs.  La  plupart  des  concepteurs  travaille  dans  un  seul  domaine  d’application  et  ne  sont 
pas  informes  des  communications  publieex  par  leurs  confreres  actifs  dans  d'autres  domaines.  Cependant.  les  methodes  de 
calcul  de  la  couche  limite.  les  resolveurs  d  ecoulements  a  potentiel.  et  les  resolveurs  d’Euler  sappliquent  plus  ou  moins 
directemenr  aux  grilles  d'aubes  simples  et  multiples.  II  est  done  surprenant  que  ce  type  de  debat  n  ait  pas  lieu  plus  souvent. 
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AERODYNAMIC  SHAPE  DESIGN 

George  S.  Dulikravich 
Department  of  Aerospace  Engineering 
Pennsylvania  State  University 
University  Park,  PA  16802,  USA 


1.  SUMMARY 

Design  of  aerodynamic  shapes  can  be 
accomplished  by  using  the  methodologies  from 
computational  fluid  dynamics  and  optimization. 
Two  basic  categories  of  the  inverse  (design) 
formulations  are  surface  flow  design  and  flow 
field  design.  A  number  of  methods  in  both 
categories  have  been  discussed  and  critically 
evaluated.  Open  questions  remain  to  be 
specification  of  a  more  appropriate  surface 
pressure,  acceleration  of  iterative  algorithms, 
increased  versatility  of  the  design  methods, 
direct  use  of  the  existing  and  future  flow  field 
analysis  software. 

2.  PREFACE 

The  field  of  aerodynamic  shape  design  involves 
the  ability  to  determine  the  geometry  of  an 
aerodynamic  object  that  will  satisfy  the 
governing  flow  field  equations  »nd  specified 
boundary  conditions.  For  example,  it  is  possible 
to  determine  the  coordinates  of  an  airfoil  if  a 
surface  pressure  distribution  is  specified.  The 
resulting  designs  can  be  subject  to  certain 
specified  constraints.  Examples  include  finding 
aerodynamic  configurations  compatible  with 
entirely  shock-free  transonic  flow  fields, 
obtaining  shapes  of  objects  that  produce  flow 
fields  with  minimum  entropy  generation, 
minimum  noise  generation,  etc. 

One  of  the  first  meetings  on  the  general  topic  of 
shape  design  was  the  International  Conferences 
on  Inverse  Design  Concepts  and  Optimization  in 
Engineering  Sciences  (ICIDES).  The  first  ICIDES 
was  organized  and  held  Octooer  17-18,  1984,  at 
the  University  of  Texas  at  Austin,  while  ICIDES- 
II  was  held  October  26-28,  1988,  at  the 
Pennsylvania  State  University.  They  were 
followed  by  an  AGARD  Specialists'  Meeting  on 
Computational  Methods  for  Aerodynamic  Design 
(Inverse)  and  Optimization  held  in  Loen,  Norway, 
on  May  22-23,  1989. 

In  the  general  field  of  aerodynamics  as  well  as  in 
any  other  field  theory,  we  are  basically  faced 
with  two  problems:  analysis  and  design.  In  the 
case  of  an  analysis  (direct  problem)  we  are 
asked  to  predict  the  details  of  a  flow  field  if  the 


geometry  of  the  flying  object  is  given.  In  the 
case  of  a  design  (inverse  problem)  we  are  asked 
to  predict  the  detailed  geometry  of  the  flying 
object  so  that  it  is  compatible  with  specified 
features  of  the  flow  field. 

Depending  on  the  prescribed  desired  features  of 
the  flow  field,  the  design  (inverse)  can  be 
divided  into  two  general  categories:  surface  flow 
design  and  the  flow  field  design  [5,6 J.  Surface 
flow  design  is  achieved  by  specifying  a  certain 
flow  parameter  (pressure,  Mach  number,  etc.)  on 
the  surface  of  the  flying  object  and  finding  the 
shape  that  will  generate  these  surface  conditions 
without  regard  for  the  rest  of  the  flow  field.  The 
flow  field  design,  on  the  other  hand,  enforces 
certain  global  flow  field  features  (shock-free 
flow,  minimal  entropy  generation,  etc.)  at  every 
point  of  the  flow  field  by  finding  the  shape  that 
will  satisfy  these  global  constraints  at  every 
point  of  the  flow  field.  A  large  number  of 
methods  for  performing  the  surface  flow  design 
have  been  developed,  while  only  a  few  methods 
for  the  flow  field  design  are  known  to  exist. 

Mathematical  models  used  in  the  design  are 
based  on  partial  differential  equations,  integral 
equations,  and  algebraic  equations.  For  example, 
Zhukovski  conformal  mapping  is  actually  a 
technique  for  designing  a  class  of  airfoil  shapes 
having  specified  surface  distribution  of  pressure 
that  corresponds  to  a  flow  around  a  rotating 
circle.  Although  we  are  dealing  here  with  a 
simple  algebraic  expression,  it  is  based  on  an 
integral  equation  formulation  (a  point-dipole  and 
a  point  vortex)  which  resulted  from  the  Laplace 
operator  (a  partial  differential  equation) 
governing  the  flow  field.  Thus,  any  global 
conformal  mapping  can  be  viewed  as  a  very 
special  method  for  designing  certain  simple 
shapes  in  a  steady,  planar,  irrotational,  inviscid 
flow  field.  Moreover,  global  conformal  mapping 
is  the  only  example  that  comes  to  mind  as  a 
method  which  combines  the  surface  flow  design 
concept  and  the  flow  field  design  concept  by 
guaranteeing  that  the  resulting  shapes  will  have 
the  specified  surface  distribution  of  the  flow 
parameters  while  the  flow  field  will  be 
irrotational. 
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In  a  more  general  situation,  arbitrary 
distribution  of  the  surface  flow  parameters  or 
the  flow  field  distribution  of  the  flow  parameters 
could  result  in  shapes  that  do  not  have  to  be 
physically  meaningful  and  manufacturable.  For 
example,  the  lower  surface  and  upper  surface  of 
an  airfoil  could  either  cross  over  ("fish  tail 
shapes")  or  never  meet  (open  trailing  edge 
shapes)  although  these  solutions  are 
mathematically  acceptable  (Fig.  1).  Obviously, 
the  problem  is  in  choosing  an  appropriate 
surface  distribution  of  the  flow  parameters.  On 
the  other  hand,  when  performing  the  flow  field 
design  by  minimizing  the  entropy  generation  at 
every  point  in  the  field,  the  resulting  shape  will 
most  likely  have  zero  thickness  and  no 
stagnation  points,  that  is,  the  optimal  shape  will 
most  likely  be  a  flat  plate.  Certain  constraints  on 


Fig.  1  Different  configurations  resulting  from 
the  unconstrained  surface  flow  design 

the  acceptable  final  geometry  are  needed 
especially  since  the  final  aerodynamic  design  is 
often  incompatible  with  the  minimum 
acceptability  criteria  posed  by  heat  transfer, 
structural  dynamics  and  vibrations,  acoustics, 
and  manufacturing,  just  to  name  a  few  [5,6]. 


The  main  objection  raised  by  the  designers  when 
discussing  the  inverse  (design)  methodologies  is 
that  these  methods  create  strictly  point-designs 


Fig.  2  Shock-free  airfoil  shapes  having  same 

surface  pressure  distribution;  [7  ]  vertical 
axis  magnified  five  times 


rather  than  range-designs.  In  other  words,  an 
aerodynamic  shape  (Fig.  2)  designed  by  using  a 
surface  flow  design  method  will  have  the  desired 
(7 ]  characteristics  only  at  the  design  conditions. 
If  the  operating  conditions  (angle  of  attack,  free 
stream  Mach  number,  etc),  are  changed,  the 
performance  of  the  designed  configuration  can 
deteriorate  rapidly.  Moreover,  when  designing 
transonic  shock-free  shapes  with  any  of  the 
surface  flow  design  methods,  the  resulting 
configuration  could  have  a  mildly  concave 
surface  (Fig.  3)  that  is  covered  by  the  supersonic 


Fig.  3  An  example  of  a  "shock-free"  surface 
pressure  distribution  with 
a  concave  suction  surface  [8] 


Fig.  4  Iso-Mach  distribution  for  the  shock-free 
surface  designed  airfoil; 
notice  the  hanging  shock  [8| 

flow.  As  a  result,  a  "hanging  shock”  or  a  "loose- 
foot  shock"  will  form  (Fig.  4)  even  at  the  design 
conditions  [8).  The  aerodynamic  efficiency  of 
such  a  configuration  will  not  be  satisfactory  even 
at  the  design  operating  point.  At  off-design 
values  for  the  Mach  number  or  the  angle  of 
attack,  the  hanging  shock  will  violently  re-attach 
itself  to  the  airfoil  surface  thus  causing  rapid 
increase  in  drag  due  to  the  boundary  layer 
separation.  Consequently,  it  is  more  appropriate 
to  design  an  almost  shock-free  shape  even  at  the 
design  conditions.  Such  shapes  would  have  a 
weak  family  [9]  of  shocks  that  would  not 


k 


increase  in  strength  appreciably  at  the  off- 
design. 

3.  SURFACE  DATA  SPECIFICATION 
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This  brings  us  to  the  question  of  what  is  the 
appropriate  surface  pressure  distribution.  The 
most  desired  feature  of  an  aerodynamic  design  is 
to  prevent  flow  separation  over  a  wider  range  of 
angles  of  attack,  Mach  numbers,  and  Reynolds 
numbers.  The  answer  to  the  question  as  to  what 
is  the  optimal  surface  pressure  distribution  is 
not  known.  It  might  be  an  altogether  wrong 
question  to  ask  in  light  of  the  fact  that  the 
surface  pressure  distribution  alone  is  not 
indicative  of  potentially  hazardous  flow  field 
features  as  is  the  case  of  an  unexpected  hanging 
shock.  Nevertheless,  a  number  of  researchers 
[10-14]  have  entertained  this  problem  by  using 
a  classical  approach  based  on  the  information 
from  the  boundary  layer.  A  somewhat 
speculative  approach  using  a  concept  of  minimal 
kinetic  energy  rate  [15]  has  been  reported 
recently.  A  fast  method  capable  of  detecting 
laminar  and  turbulent  flow  separation  from  the 
prescribed  surface  pressure  distribution  would 
certainly  be  very  useful.  These  relatively  simple 
methods  can  help  eliminate  those  surface 
pressure  distributions  that  would  separate  the 
flow.  Besides,  these  methods  leave  the  designer 
with  a  psychologically  important  feeling  that  he 
is  still  in  command,  although  knowing  that  all  of 
his  experience  is  still  inadequate  when  compared 
to  a  true  mathematical  optimization. 

Among  a  large  number  of  publications  using 
various  surface  flow  designs,  applications  have 
been  reported  to  single  airfoils  [16-24],  multi¬ 
component  airfoils  [25],  cascades  of  airfoils  [26- 
32],  ducts  [34],  rotors  [35-46],  isolated  wings 
[47-48],  wing-body  combinations  (49-501, 
nozzles  and  inlets  [51-52],  and  axisymmetric 
bodies  [53].  Some  of  the  methods  have  received 
wider  acceptance  than  the  others.  The  general 
conclusion  is  that  these  methods  which  are  more 
versatile,  easy  to  comprehend  and  implement, 
are  the  more  widely  used.  Since  a  number  of 
flow  field  analysis  codes  are  quite  reliable, 
versatile,  and  efficient,  most  designers  would 
like  to  make  use  of  this  software  directly  in  the 
design  process. 

4.  MODIFIED  GARABEDIAN’S  METHOD 

Methods  like  Carabedian  [19]  and  the  modified 
Garabedian  [20]  are  becoming  quite  popular 
since  they  require  an  extremely  simple  master 
code  which  can  call  any  available  flow  field 
analysis  code  simply  as  a  subroutine.  Thus,  as 
more  sophisticated  analysis  codes  become 
available,  they  can  be  directly  substituted  in  the 
master  code  that  computes  corrections  (Fig.  5)  to 
the  input  geometry.  The  main  drawback  of  the 
method  is  that  it  converges  relatively  slowly. 
The  iterative  motion  of  the  surface  which  is 


Fig.  5  Convergence  history  from  a  slit  to  a 
circle  using  panel  code 


undergoing  design  can  become  irregular  very 
quickly  if  some  son  of  control  over  the  motion  of 
surface  points  is  not  enforced.  The  concept  of 
treating  such  a  surface  as  an  elastic  membrane 
which  moves  according  to  a  simple  linear  time 
dependent  damped  model  (19)  is  quite  effective 
in  enforcing  a  relatively  smooth  convergence  of 
the  surface  geometry.  A  more  thorough  study 
on  the  stability  of  the  surface  motion  model  is 
necessary,  since  the  choice  of  coefficients  in  the 
model  119,20]  can  seriously  affect  the 
convergence  rate  and  the  stability  of  the  entire 
iterative  process. 

5.  STREAM  FUNCTION  BASED  METHODS 

A  very  interesting  concept,  termed  Stream- 
Function-as-a-Coordinate  (SFC),  is  based  on  a 
transformed  flow  field  governing  equations 
where  the  vertical  coordinate  of  each  stream  line 
is  treated  as  an  unknown.  Thus,  the  SFC 
formulation  132-33)  solves  directly  for  the 
unknown  geometric  coordinate  which  is  the 
coordinate  of  a  stream  line  (Fig.  6).  A  similar 
concept  derived  from  the  boundary  element 
integral  method  [18]  gives  a  fully  converged 
solution  in  10-20  iterations. 


Fig.  6  Design  of  a  tandem  cascade  using  SFC 
formulation  [32] 
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Another  method  that  is  based  on  the  interplay  of 
stream  function  and  potential  function  in 
irrotational  subsonic  inviscid  flows  is  due  to 
Stanitz  (34  J.  He  has  obtained  fascinating 
configurations  of  channels  and  ducts  subject  to 
specified  surface  pressure  along  the  duct  walls 
(Fig.  7). 


Fig.  7  Air  intake  scoop  designed  using  Stanitz 
method  |34J 


6.  TAYLOR  SERIES  EXPANSION  METHOD 

An  extremely  efficient  and  simple,  although 
approximate  method  has  been  developed  in 
China  (37-39]  and  can  be  reportedly  used  on  a 
pocket  programmable  calculator.  The  method  is 
based  on  prescribing  ,  say,  Mach  number 
distribution  along  the  mid-passage  streamline 
and  then  deducing  values  of  the  Mach  number 
on  the  top  and  the  bottom  of  the  passage  by 
expanding  the  prescribed  data  in  the  vertical 
direction  using  Taylor  series.  With  more  terms 
in  the  Taylor  series,  the  larger  gap-to-chord 
cascade  can  be  designed.  Since  the  analyticity  is 
carried  to  an  extreme,  very  little  work  needs  to 
be  performed  iteratively.  As  a  consequence,  the 
method  converges  very  fast.  Errors  in  this 
method  will  be  rapidly  increasing  towards  the 
stagnation  points  especially  if  they  are  blunt. 
The  method  is  applicable  to  radial 
turbomachinery  as  well  (Fig.  8). 


7.  NEW  THREE-DIMENSIONAL  FORMULATIONS 

Highly  sophisticated  and  computational’  j 
complex  computer  codes  have  been  developed 
and  successfully  applied  in  the  design  of  three- 
dimensional  coaxial  nozzles  (40)  and 
turbomachinery  blading  (41  J.  Th^*  governing 
model  is  a  complete  set  of  thr ?  :-dimensionaI 
Euler  equations  of  gas  dynamics. 

Analytically  novel  and  interesting  are  several 
new  formulations  (42-46]  for  quasi  three- 
dimensional  and  fully  three-dimensional 


Fig.  8  Radial  diffusor  vanes  designed  using 
Taylor  series  expansion 


turbomachinery  inviscid  flow  field  design.  The 
main  drawback  of  these  approaches  is  the 
absence  of  viscosity  and  turbulence  in  the  basic 
model. 

The  general  concept  of  having  a  small  master 
code  and  being  able  to  utilize  any  available 
analysis  code  as  a  subroutine  in  the  process  of 
surface  flow  design  has  been  successfully 
applied  by  Takanashi  (47J  in  transonic  wing 
design.  The  method  converges  extremely  fast 
since  he  used  a  small  perturbation  integral 
formulation  to  evaluate  geometry  corrections  of 
the  wing  surface. 

Surface  f low  inverse  designs  of  wings  {48.50) 
and  a  wing-body  combination  (49]  have  been 
successfully  accomplished  recently  using  full 
potential  transonic  equation  solvers  |48.49]  or 
higher  order  surface  panel  method  (50)  and 
fictitious  surface  transpiration  concept. 

Inverse  designs  of  supersonic  nozzles  (51), 
supercritical  jet  engine  inlets  |52J,  and 
axisymmetric  bodies  in  incompressible  potential 
flow  (53J  have  been  accomplished.  The  approach 
of  Ives  152 1  is  especially  innovative  and  unique. 

8.  TRANSONIC  SHOCK-FREE  DESIGN 

Probably  the  best  known  method  for  the  flow 
field  design  is  a  hodograph  based  method  (54- 
57 ]  for  designing  transonic  shock-free  shapes 
Actually,  the  method  is  a  unique  combination  of 
both  surface  flow  design  (surface  Mach  number 
can  be  specified  on  a  point-by  point  basis)  and 
flow  field  design  formulations  (no  shocks  are 
guaranteed  to  occur  in  the  flow  field) 
Consequently,  the  method  suffers  from  the 
known  problems  (open  trailing  edges  and  fish¬ 
tail  shapes)  associated  with  both  general 
approaches  to  design.  The  method  has  been  well 
publicized  in  the  seventies  and  the  resulting 


software  [181  found  its  use  in  industry. 

Nevertheless,  any  method  based  on  the 
hodograph  transformation  is  inapplicable  to 
three  dimensions.  Since  GaTabedian's  method  is 
based  on  elliptic  continuation  approach  [561  it 
requires  two  real  and  two  imaginary 

characteristics.  Needless  to  say,  it  is  a  highly 
complicated  method  and  the  resulting  software 
is  not  easy  to  modify.  The  entire  method  is  well 
described  in  a  textbook  by  Schrier  [57]. 

An  alternative  method  is  known  in  the  West  as 
Sobieczky's  [58,59j  fictitious  gas  or  as 
Nakamuras  gas  (60|  in  Japan,  since  both 
researchers  have  developed  and  published  the 
method  independently.  The  concept  is  based  on 
the  basic  fact  that  the  shocks  can  form  only  if 
there  is  a  supersonic  flow,  that  is,  if  th^ 
governing  partial  differential  equation  is  locally 
of  a  hyperbolic  type.  Consequently,  if  the 
conditions  for  possible  shock  formations  are  to 
be  eliminated,  the  governing  partial  differential 
equation  should  never  be  allowed  to  become 
hyperbolic.  Sobieczky  and  Nakamura 

accomplished  this  by  switching  from  an 
isentropic  expression  for  density  to  an 
appropriate  analytical  fictitious  density  relation 
at  every  point  in  the  field  and  on  the  boundary 
where  the  flow  would  like  to  become  supersonic. 
The  resulting  computations  are  acceptable  in  the 
subsonic  regions  (where  the  isentropic  relations 
were  used),  but  are  not  acceptable  in  the 
supersonic  regions  (where  the  fictitious  gas 
relations  were  used).  Nevertheless,  the  resulting 
sonic  line  which  now  separates  the  two  regions  is 
acceptable  by  both  the  isentropic  and  by  the 
fictitious  gas  relations  (Fig.  9).  If  we  now  decide 
to  use  the  isentropic  relations  in  the  previously 
fictitious  gas  domain,  the  governing  equations 
will  be  locally  strictly  hyperbolic.  Hence,  the 
sonic  line  values  of  the  stream  function  can  be 
used  as  initial  data  for  a  straight  forward 
integration  of  the  locally  hyperbolic  system. 


Fig.  9  Sonic  line  shape  before  and  after  the  use 
of  fictitious  gas  166] 


Moreover,  the  system  becomes  linear  if 
transformed  to  a  rheograph  plane  characterized 
by  the  Prandtl-Meyer  function  and  the  local 
velocity  vector  angle.  The  new  shape 
coordinates  will  be  determined  from  the 
condition  that  the  stream  function  should 
maintain  its  constant  value  at  every  point  of  the 
airfoil  surface.  This  method  is  fairly  simple  to 
comprehend  and  implement  in  the  existing  full 
potential  codes.  Nevertheless,  the  fictitious  gas 
method  does  not  give  us  freedom  to  specify 
surface  values  of  flow  parameters.  It  only 
guarantees  that  if  our  choice  for  the  fictitious  gas 
density  -  Mach  number  relation  is  not  too 
restrictive,  the  supersonic  bubble  will  become 
shallow  and  stretched  along  the  surface  (Fig.  9) 
resulting  in  an  entirely  shock-free  flow  field. 
The  method  is  suitable  for  redesigning  of  the 
existing  airfoils  [58-62 [ ,  cascades  (Fig.  10)  of 
airfoils  [63-65],  quasi  three-dimensional  rotors 
(66),  wings  [67-69]  without  having  to  worry 
about  surface  cross-over,  fish-tail  shapes,  and 
hanging  shocks. 


Fig.  10  Lifting  choked  shock-free  cascade 
designed  using  fictitious  gas  (64) 


9.  OPTIMIZATION 

Due  to  the  fact  that  aerodynamic  shape  design 
represents  only  a  part  of  the  overall  design  of  a 
flying  vehicle,  the  need  for  an  interdisciplinary 
optimization  is  arising  [4-61.  Simultaneously,  the 
optimization  algorithms  are  finding  a  rapidly 
growing  applicability  in  the  pure  aerodynamic 
design  [70-84].  The  optimization  algorithms  are 
presently  used  mainly  to  minimize  a  difference 
between  the  specified  and  the  computed  surface 
flow  data  .  This  is  obviously  not  a  very 
imaginative  use  of  the  computational  resources, 
since  optimization  codes  aie  known  to  require  a 
large  number  of  flow  field  analysis  solutions. 
Since  the  present  use  of  the  optimizers  is  largely 
not  to  minimize  certain  global  measure  of 
aerodynamic  inefficiency  but  to  enforce  the 
surface  flow  data,  such  use  of  an  optimizer  has 
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nothing  to  do  with  actually  optimizing  the  shape. 
The  noteworthy  exceptions  involve  maximizing 

lift-to-drag  ratio  for  a  multicomponent  airfoil 
(741,  minimization  ot  the  total  pressure  loss 
across  the  shock  waves  in  a  supersonic  inlet  |77|. 
minimization  of  the  total  pressure  loss  in  an  S- 
shaped  duct  |78|.  and  optimization  over  a  range 
of  operating  conditions  |79).  Recent  publication 
[80 1  exposes  an  interesting  and  potentially 
promising  new  formulation  for  the  fast 

evaluation  and  optimization  of  off-design 

conditions.  The  appioach  of  Rizk  ( 8 1  -83 1  is 

especially  welcome  since  it  allows  for  a  stable 
iterative  algorithm  where  an  optimizer  is  used 
on  each  updated  configuration  even  before  the 
flow  field  has  converged  on  the  new  geometry. 
As  a  consequence,  a  typical  airfoil  design 
involves  the  equivalent  of  5-10  fully  converged 
solutions  (Fig.  II). 


Fig.  1 1  Convergence  history  of  a  surface  design 
using  Rizk  optimization  (Slj 


10.  EMF.RGrNG  CONCEPTS 

Recently,  several  researchers  have  looked  into 
using  control  theory  concepts  (84-87  J  in  order  to 
achieve  an  inverse  (design)  algorithm.  The 
approach  is  certainly  novel  and  mathematically 
challenging  since  most  of  the  fluid  flow  theory  is 
based  on  partial  differential  equations,  while  the 
control  theory  is  usually  formulated  via  ordinary 
differential  equations.  Preliminary  formulations 
(871  reconfirm  earlier  observations  |84|  that  this 
type  of  formulation  might  not  be  efficient. 

11.  CONCLUSIONS 

A  survey  of  a  vast  number  of  different  inverse 
(design)  concepts  and  algorithms  has  been 
performed  with  an  attempt  to  classify  them. 
Positive  and  known  negative  characteristics  of 
each  of  the  more  prominent  methods  have  been 
outlined.  Future  research  should  concentrate  on 
the  use  of  Navier  Stokes  equations  and  three 
dimensionality  of  the  problem.  Optimization  and 


especially  interdisciplinary  optimization  should 
play  a  more  prominent  role  in  the  near  future. 
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1 .  Introduction 

The  material  presented  in  this  work 
can  be  used  for  different  types  of 
design.  Furthermore,  a  design  process  is 
one  full  of  constraints  and  compromises, 
so  that  one  cannot  pretend  that  any  one 
of  the  present  day  theories  may  produce 
the  optimum  optimorum.  What  the  designer 
desires  to  possess,  however,  is  a 
reliable  and  flexible  tool,  which  can 
help  him  evaluate  the  situation  at  hand. 
In  addition,  it  is  necessary  that  this 
tool  be  rapid  enough  with  a  reasonably 
fast  response,  when  an  interactive 
computing  procedure  is  used. 

The  objective  of  the  work  presente 
here,  was  to  create  a  tool  for  opti¬ 
mizing  the  viscous  behaviour  of  the 
flow,  particularly  in  view  of  designing 
arbitrary  compressor  and  turbine  blade 
sections  for  Mach  numbers,  which  may 
reach  the  transonic  regime. 

The  requirement  of  computing  speed 
rules  out  for  the  moment  design  tools, 
which  compute  directly  unsteady  flow.  On 
the  other  hand,  although  inverse  methods 
utilizing  the  Navier-Stokes  equations 
start  making  their  appearance,  still  the 
two-zone  hypothesis,  which  divides  the 
flow  into  an  inviscid  (external)  and  a 
viscous  part,  is  by  far  the  most 
practical.  This  fact  will  be  made  more 
explicit  and  explained  further  in  the 
present  lecture.  The  two-zone  hypothesis 
will  be  employed  here  and  the  flow  will 
be  considered  for  a  purely  two- 
dimensional  case,  as  presented 
schematically  in  figure  (1.1).  In 
addition,  it  will  be  considered  steady 
and  the  approximation  presented  in  Lock, 
Firmin  and  East’s  [1.1],  [1.2),  [1.3] 
papers  will  be  adopted.  This 
approximation  seems  to  be  a  good 
compromise,  allowing  the  computation  of 
relatively  extended  separated  flow 
regions,  without  important  additional 
computational  labor.  Details  may  be 
found  in  the  cited  references.  A  general 
description  will  be  presented  in  Chapter 
2  and  some  details  will  be  given,  when 
the  equations  will  be  presented. 

The  importance  of  centrifugal  and 
Coriolis  force  effects  on  turbulence  is 
vital  in  turbomachinery  applications. 
The  same  goes  for  the  variation  of  the 
streamtube  width  along  meridional 
distance.  The  corresponding  effects  will 
be  taken  into  account  in  the  present 
theory.  In  addition,  one  may  remark 
that  not  taking  into  account  these 
effects,  would  rule  out  application  of 
this  methodology  to  radial  machines, 
while,  for  axial  machines,  there  would 
be  too  much  room  left  for 
interpretation. 

Regardless  of  how  the  optimization 
problem  is  set  and  what  constraints  are 
imposed,  two  parameters  are  playing  the 
most  Important  role.  The  section 
circulation  (or  tf e  peripheral  force) 
and  the  total  pressure  losses.  Then, 


constraints  such  as  a  desired  low  loss 
incidence  interval  (in  order  to  ensure 
enough  margin  for  stall)  or  an  adequate 
blade  thickness  i i*  the  proper  places 
and  a  convenient  position  of  the  center 
of  gravity  of  the  blade  section  (in 
order  to  ensure  the  desired  mechanical 
properties)  are  considered  separately, 
once  a  blade  section  shape  is  estab¬ 
lished.  Consequently,  two  different 
computing  tools  are  necessary,  in  order 
to  do  the  job.  One,  which  deals  with  the 
viscous  effects  and  another  one  which 
deals  with  the  inviscid  external  flow. 

People  are  familiar  with  the 
inviscid  external  flow  computational 
tool.  We  shall  adopt  here  an  inverse 
one,  which  produces  the  blade  section 
shape,  given  the  velocity  distribution 
along  the  two  blade  surfaces.  Contrary 
to  other  practices,  we  shall  adopt  an 
inverse  viscous  flow  methodology.  It 
will  give  us,  as  we  shall  see,  the 
possibility  to  optimize,  at  the  same 
time,  the  viscous  behaviour. 

The  inverse  procedures  will  allow 
us  a  maximum  possible  flexibility. 
However,  it  is  necessary  to  stress  that 
a  direct  (analysis)  method  is  necessary, 
in  order  to  complete  an  optimization 
procedure,  both  inviscid  and  viscous.  In 
fact,  coupling  of  the  two  (inverse  and 
direct)  gives,  in  our  opinion,  the  best 
resu 1 ts • 

Considering  the  viscous  flow 
problem,  it  is  essential  to  state  from 
the  very  beginning  that  the  inverse 
procedure  relies  heavily  upon  the 
capability  of  the  corresponding  direct, 
in  order  to  reproduce  accurately  the 
various  practical  situations.  In 
addition,  all  semi -empi rica 1  information 
required  to  ensure  the  mathematical 
closure  of  the  computational  procedure 
is  common  to  both  the  "direct”  and 
’'inverse"  viscous  calculations. 

Unfortunately,  because  of  space 
limitations,  it  is  impossible  to  give 
oil  the  details  of  the  method.  However, 
an  extended  version  has  been, 
fortunately,  presented  in  ref. [3.231. 
Reference  will  be  continuously  made 
there.  Only  more  recent  developments 
will  be  mentioned  as  extensively  as 
possible.  These  developments,  although 
other  people  from  the  Lob  have  assisted 
as  well,  have  been  essentially  achieved 
by  Kal  lasO .  30  J  and,  especially, 
Bourasi 3  32 j  , 

Finally,  for  economy  of  space,  all 
explaining  of  symbols  is  presented  in 
the  corresponding  list,  in  Appendix  Al. 


2.  Description  of  the  Two-Zone  Model 

The  separation  of  the  flow  into  an 
inviscid  and  a  viscous  part  will  follow 
the  model  described,  as  said  above,  in 
the  paper  of  Lock  and  Firmind-2).  This 
model  relies  heavily  on  the  theoretical 
development  performed  by  Eastd.Jj.  a 


short  description  of  the  model  follows. 


Pe  -P 


The  model  is  schematically 
presented  in  figure  (2.1a).  The 
coordinate  system  used  (s,n)  is  the  one 
described  in  the  same  figure.  The 
external  inviscid  flow  (it  is  called 
Equivalent  Inviscid  Flow  by  Lock  and 
Firmin)  quantities  are  allowed  to  vary 
across  the  shear  layer  (see  figures 
(2.1b)  and  (2.1c>).  This  variation  is 
caused  by  both  the  solid  wall  curvature 
Ka  and  the  additional  curvature  due  to 
the  shear  layer  presence. 

Within  this  model,  there  exist  two 
possibilities  for  obtaining  at  distance 
6  the  matching  of  the  External  Inviscid 
(EIF)  and  the  Real  Viscous  Flow  (RVF). 
The  first  one  consists  of  displacing  the 
solid  surface  by  6ib#  when  6ib  is 
defined  by  the  equation 


- =  KM61+62)  (2.6) 

2 

Pe  Ws« 


Pe  "Pe 

a  6 

-  =  K*6  (2.7) 

2 

Pe  Wse 


from  equations  (2.6)  and  (2.7)  follows 
that 

P.-Pe 

6 

-  =  K*(6-6,-62)  (2.0) 

2 

Pe  ^6e 

* 


6  6 

|  p»WB  dn  ■  |  pW8dn  (2.1) 

6i  0 

s 

The  line  n*6ie  is,  then,  a 
streamline.  The  second  one  stems  from 
distributing  sources  along  the  solid 
surface,  of  strength 

d 

Pe  Wne  =  —  (p*  Wse  61  )  (2.2) 

■  a  ds  »  w  A 

The  definition  of  the  corresponding 
displacement  thickness  6ia  is 

6 

Pe  Wse  6,  =  (p.W.  -pWs)dn  (2.3) 

a  a  A  J  e 

0 

In  practice  the  difference  between 
5ia  and  6jb  is  negligible,  expressed  by 
the  following  relation 

61  -6, 

A  B  1  2 

-  *  -  (l-Hev)K*6|  (2.4) 

61  2  B 


where  K*  is  the  total  (effective) 
curvature  due  to  both  the  solid  wall  and 
the  shear  layer  presence.  It  is 
expressed  as 


d  6*  Wa 

a  d 

K**K„  +  -  -  K.  +  —  ( - )  (2.5) 

2  ds  W, 

ds  •* 

In  the  following,  we  shall  use  only 
6ja»  adopting  the  second  flow  model  and 
we  shall  drop  the  suffix  A. 

Looking  at  figure  (2.1c),  it  Is 
possible  to  express  the  various  static 
pressure  differences,  appearing  there, 
utilizing  the  flow  equations.  The 
accepted  approximate  expressions  for 
these  differences  (1.21  are  listed  below 


The  viscous  shear  layer 

computational  procedure,  which  will  be 
described  later,  utilizes  as  external 
velocity  distribution  the  one  given  by 
Ws« « ( 8 )  .  What  the  present  flow  model 
tells  us,  up  to  now,  is  that,  in  order 
to  obtain  Wsew(s),  we  have  to  perform 
the  external  inviscid  flow  calculation, 
introducing  at  the  wall  a  normal 
velocity  component  W„ea  expressed  by 
equation  (2.2).  Once  the  computation  has 
converged,  then  comparison  with 
experimental  results  will  be  made  using 
the  pressure  distribution  Pw(s),  which 
will  be  issued  from  Pea(s)  utilizing 
equation  (2.6).  On  the  other  hand,  the 
model  tells  us  that,  in  order  to  compare 
the  results  of  a  shear  layer  calculation 
method  with  experiment,  one  ha9  to 
deduce  WHew(s)  starting  from  P,  and  Pt®, 
deduce  Pew  from  equation  (2.6)  and 
utilize  Wne»  in  order  to  deduce  from 
Pte»  P«a*  Tte  and  Wnea  the  value  of 
Ws««  . 

To  the  above  remarks  one  has  to  add 
that  terms  containing  the  curvature  K* 
appear  in  the  equations,  as  we  shall  see 
later,  and  that  the  corresponding 
expression  for  the  integral 
6 

|(P®-P)dn  is  given  as 
0 


6 

|  (Pe-P)dn 
0 


1  2 

-  p,  Ws.  K* (6i*6a )>+ 

2  •  a 


6 

♦  |  pWiJdn 
0 


(2.9) 


noting  that  its  influence  is  of  lesser 
significance  to  that  due  to  the  pressure 
differences  introduced  above. 


A  second  and  equally  important 
effect  is  introduced,  when  the  present 
model  is  applied  to  the  wake,  as  well  as 
in  the  region  of  the  trailing  edge.  This 
effect  is  described  below,  considering 
the  schematic  representation  of  figure 


2-3 


(2. Id).  We  shall  apply  our  model,  now, 
considering  the  dividing  streamline, 
which  is  issued  by  the  inviscid  flow 
field.  In  the  theoretical  development 
underlying  the  model  it  was  only 
assumed  that  WDV«0,  so  that  the  same 
expressions  are  valid  when  the  dividing 
streamline  is  considered.  Applying 
equation  (2.2)  for  the  upper  and  lower 
part  of  the  dividing  streamline,  one  can 
get  the  following  simplified  expression 
for  the  jump  in  Wne  across  it 

ld_. 

AW.  *  -  —  (p.  Ws.  6,  ) 

pe  ds  *  ■  * 


where 


the  Kutta  condition  for  viscous  flow. 

An  alternative  way  of  imposing  the 
Kutta  condition  is  to  respect  the 
following  equality 

[P*  ]  -IP.  1  (2.13) 

0*61*62  u*>p*r  n*5i+6a  lower 

This  condition  is  more  convenient 
when  the  displaced  by  6is  surface  is 
utilized  during  the  inviscid 

calculation.  In  this  last  case,  when  the 
inviscid  static  pressure  must  be  imposed 
at  distance  6t  from  the  solid  surface, 
the  following  equation  may  be  used 

P,  -  P,  -K*  pe  wj  6j  (2.14) 

0*61  0*61  m8 1 


1  -  1 
Ws.  --(Ws*  +Wse  );  p«  *— (Pe  *Pe  ); 

»2  wu  » 1  *2  >1 


6i  »6i  +6i 

•  u  1 


(2.10) 


The  suffix  w  here  denotes 
conditions  at  the  diving  streamline. 
Applying  the  situation  described  in 
figure  (2.1c)  to  the  wake  region,  we  get 
a  static  pressure  distribution 
presented  schematically  in  figure 
( 2 .  le ) .  Following  the  same  reasoning  one 
can  get  the  jump  in  the  velocity 
component  W#ew  across  the  dividing 
streaml ine  as 


AW.  -[KUW.  (6i 


+5 a  W.  (5j  +6j  )J- 

10  el  1  I 


Having  related  tne  inviscid 
external  flow  field  with  the  viscous 
part,  we  shall  now  proceed  In  describing 
the  methods  used  for  calculating  each 
one  of  them.  When  these  calculations 
have  been  established,  we  shall  return 
back  to  examine  how  the  matching 
together  is  done,  utilizing  what  has 
been  said  in  this  section. 


3  •  The _ Development _ of  the 

Canonical  Equations 

The  basic  equations  are  the  same 
for  both  direct  and  inverse 

computations.  The  additional  relations, 
which  take  the  form  of  a  semi-empirical 
frame  and  ensure  the  mathematical 
closure  of  the  problem,  are,  as  well, 
the  same  for  both  direct  and  inverse 
formu 1  at  ions . 


-  -K.W.  (6j  +63  )  (2.11) 


or,  for  the  static  pressure, 

*  a 

Ap*  *P  «  “P«  *  [KqPw  (6j  +6a  )  + 

w  *  u  wl  wueu  u  o 

+  K,pe  W l  (6!  463  )]  (2.12) 

wl  el  1  l 

The  above  wake  analysis  tells  us 
that  the  inviscid  calculation  used  must 

be  capable  of  introducing  combined 

source  and  vortex  sheets  along  the 
dividing  streamline.  It  also  provides 
the  corresponding  jump  conditions  in 

static  pressure  and  velocity  components, 
as  well. 


In  this  Chapter  a  brief  description 
of  the  development  of  the  equations  will 
be  presented.  Details  may  be  found  for 
the  development  of  the  method  upto  1981 
in  references  [3.1]  to  [3.23].  The  last 
reference  summarizes  the  work  performed 
until  then.  Additional  work  that  has 
been  done  since  1981  may  be  found  in 
references  [3.24]  to  [3.32]. 

The  basic  equations  are  considered 
in  a  rotating  frame  of  reierence.  It  is, 
then,  easy  to  deduce  from  them  the 
equations  valid  for  a  stationary  frame. 
They  will  be  considered  for  turbulent 
flow.  For  laminar  flow,  Stewartson's 
transformation* 3 • 35|  is  used  in  order  to 
place  the  problem  on  an  equivalent 
incompressible  plane.  It  can  be  proved 
that  this  transformation  is  valid  for  a 
rotating  frame  of  reference,  aa  well. 


On  the  other  hand,  at  the  trailing 
edge  itseli,  provided  that  it  is  not 
rounded,  the  static  pressure  of  the  RVF 
must  be  the  same  for  both  the  upper  and 
lower  surfaces,  or  the  upper  and  lower 
sides  of  the  dividing  streamline  (that 
is  whether  the  trailing  edge  is 
approached  from  upstream  or  from 
downstream).  This  situation  presented 
schematically  in  figure  (2. If)  and 
implied,  also,  in  figure  (2.1e),  results 
in  a  smaller  circulation  value,  than  the 
one  which  corresponds  to  the  equality  of 
inviscid  static  pressures  (and 
velocities)  at  the  trailing  edge, 
applied  usually.  In  fact,  this  replaces 


An  axially  symmetric  orthogonal 
curvilinear  system  of  coordinates  is 
used  (see  figure  (3.1)).  It  is  assumed 
that  the  m-Iines  of  the  system  coincide 
with  the  streamlines  of  the  real  flow. 
The  continuity  equation,  the  two 
momentum  equations  and  the  energy 
equation  are  written  in  this  system.  In 
addition  to  those,  the  turbulent  kinetic 
energy  equation  is  written,  in  order  to 
be  used  for  turbulent  flow. 

The  above  mentioned  equations  are 
simplified  in  the  following  way:  (a)  The 
stress  terms  containing  the  coordinate 
system  curvatures,  as  well  as  the  terms 


containing  the  derivatives  of  stresses 
in  the  m-direction  (parabolization)  are 
neglected.  However,  all  normal 
fluctuation  terms  are  conserved. 

(b)  Some  simplifications  are  applied, 
concerning  the  inertia  terms  of  the 
normal  momentum  equation.  However,  the 
main  effect  of  these  terms  which 
contributes  to  the  variation  of  the 
static  pressure  in  the  normal  to  the 
flow  direction  is  retained. 

(c)  Following  Lock  and  Firminli-21  a 
representative  curvature  is  taken  into 
account  for  each  position  (m).  It  is 
partly  to  this  curvature  that  the 
variation  of  the  static  pressure  along  a 
normal  to  the  flow  direction  is 
accounted  for.  (d)  The  pressure  term  in 
the  turbulent  kinetic  energy  equation 
is  neglected. 

At  this  level ,  the  production  term 
in  the  strearawise  momentum  equation  for 
turbulent  flow  is  substituted  by  the 
corresponding  terms  appearing  in  the 
turbulent  kinetic  energy  equation.  This 
last  equation  is  not  used  any  further. 

When  these  simplifications  are 
performed,  the  equations  are  written  for 
the  external  inviscid  and  the  real  flow. 
They  are  then  subtracted  from  each 
other,  forming  the  corresponding  deficit 
equations  and  are  integrated  along  the 
normal  to  the  streamwise  direction. 

After  some  rearrangement,  the 
following  equations  are  formulated: 


In  the  above  Ddn  is  the  dissipa¬ 
tion  integral.  Jo 

During  the  development,  the 
following  relation  has  been  deduced  from 
the  normal  momentum  equation,  which 
describes,  the  difference  between  the 
real  and  inviscid  static  pressures 


5 

|(p.-p)dn« 


1  2 

-  pe  Ws®  K’(6,+62)2+ 

2  *  ■ 


0 

* 

|pWi 2  dn+H . 0 . T' s  (3.3) 

*  The  above  relation  was  introduced 

into  the  strearawise  momentum  equation  in 
order  to  render  it  in  the  form  of 
equation  (3.1).  The  same  goes  for 

equation  (2.2),  which  was  used  and 

accounts,  as  well,  for  the  coupling  of 

the  external  inviscid  and  the  real 

viscous  flow. 


We  shall  introduce  now  the 
dissipation  factor  Co 

6 

CD  -  -  Ddn  (3.  A) 

1  3  J 

• p«  Ws®  0 

2  mm 


and  the  skin  friction  coefficient 


(a)  The  streamwise  momentum  integral 
equation 

d  2  dWsj* 

-  (Pe  R«Ws®  62 )+  pa  RwWs®  61  ■ 

ds  *  ■  «  *  ds 


u/2  R«  Ri  d  2 

R-Pa  6pd( - ) - (PaWs.  K'(6,+6a)3]  + 

«  2  2  ds  «  * 


d  2  f  pWia-pWiii 

♦  —  [pa  R»Ws®  j  -  dnj  + 

ds  *  *  *  Pa  Ws®2 

0  •  ■ 

+  Kvtbb  ♦  H.0.T.'6  (3.1) 

« 

(b)  The  energy  integral  equation 


d  3  dWs® ® 

— (Pa  Rw*8,  6j)+pa  R»Ws®  (6i~6ik) - 

ds  *  ■  "  ■  ds 


d  w2R. 

-2p,  R»  Ws*  (6j  -61  )  —  ( - ) *2R,  I  Ddn  ♦ 

«  ■  k  <Ja  2 

0 
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d  3  f  pW.(3WiJ-V»i3+Wi3) 

[Pa  R«Ws®  I  *  dh 

ds  *  *  J  p,  Wse3 


(3.2) 
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Cf 


Pe  Ws« 


(3.5) 


We  shall  incorporate,  as  well,  for 
convenience,  the  normal  fluctuation 
terms  in  the  shear  layer  thicknesses  in 
the  f ol I owi ng  way 


5,*  •  6,  -  | 


pn;j-pw.;2 


dn 


(3.6) 


0  p®  Ws® 


f  pWB (3Wi2-Wi2+Wi2 ) 

3-1  -  dn 

i  Pa  W6® 


(3.7) 


Consequently,  our  equations, 
leaving  out  the  Higher  Order  Terms 
(H.O.T's)  become  for  compressible  flow 
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Pe  R» Ws® 


d  2  dWBe» 

—  (Pa  R.W  8.  62*)+ - 

ds  ■  »  Ws®  ds 


5p  d  a/2  R,  C(  1 

2  ds  2  2  2 

Ws®  2  p®  Ws® 


—  {  p®  We,  K“ (6j  +62 ) 2 ) ] 

ds  ■  • 
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(5,-5lk)  dWse. 

2  ds 
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acSt-Sik)  a  u»2R. 

-  -  —  ( )  +  CD  (3.9) 

2  ds  2 
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and  for  the  incompressible  flow 

Id  2  •  6 1 K  dWse* 

-  —  (R*Ws«  62  )  +  -  -  • 

2  ds  «  K  Wse  ds 

R,Wse  * 


C<  1  d  3 

« - (Wfi8  K»(Sl  +62  )2]  (3.10) 

2  2  ds  w  IC  K 

2Ws„ 


1  d  3 

-  —  ( R,Ws* 63  * )  =  C D  (3.11) 

3  ds  k 

R.Wse 


The  above  equations  hold  for 
turbulent  flow.  The  corresponding 
equations  for  laminar  flow  are  derived 
easily  by  dropping  the  normal 
fluctuation  terms  and  considering  that 
Cf  corresponds  to  the  laminar  shear 
stress.  Note,  that  the  inviscid  pressure 
at  the  wall  is  given  by  the  following 
equation: 


dWse 

dWse 

* 

X  Un  _ _ 

|  1 

dp. 

«  ds 

t  wn*  - 

■  dn 

p\ 

ds 

d(w2R2/2) 

+  -  +  Curvature  Terms  (3.12) 

ds 


We  are  ready,  now,  to  develop  the 
equations  in  their  final  form.  To 
conserve  printing  space  without  losing 
the  steps  of  this  development,  we  shall 
describe  below  in  some  detail  the 
development  of  the  equations  for  the 
incompressible  attached  case.  Then,  we 
shall  give  the  results  for  the  general 
compressible  case.  Details  of  how  these 
developments  are  realized  may  be  found 
in  reference  (3.23). 


assumptions  will  be  made.  The  reason  for 
introducing  these  new  variables  will  be 
seen  clearly  later,  while  the 
assumptions  will  be  justified  when 
discussing  the  semi-empirical  frame. 

Our  starting  point  will  be 

equations  (3.10)  and  (3.11)  with  the 

last  term  neglected  in  equation  (3.10). 
We  may  introduce  as  a  first  step  the 
kinetic  energy  dissipation 

3  2 

Ws«  Wse 

•  w  * 

E  «  p63  -  e  pvRe3  -  (3.13) 

k  2  2 


The  part  p63jc  Wse»/2  of  the  above 
variable  is  an  increasing  function  of 
distance,  as  the  losses  are  increasing, 
when  the  shear  layer  is  developing. 
Then,  the  energy  integral  equation 
(3.11)  becomes 

dE  ds 

—  -  CD  -  (3.14) 

E  63* 

K 

Taking  63KaH32K&2i(  and  introducing  it 
to  equation  (3.13),  differentiating  and 
combining  with  the  momentum  integral 
equation  (3.10)  and  using  the  definition 
Hi  2* *61  * /Si* .  one  gets 

dH33*  H32*  Cf 

1  k  1  k 

-  -  »  -  (1 - ] 

Hi 1*  -l  H32*  Hi  2 *  -l  2CD 

*  k  k 


dWs0 

dE 

-  -  (3.15) 

E  Wse 

• 

For  unseparated  shear  layers  the 
normal  fluctuation  terms  influence  in 
the  energy  equation  can  be  neglected  so 
the  H3 2 k mH3 2 t •  On  the  other  hand,  for 
unseparated  flow  the  ratio  (H|2k“D/ 
(Hi2{-1)  c«n  be  taken  constant  and  will 
be  denoted  as  K.  Finally,  with  a  very 
good  approximation  Hi  2k  will  be  taken  to 
be  a  unique  function  of  H32k  (the 
influence  of  the  Reynolds  number  is 
neglected),  so  that  one  may  introduce  a 
new  form  factor  Lk »  as 

1  dH32k 

dLk  -  -  -  (3.16) 

Hi  2k “1  H3ak 

remarking  that  the  right  hand  side  of 
equation  (3.16)  with  the  above  mentioned 
assumption  becomes  a  total  differential. 
We  shall  introduce  a  new  Reynolds  number 
Re*  as 


The  Development  of  the 

Attached _ Incompressible 

Boundary  Layer  Equations 


We  shall  formulate  our  development 
neglecting  the  last  term  of  equation 
(3.10).  Por  this  development  new 
variables  will  be  introduced  and  certain 


Re*  -  Re3e2Lk  (3.17) 

and  its  n^perian  logarithm 

X  «  InRe*  -  1  nRe3-f 2Lk  (3.18) 

We  shall  introduce,  as  well,  the 
velocity  logarithm  q  instead  of  the 
velocity  as 


q 


In 


Wr6f 


( 3  -  19) 


d* 


- dRe^ 

( 1+2KM) Cd 1  2  lk 


(3.27) 


and  the  position  Reynolds  number  *, 
instead  of  the  arc  length  s,  as 


s 


0 


We  shall,  finally,  introduce  a  grouping 
coefficient  M,  as  • 


which  relate  the  physical  variables 
(q,t)  to  the  intrinscid  variables 
(Lk,X).  Of  course  for  laminar  flows  K=1 . 
These  are  the  canonic  equations. 

We  shall  regroup  the  ehear  layer 
properties  in  a  slightly  different 
manner  for  laminar  and  turbulent  flows 
and  we  shall  have: 

(a)  For  the  laminar  case 


1  H3  2  kCf 

M  -  -  (1 - ]  (3.21) 

Hi2k-1  2CD 


Ml (Lk ,X) 

Pi (Lk)  *  - 

l+2Mj (Lk ,X) 


(3.20) 


and,  with  the  above  definitions  and 
assumptions,  we  shall  rewrite  equations 
(3.15)  and  (3.14)  in  the  following  form 


Ci(Lk)  =  CDi(Lk,X) 

2  L 

(1+2M, (Lk ,X))Re*e  *  (3.29) 


dE 

KdLk  =  +dq  +  KM  — 
E 

dE  d* 

—  -  CD  - 

E  Re3 
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dq 
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The  corresponding  equations 

dLk+Pi  dX 

d(ReJ) 

2C| 


will  be 

(3.30) 


Differentiating  equation  (3.13)  and 
using  equation  (3.22)  in  order  to 
eliminate  dq ,  one  gets 

dE  dRe3 

(U2KM)  —  =  -  +  2dLk  (3.24) 

E  Re3 


(b)  For  the  turbulent  case 
KMt (Lh ,X) 

Pt(Lk,X)  - - (3.31) 

l+2kMt (Lk ,X) 

Ct (Lk , X)  =  CDt(Lk.X) 


Using  the  definition  (3.18),  one  finally 
gets 

dE 

(1+2KM)  —  «  dX  (3.25) 
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We  have  developed  above  various 
forms  of  equations,  which  will  be  used 
later  in  order  to  reveal  some  general 
properties  of  the  shear  layers.  Before 
obtaining  the  final  form  of  the 
equations,  called  sometimes  canonical, 
it  will  be  helpful  to  make  some 
additional  remarks.  In  the  next  Chapter 
the  semi-empirical  frame  will  be 
examined  briefly.  It  is  important  to 
note  that  the  semi -empi rica 1  frame  will 
provide  us  not  only  with  expressions  for 
the  variables  appearing  in  our 
equations,  but,  also,  with  enough 
information  to  obtain  closure.  That  is 
to  say,  as  we  have  two  equations 
available,  the  independent  variables  of 
our  problem  must  be,  as  well,  two.  From 
the  development  made  above  it  is 
apparent  that  the  two  independent 
variables  chosen  (fo*-  reasons  which  will 
be  clear  later)  to  characterize  each 
shear  layer  section  are  Lk  (as  a  form 
factor)  and  X  (as  a  Reynolds  number). 
Then  M*M(Lk,  X)  and  Cd*Cd (Lk , X) ,  so  that 
eliminating  dE/E  between  equations 
(3.22)  and  (3.25)  and  between  (3.23)  and 
(3.25)  me  get  the  following  two 
equat i ons 

KM(Lk.X) 

dq  -  KdLk - dX  (3.26) 

1 +2KM(Lk , X ) 


(l+2Mt (Lk ,X) )e2Lk  (3.32) 

The  corresponding  equations  will  be 
dq  =  LdLk+PtdX 
dRe* 

d*  *  -  (3.33) 

Ct 

The  advantage  of  this  formulation 
for  laminar  shear  layers  is  that  the 
coefficients  depend  upon  only  the  form 
factor  Lk ,  as  follows  from  the  semi- 
empirical  frame.  An  attractive  feature 
of  equations  (3.26),  (3.27),  (3.30)  and 
(3.33)  is  that  for  the  case  of  the 
inverse  problem,  for  which  q($)  is 
calculated  when  Lk(X)  is  given,  the 
integration  procedure  is  reduced  to  two 
quadratures . 


The  Form  of  the  General 


Compressibl e 

Shear 

Laver 

Equations  for 

the  Calculation 

of  the  Attached  and 

Detached 

Shear  Layers 


The  same  analysis  can  be  performed 
for  compressible  turbulent  flow  (for 


laminar  flow 
incompress ible 
Stewartson ’ s 
utilized).  The 
are  derived 
development  as 
reference  (3.23] 


the  equations  for 
flow  are  sufficient,  as 
transformation  is 

corresponding  equations 
following  a  similar 
the  one  presented  in 
.  They  are 


CdM 

Fi  dLk -Fj  3dq+  -  d#  ♦ 

Re  3 


2-7 


F  3  3  w2  R. 

4  -  d( - )-A.-0  (3.34) 

Ws2  2 


it  was  realized  that,  when  strong  flow 
separation  exists,  the  value  of  K 
reflecting  the  normal  fluctuation  terms 
presence,  was  not  constant. 


CDd* 

dX~2dLk+F*4dq - + 

Rea 


Fj  3  0>2R. 

+  -  d( - )  -  A.  »  0  (3.35) 

a  2 

where 

Hi2k-1 

Fi  -  -  (3.36) 

(H13-l)-r(y-l/2)Me. 


F3  =  1  - 

2  2 

( 1  +  ( v-1 /2 )Me. ) ( 2Ki Me.+3K2  Me. )Me. 
- (3.37) 

(Hi  2~l~r(  y-1 /2) Me.  ) ( 1+Kj  Me.+K3Me.  ) 


r(y-l)Me.-HP2 

P3  *  -  (3.38) 

(HVj-l)-r(y~l/2)Me. 

y-1  2 

F%  -  2[I+(r-w)  -  Me.)  (3.39) 

2 


F*  «  ( r-w) (y-1 )Me.  (3.40) 


1 

F22"F3+ - 

(H12-l)-r(y-l/2)M2 

•  » 


t  (  2-u>(  y— 1  )  Me. 


Re..  j  Re*. 


- (l-w(y-l)Me  )  - ] 

Re3  *  Rea 

(3.41) 

R®ne 

p  „  ,  _  p  .  r _ 

Reiw  2 

*33  ■  ‘3+  L 

Re  3 

-  JWvf  — 

Rea 

(3.42) 

F*  *  *  F.-[2-w(y 

2  Re.. 

Rea 

(3.43) 

C.  a  ■  P-  A.  ■  f  if  _  t  1 

Ren.  2 

_ 

r  5  3  "3  V  l  ) 

ne. 

Re5 

(3.44) 

dReae  dRe..  Rog*  Re^.  dR. 

A.- - ft - ] - (3.45) 

Rej  Rea  Res  Rea  R. 

dRen.  Re^.  dR. 

A.  -  -  ♦  (If  - )  -  (3.46) 

Re3  Re3  R. 

In  the  above  equations  note  the  kj 
and  ka  are  constants  and  that  Fi  and  Fa 
are  function  of  the  Mach  number  reducing 
to  unity  for  M.  »0. 


4 .  The  Semi-Empirical  Frame 

In  order  to  obtain  closure  of  the 
system  of  integral  equations  used  for 
the  calculation  of  the  development  of  a 
shear  layer,  it  is  necessary  to  express 
the  various  flow  parameters  at  on 
arbitrary  cro6S  section  in  terms  of  a 
number  among  them.  This  number 
designates  the  number  of  the  independent 
variables  of  the  problem  and,  at  the 
same  time,  equals  the  number  of  the 
available  differential  equations.  For 
the  present  case  this  number  equals  to 
two.  Details  concerning  the  semi- 
empirical  background  for  work  done 
before  1981  can  be  found  in  reference 
(3.23J.  Here,  we  shall  briefly  outline 
how  this  semi-empirical  frame  is 
constituted  and  give  the  necessary 
background  for  understanding  the 
present  lecture.  In  addition, 
information  will  be  given  concerning 
developments  reaiized  after  the  work  of 
reference  (3.23]  was  reported. 

It  might  seem  strange  that  one 
wants  to  establish  a  semi-empirical 
frame  for  laminar  layers,  for  which 
mathematically  the  problem  is  well 
defined  and  doesn’t  need  additional 
information.  For  our  case,  however, 
information  was  lost  when  integration 
along  a  normal  was  performed  (in  order 
to  obtain  the  integral  equations)  and 
this  lost  information  must  be 
reconstituted  in  order  to  solve  the 
problem . 

After  this  remark,  we  may  state 
that  the  basis  for  constituting  the 
semi -empirica 1  background  of  both 
laminar  and  turbulent  shear  layers  is 
the  fact  that  the  profiles  of  the 
various  shear  layer  properties  at  each 
station  can  be  described  by  profiles 
corresponding  to  a  station  of  an 
equilibrium  shear  layer.  Consequently, 
it  is  necessary  to  obtain  the  properties 
of  all  equilibrium  shear  layers,  in 
order  to  establish  our  semi-empirical 
frame . 


For  laminar  incompressible  shear 
layers  Falkner  and  Skan’si+-U  similar 
solutions  are  used.  For  these  solutions, 
when  the  shear  stress  at  the  wall  tsn. 
and  the  shear  layer  thickness  6  are 
given,  then  the  velocity  profile  can  be 
specified,  for  each  station.  Then,  the 
various  thicknesses,  form  factors,  as 
well  as  the  shear  stress  profile  and 
corresponding  dissipation  factor  can  be 
obtained. 

For  these  laminar  equilibrium  shear 
layers,  it  is  easy  to  prove  that,  at  the 
same  time,  the  parameter 


The  above  equations  differ  from 
those  presented  in  ref. [3.23].  A 
restructuring  was  performed,  when  it  was 
realized  what  was  needed  in  order  to 
march  more  deeply  (than  it  was  done  in 
refs  (3.12)  and  (3. 13])  into  the 
separated  flow  region,  as  well  as  when 


6t  dp. 

n  *  7 - r  —  (A<1) 

|TSnw  |  ds 

conserves  its  value  for  each  individual 
layer. 

Note  that  the  way  the  expression  for  n 


is  written,  it  accounts  for  both 
attached  and  separated  shear  layers. 
This  value  is  known,  together  with  the 
velocity  profile  of  the  corresponding 
similar  solution. 

For  turbulent  incompressible  shear 
layers  it  was  proved  experimentally 
(Clauserl* *  * J ,  Bradshaw!* • 31  ,  among 
others)  that  the  external  part  of  the 
velocity  profile,  as  well  as  the  mixing 
length  profile  are  unique  under  a 
certain  similarity  law  for  each 
equilibrium  shear  layer.  The  inner  and 
outer  parts  of  the  turbulent  shear 
layers  obeying  different  laws  (see 
Co  1 es I  * • * 1 • l * - 5 1 ) ,  makes  it  impossible 
to  demand  complete  similarity  for 
turbulent  shear  layers.  However,  for 
reasonably  high  Reynolds  numbers,  the 
error  involved  is  relatively  small. 

In  the  present  case,  Kuhn  and 
Nielsen’s!*  61  velocity  profile  family 
was  used,  which  defines  the  velocity 
profile  when  a  free  parameter  t?i  and  the 
shear  layer  thickness  6  are  given.  At 
the  same  time,  the  velocity  profile 
expression  provides  the  wall  shear 
stress  xsow.  The  unique  mixing  length 
profile  for  all  equilibrium  shear 
layers,  or,  alternatively,  the  method 
presented  in  reference  (4.7],  gives  the 
possibility  to  obtain  the  dissipation 
factor  CD .  The  two  procedures  give  quite 
comparable  results  (Papai 1 iou l * • 7 1 ) . 

The  above  applies  to  both  attached 
and  separated  shear  layers  (see 
Papai 1 ioui3 • 23)  for  detailed 
information).  The  relation  between  n 
(defined  by  equation  (4.1))  and  it*  in 
this  case  is  established  experimentally. 
In  the  present  work  the  relation  deduced 
by  Papai 1 iou!* • 8)  is  used,  which 
coincides  with  that  given  by  Nash!*-9!. 

For  compressible  flow  the 
generalized  velocity  of  van  Driestl*ioi 
is  used.  Mathews,  Childs  and 
Paynter ! * • i ! J  and  Albert*»2i  have 
established  that,  by  using  it,  the  semi- 
empirical  incompressible  expressions  are 
verified.  This  fact  is  in  agreement  with 
Morkovin'st*  131  hypothesis,  according 
to  which  the  turbulence  properties  are 
not  influenced  by  compressibility,  as 
long  as  the  Mach  number  based  on  the 
velocity  fluctuations  remains  small. 
This  hypothesis  has  been  confirmed 
repeatedly  and  has  been  used  for 
practically  all  methods  of  calculation 
of  turbulent  compressible  shear  layers. 
It  gives  the  possibility  to  use 
turbulence  properties  established  in 
incompressible  flow  for  calculations  up 
to  a  Mach  number  of  approximately  3.  The 
turbomachinery  range  of  application  is, 
thus,  largerly  covered.  This  same 
hypothesis  has  been  used  in  order  to 
enable  us  to  state  that  there  exists  a 
class  of  turbulent  equilibrium  shear 
layers  for  incompressible  as  well  as  for 
compressible  flow  (see,  also, 
Alber!* -  * *) ) ,  unseparated  or  separated, 
which  are  completely  defined  at  each 
station  of  their  development,  once  two 
properties  along  with  the  external  Mach 
number  have  been  specified. 

It  is  important  to  consider  more 
particularly  the  relation  between  Hi  a* 


and  H32K •  For  laminar  incompressible 
shear  layers  there  exists  a  unique 
relationship  H32k(Hi2k)  for  unseparated 
as  well  as  for  separated  flow.  It  is 
presented  in  figure  (4.1).  As  said 
above,  for  turbulent  incompressible 
shear  layers,  the  experimentally 
established  relation  H32k(Hi2k)  depends 
slightly  upon  the  Reynolds  number.  The 
maximum  deviation  of  the  curves  for, 
say,  a  range  of  Reynolds  numbers  based 
on  boundary  layer  thickness  from  5000 
to  500000  is  of  the  order  of  3%.  This 
relation  is  presented  in  figure  (4.2). 
Different  calibrations  using  different 
representations  of  the  velocity  profile 
have  resulted  to  the  same  curve.  For 
compressible  turbulent  shear  layers  the 
curves  H32(Hii)  depend  strongly  upon  the 
Mach  number.  If  one  considers,  however, 
the  curves  H32k(Hi2k)»  then  one  comes 
very  close  to  the  established  curve 
H32k(Hj2k)  of  figure  (4.2). 

We  can  remark  that  both  curves 
Hj2k(Hi2k)  for  laminar  and  turbulent 
shear  layers  present  a  minimum.  This 
minimum  is  found  very  close,  for  both 
laminar  and  turbulent  flow,  to  the  point 
for  which  the  wall  shear  stress  i6  zero 
(Tgnla0).  For  us  this  is  the  condition 
for  flow  separation.  For  turbulent  flow, 
in  particular,  this  minimum  coincides 
with  the  disappearance  of  the  semi- 
logarithmic  region  of  the  semi- 
empirical  velocity  profile  we  are  using. 

Coming  back  to  the  definition  of 
our  new  form  factor  Lk  (equation 
(3.16)),  we  can  remark  that  in  order  to 
complete  it  we  need  the  constant  of 
integration.  We  take  Lk  to  be  zero  at 
the  point  of  the  ( H| 2 k )-curve ,  where 
Hj  2  k  is  minimum.  Consequently,  for 
practical  purposes,  separation  is 
reached  when  Lk=0  for  both  laminar  and 
turbulent  compressible  shear  layers. 

Thus,  one  can  derive  the  Ln(Hi2k) 
curves  for  laminar  and  turbulent  flow. 
These  are  presented  correspondingly  in 
figures  (4.3)  and  (4.4).  Accuracy  may  be 
improved  for  turbulent  flow  by  obtaining 
each  time  an  Lk(Hi2k)  curve  for  Rea 
constant  and  using,  during  the 
calculation,  not  a  single  Lk(Hi2k) 
curve  but  all  curves  in  the  form  of  a 
grid.  This  has  been  done  and  found 
particularly  important  near  separation. 

In  deriving  the  basic  equations,  we 
have  conserved  the  normal  fluctuation 
terms.  These  become  very  important  near 
separation  and  in  the  separated  flow 
region.  Details  can  be  found  in 
Papai I iou! 3 . 23)  and  Huo!3B),  who  have 
described  in  this  respect,  Le  Foil’s 
work.  Experimental  results  have  been 
used  to  calculate  the  value  of  the 
coefficient  K,  defined  in  the  previous 
chapter  as 

Hi  2k  —  1 

K  a  - —  (4.2) 

Hl2k"l 

and  of  the  ratio  HSak/Ha2k*  These 
results  plotted  in  figure  (4.5),  which 
were  taken  for  unseparated  turbulent 
shear  layers,  demonstrate  that  HJik/Hjak 
can  be  taken  equal  to  unity  and  that  the 


value  of  K  can  be  taken  equal  to  0.85. 


Accounting  of  the  normal 
fluctuation  terms  gave  the  possibility 
to  predict  separation  accurately  and 
march  correctly  within  the  separated 
flow  region  (see  references  [3.13]  and 
(3. 8]). 

For  extended  separated  flow 
regions,  however,  it  was  found  that  K 
was  not  constant  and  that  HS2k/H32k 
could  not  be  taken  equal  to  unity. 
Reference  [3.27]  establishes  the  aemi- 
empirical  relations  needed  for  the 
calculation  of  the  fluctuation  terms 
appearing  in  equations  (3.1)  and  (3.2) 
for  unseparated  and  separated 
compressible  (including  shock/turbu 1 ent 
shear  layer  interaction)  flow.  At  the 
same  time,  similarity  laws  are 
established  for  the  normal  fluctuation 
profiles.  Figures  (A. 6),  (4.7),  (4.8) 
and  (4.9),  which  present  this  new 
information,  were  taken  from  reference 
[3.27],  The  possibility  to  find 
similarity  laws  for  the  normal 
fluctuation  terms,  allow  ua  to  avoid 
using  the  turbulent  kinetic  energy 
equation,  as  it  is  pointed  out  in  the 
same  reference.  On  the  other  hand,  one 
may  remark  that  local  similarity  is 
obtained  in  particularly  extreme 
conditions,  as  it  is  the  case  for  the 
shock/turbulent  shear  layer 
interaction. 


the  considered  section.  For  establishing 
the  corresponding  curves  for 
compressible  flow,  the  external  flow 
Mach  number  must  be  known, 
additionally.  Once  these  curves  are 
established,  it  is  easy  to  calculate  the 
coefficients  appearing  in  equations 
(3.36)  to  (3.46),  when  the  external  flow 
Mach  number  is  specified. 


5  .  The _ Direct _ Shear  Layer 

Calculation  and  its  Prediction 
Capabi 1 i tv 


The  calculation  of  the  development 
of  laminar  or  turbulent  shear  layers  can 
be  performed  utilizing  the  canonical 
equations  established  in  Chapter  3  and 
the  semi-empirical  frame  described  in 
Chapter  4.  For  such  a  calculation  the 
initial  conditions  of  the  shear  layer 
must  be  known  as  well  as  the  external 
flow  velocity  (or  Mach  number) 
distribution  at  the  solid  wall.  In 
addition,  the  total  conditions  of  the 
external  flow  must  be  specified  and  the 
angular  velocity,  if  a  rotating  system 
of  reference  is  considered.  The  wall 
geometry  and  its  orientation  in  respect 
to  the  rotating  axis  must,  also,  be 
given,  in  order  to  evaluate  the 
necessary  second  order  terms  and  the 
influence  of  Coriolis  force  and 
streamline  curvature.  This  last 
influence  will  be  examined  later. 


From  the  information  presented 
above,  it  can  be  deduced  that,  for 
laminar  flow,  the  coefficients  0i  (L*) 
and  Ci  (Lfc)  appearing  in  equations 
(3.26)  and  (3.27)  and  defined  by 
equations  (3.28)  and  (3.29)  can  be 
established  once  for  all  for  laminar 
incompressible  flow.  The  corresponding 
compressible  flow  values  are  not  needed 
in  view  of  the  fact  that  Stewartson’s 
transformation  is  utilized.  Figure 
(4.10)  presents  the  curves  Ci(Lk)  and 
Mi(Lfc),  from  which  pi(L*)  can  be 
computed  according  to  (3.20). 

For  turbulent  flow  the  values  of 
CDt(Lk»X)  and  Mt(bk,X)  are  established 
once  and  for  all.  Mt(Lk,X)  is  computed 
from  equation  (3.44)  for  compressible 
flow,  or  from  (3.21)  for  incompressible 
flow.  For  Cpt(Lk,X)  the  following 
expression  is  utilized 

CotU+r-  (V-X)/2-n#3) 

H32p®»/p*Cf / 2 

6i  (Hi2-l)-r(v-l)M.2 
* - F3n  +  1  (4.3) 

6ik  Hi a 

Details  for  its  development  can  be  found 
in  ref.  [3.23].  The  corresponding 
incompressible  flow  expression  reads 

CDt  Hi  2 k “1 

-  .  1  +  -  n  (4.3a) 

H32kCf/a  Hi  2k 

The  corresponding  curves  for 
turbulent  attached  and  separated 
incompressible  shear  layers  are 
presented  in  figure  (4.11).  Por  each 
point  of  these  curves  it  is  necessary  to 
know  any  two  shear  layer  properties  of 


The  canonical  equations  have  been 
set  up  in  a  form  convenient  for  the 
solution  of  the  inverse  problem.  The  way 
the  present  formulation  has  been  set  up, 
it  is  possible  to  pass  the  separation 
point  (and  the  singularity  existing 
there)  in  a  direct  mode.  However, 
looking  at  equations  (3.34)  and  (3.35) 
it  can  be  seen  that  in  the  inverse  mode 
their  integration  reduces  to  a  simple 
quadrature.  Furthermore,  everywhere 
(separated  and  unseparated  flow),  it  has 
been  found  out  that  the  inverse  mode 
solution  behaves  better  than  the  direct 
one.  It  has  been  decided,  then,  when 
dealing  with  the  direct  problem,  to 
solve  the  equation  in  the  inverse  mode. 

In  order  to  assess  the  capability 
of  the  present  method  the  following 
remarks  are  made. 

1.  Although  some  transport  terms 
have  been  retained  in  the  equations,  the 
method  reposes  upon  the  hypothesis  of 
local  similarity  for  turbulent  flows.  In 
reference  [3.23]  information  is 
presented  which  suggests  that  this 
hypothesis,  within  the  present  context, 
gives  good  results  for  engineering 
applications.  In  addition  the 
comparisons  that  are  presented  there 
between  theoretical  predictions  and 
experimental  results  including  mildly 
separated  flow,  give  evidence  of  its 
good  predictive  capabilities.  Concerning 
the  prediction  of  non-equilibrium  flows 
with  equilibrium  data,  it  is  important 
to  note  the  remark  of  Albert5- who 
suggests  that,  for  doing  this,  it  is 
necessary  to  "unhook”  the  pressure 
gradient  dp/dx  appearing  in  11  from  the 
rest  of  the  shear  layer  properties.  The 
minimum  number  of  integral  equations 
required  for  this  is  two.  The  same 


conclusions  can  be  reached  tol lowing  the 
work  of  Tanil^-23  and  Lees  and 
Reevests  3)  for  laminar  layers. 
Opposii.g  the  present  method,  there  are 
some  others  (for  instance  Felscht5-il 
and  NashtJ- n )  that,  in  order  to  compute 
eorrect'y  non  equilibrium  flows  (and 
take  into  account  correctly  the  history 
effects),  need  a  third  equation,  usually 
called  the  "lag  equation".  These  utilize 
as  well  local  equilibrium  (similarity) 
data  for  their  prediction.  The  main 
objection  that  one  may  raise,  is  that 
this  "lag  equation"  is  empirical  and  not 
derived  from  the  basic  flow  equations. 
Otherwise,  such  methods  perform  very 
we  l  1 l 5 • » 1  .  No  conclusion  can  be  made  at 
this  stage  as  to  which  one  of  the  two 
classes  of  methods  is  preferable. 

2.  From  simple  numerical 
calculations  one  may  see  that  the  shear 
layer  development  calculation  is 
influenced  much  more  by  the  value  of  the 
derivative  dttse«/ds  than  from  the  value 
of  the  velocity  itself.  This  influence 
becomes  critical  when  separation  is 
approached,  as  well  as  inside  the 
separated  flow  region.  Small  changes  in 
this  derivative  may  induce  failure  of 
the  calculation  itself.  Besides,  at  the 
singularity  point  at  separation,  this 
aspect  is  still  valid  and  this  has 
resulted  in  published  work  of 
considerable  volume,  around  the  theme  of 
"viscous/inviscid  interaction”.  To 
account  for  this  problem,  the  present 
direct  method  employs  a  simple  but 
efficient  approximate  viscous/inviscid 
interaction  procedure,  which  is 
described  below,  in  brief. 

The  two  (pressure  and  suction 
sides)  shear  layers  are  computed 
simultaneously.  In  addition,  an  equation 
is  written  for  global  mass  conservation 
across  the  whole  chanel  passage.  This 
equation  requires  that  the  flow  passes 
through  the  reduced  (by  the  two  shear 
layers  blockage)  chanel  width.  The 
approximation  lies  in  the  fact  that  the 
inviscid  external  flow  velocity-density 
profile  is  allowed  to  be  displaced, 
freezing  its  first  derivative.  In  this 
way,  the  external  velocity  applied  to 
each  of  the  two  (pressure  and  suction 
sides)  shear  layers  is  modified 
according  to  the  total  blockage. 

This  procedure  implies  that  five 
equations  are  solved  s imu 1 taneous ly ,  two 
(momentum  and  energy  integral  equations) 
for  each  shear  layer  and  the  global 
continuity  equation,  which  is  satisfied 
at  each  station.  It  protects  in  a  very 
efficient  manner  each  shear  layer 
computation  near  separation  and  in  the 
separated  flow  region.  Of  course  it 
cannot  substitute  the  external  inviscid 
computational  procedure,  but  results  in 
reducing  the  number  of  iterations 
required  between  the  inviscid  and  the 
vIbcous  flow  calculations.  Finally,  as 
the  procedure  is  incorporated  within  the 
viscous  flow  calculation  method,  the 
corresponding  viscous  computations  can 
be  performed  by  themselves, 
independently  of  the  external  inviscid 
ones.  The  complete  algorithm  reads  as 
foil ows : 

STEP  1  Calculate  the  pressure 


distribution  around  the  blade,  using  the 
external  inviscid  f ) ow  calculation  This 
computation  is  initially  performed  with 
zero  shear  layer  blockage. 

STEP  2  Use  the  result  of  the  previous 
inviscid  flow  calculation  and  perform 
the  calculation  of  the  t  wo  shear  layers 
(suction  and  pressure  sides).  The 
approximate  viscous/inviscid  interaction 
procedure  is  used  in  this  calculation. 

STEP  3  Use  the  results  of  the 
previous  shear  layer  calculation  in 
order  to  specify  the  boundary  conditions 
(normal  velocity  at  the  solid  wall  and 
difference  in  suction  and  pressure  sides 
pressures  at  the  trailing  edge)  of  the 
next  inviscid  flow  calculation.  The 
information  outlined  in  Chapter  2  is 
utilized  for  this  purpose. 

STEP  4  Calculate  the  pressure 
distribution  around  the  blade,  using  the 
external  inviscid  flow  calculation.  This 
computation  utilizes  the  results  of  STEP 

3. 

STEP  5  If  convergence  is  achieved, 
then  the  calculation  procedure  is 
completed.  If  not,  steps  2  to  5  are 
repeated.  The  final  pressure 
distribution  around  the  blade  must  be 
issued  utilising  the  corrections 
presented  in  Chapter  2. 

The  approximate  viscous/inviscid 
interaction  procedure  outlined  above  was 
utilized  for  the  calculation  of 
secondary  flows  cascades  by 

Comte  I  3  4)  a  Pape i i i uu i * . 9 1  . 

Subsequent  1 v .  it  wua  utilized  by 

Douvik  ■'c  '  1  ^  1  .  t  5  .  6  ]  and 

Ka  '  i  i  s  f  5  .  7 1  .  [  s  .  a )  for  the  calculation 
of  secondary  flown  in  radial  and  axial 
flow  compressors.  For  the  case  of  shear 
layer  computation,  it  was  first  utilized 
by  V  •  *  as  I  *•*««*?  *3.26)  .  Finally,  a 
detailed  a**j.iirtion  not  only  for 
internal  flow  cases  but  for  external 
flow  ones,  as  well,  is  presented  by 
Bouras  r  3 . 3  2 i  . 

3.  The  information  outlined  in 
Chapter  2  must  be  used  when  predicting 
measured  shear  layers.  If  pneumatic 
probes  have  been  used,  one  has  to  note 
that  the  total  velocity  value  is  given 
at  the  edge  of  the  shear  layer,  while 
the  component  parallel  to  the  wall  of 
the  inviscid  external  flow  is  required. 
The  same  happens  when  a  Laser 
velocimeter  is  used.  However,  in  this 
last  case  some  prersure  measurement s  may 
be  missing  and  the  reconstitution  of  the 
complete  external  flow  field  may  be  more 
difficult. 

It  is  better  anyway,  to  perform 
the  calculation  inside  the  complete 
domain,  when  possible,  using  an  external 
flow  calculation  method  and  letting  it 
interact  with  the  one  dealing  with 
viscous  shear  layer. 

4.  Evidence  of  the  predictive 
capabilities  of  the  method  is  given  in 
references  [3.3],  [3.5],  [3.8],  [3.28] 
and  [3.12]  and  summarized  in  ref. [3.23). 
Here,  we  shall  reproduce,  in  figure 
(5.1),  the  transitional  flow  predictions 
of  Bariol3.i*](  which  are  base  on  the 


work  of  Narashima.  In  order  to  give 
evidence  of  the  capabilities  of  the 
method  to  predict  separation  and  reduced 
separated  flow  regions,  we  present  some 
results  (figure  (5.2))  for 
shock/turbulent  shear  layer  interaction 
with  flow  separation  and  reattachment 
produced  by  Ka 1 1  as l  3  30 )  ,  t 3 .  ? ft l  and 
comparisons  of  theoretic  and 
experimental  results  for  flow  with  mild 
separation,  produced  by  Assassat 3  - * 31 
and  Bourasl3-32i  (figures  (5.3)  and 
(5.4)).  The  capability  of  the  method  to 
reproduce  the  loss  versus  incidence 
curve  is  demonstrated  in  figures  (5.5) 
and  (5.6).  The  viscous  flow  calculations 
were  realized  by  Bourast3.32]  and 
Katramatos* 3 . 35) .  The  extend  of  the 
separated  flow  region,  which  has  been 
indicated  by  the  calculation  procedure 
is  presented  in  figure  (5.7). 
Stamatisl 3  - 29J  has  developed  the  method 
for  laminar  separation  bubble  prediction 
and  some  results  are  presented  in  figure 
(5.8).  We  mention,  as  well,  that 
BourasI3.331  and  Katramatos* 3 . 35]  has 
proved  that  the  method  can  .  be 
successfully  extended  to  calculate 
unsteady  shear  layers  and  that 
Lytrast3.3*l  has  extended  the  method  for 
predicting  the  development  of  an 
asymmetric  wake. 


6 .  The  Inverse _ Shear  Layer 

Problem and  the  General 

Properties  of  the  Image  Plane 

Le  Foil’s  Idea 


According  to  what  has  been  said 
above,  all  quantities  characterizing  the 
state  of  a  shear  layer  at  a  cross 
section  can  be  specified,  once  two  of 
them  are  known.  Assuming  that  these,  as 
already  said,  are  Lk  and  X,  one  may 
consider  the  canonical  equations, 
derived  in  Chapter  3,  in  the  form 


Fi(W.«,s,Lk.X)  *  0 
F2(We*,s,U,X)  *  0 


(6.1) 


Thr  usual  way  of  utilizing  these 
equations  is  to  specify  the  velocity 
distribution  Wew(s)  and  compute  the 
properties  of  the  shear  layer  developing 
under  it  in  the  form  Lk(s),  X(s)  (direct 
problem).  It  is,  of  course,  possible  to 
compute  the  solution  in  the  following 
intrinscid  form 


U  *  Lh(X)  (6.2) 

It  is  also  possible,  however,  to 
start  by  specifying  L*(X)  and,  using  the 
same  equations,  compute  the  distribution 
Wev(s).  In  other  words  it  is  possible, 
given  the  same  equations,  to  select  the 
desired  shear  layer  and,  then,  calculate 
the  velocity  distribution,  which  is 
necessary  to  produce  it.  Either  the 
computed  or  the  selected  Lk(X)  curve  can 
be  traced  on  the  ( Lk , X ) -pi ane .  It  is 
then  quite  evident  that,  if  on  the  same 
plane  general  shear  layer  properties  are 
available,  one  can  select  a  curve  L*(X) 
with  desired  properties  and  produce, 
using  equations  (6.1),  the  velocity 
distribution  ensuring  that  such  a  shear 


layer  will  develop.  Depending  upon  the 
device  we  consider  (here,  a  cascade),  it 
is  possible  to  compute  the  corresponding 
solid  boundaries,  by  use  of  an 
appropriate  inviscid  inverse  calcula¬ 
tion  method.  These  solid  boundaries  will 
ensure  that  the  velocity  field  will  have 
the  necessary  boundary  values,  which 
will  ensure  that  the  desired  shear  layer 
will  develop  along  the  walls.  This  way 
of  looking  at  things  is  specified  as 
inverse  (or  design)  problem. 

From  what  was  said  above,  it  is 
essential  to  establish  on  the  (Lk,X)- 
plane  (called  image  plane)  as  many 
general  shear  layer  properties  as 
possible.  Le  FolH3.il  developed  the 
idea  described  above  and  the  properties 
of  the  image  plane  for  incompressible 
attached  layers,  along  with  his  boundary 
layer  calculation  method.  This  idea  of 
Le  Foil  is  not  new.  The  representation 
of  general  properties  on  a  plane  along 
with  the  individual  processes  has  been 
done  before  in  several  domains. 
Mollier’s  diagram  is  one  example. 
Schl icht ingt& • * J  has,  as  well,  used  a 
plane,  the  coordinates  of  which  were  the 
Pohlhausen  form  factor  A  and  R« i •  On 
this  plane  he  traced  the  neutral 
stability  curve  An=An(Rel),  dividing  the 
plane  into  a  stable  and  an  unstable 
part.  In  this  way,  tracing  on  the  same 
plane  individual  shear  layers  in  the 
form  of  A(R«i)-image  curves,  he  could 
identify  the  point  from  where  each 
individual  layer  became  unstable.  This 
point  was,  of  course,  the  intersection 
between  the  neutral  stability  and  the 
individual  shear  layer  image  curve. 

We  shall  consider,  in  the 
following.  separately  the  laminar  and 
turbulent  image  planes  (L*,X)  in  the 
incompressible  attached  or  detached  case 
and  discuss  their  properties.  Then,  we 
shall  discuss  the  compressible  case  and 
consider  a  unique  image  plane  for 
laminar  and  turbulent  flow.  At  that 
point  we  will  develop  a  way  to  produce 
optimized  individual  shear  layer  image 
curves . 


The  Laminar  Image  Plane 

The  laminar  image  plane  is 
presented  in  figure  (6.1).  On  it  we  have 
traced  the  Mj *const  and  the  Coi^const 
curves.  The  Mi=const  curves  (as  Mi 
depends  only  on  the  value  of  L*  and 
Lfc=const.  defines  a  laminar  equilibrium 
shear  layer)  are,  as  well,  image  curves 
of  laminar  equilibrium  shear  layers. 
The  particular  equilibrium  shear  layer 
L**0  is  by  definition  one,  which  is 
constantly  on  the  verge  of  separation, 
so  that  the  image  plane  is  devided  into 
two.  The  upper  part  (Lk>0)  which 
contains  all  unseparated  laminar  shear 
layers  and  the  lower  part  (L*<0),  which 
contains  the  separated  ones. 

Then,  the  following  reasoning  can 
be  done.  For  all  equilibrium  shear 
layers  (at  successive  stations),  the 
velocity  profiles  are  similar  in  the 
laminar  case.  As  the  corresponding  skin 
friction  coefficient  is  constant,  the 
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form  factors  Hi2k»H32R  and  Lr  are 
constant,  when  the  vari'Us  Reynolds 
numbers  Rei ,  Re2  and  Re3  are  increasing. 
Consequently,  for  all  equilibrium  shear 
layers  X  is  an  increasing  quantity  with 
distance  and  dX  is  a  positive  quantity. 
As  dE/E  is  a  positive  quantity,  as 
explained  in  Chapter  3,  then,  from 
equation  (3.25)  it  can  be  seen  that 
(l+2Mi)  is  a  positive  quantity  for  all 
laminar  equilibrium  shear  layers. 
Considering  all  the  stations  of  all  the 
equilibrium  shear  layers,  we  have 
considered,  according  to  our  basic 
hypothesis  of  local  equilibrium,  all 
possible  stations  of  any  laminar  shear 
layer.  Consequently  for  the  general  case 

(l  +  2Mi)  >0  or  lij  >  -0.5  (6.2) 

Inversely,  now,  if  equation  (6.2) 
is  true  and  dE/E  is  a  positive  quantity 
for  the  general  case,  then  dX  must  be 
always  positive.  Consequently,  X  is  an 
increasing  function  with  distance,  which 
allows  a  monotonic  representation  of  an 
individual  shear  layer  on  the  image 
plane.  This  reasoning  justifies  our 
chosing  X  as  one  of  the  independent 
variables  of  our  problem.  On  the  other 
hand  the  same  reasoning  can  be  applied 
for  turbulent  flows,  if  the  quantity 
(l+2KMt)  is  considered  positive.  The 
limit  Mi=-0.5  under  which  all  shear 
layers  exist  has  been  placed  on  the 
image  plane,  figure  (6.1).  For  the 
laminar  separated  shear  layers,  the 
limit  is  posed  by  the  laminar 
equilibrium  shear  layer,  for  which 
dp/dx=0.  This  can  be  found  in 
Schl ichtinglfc • l ) ,  who  reports  that  two 
similar  solutions  exist  for  each  value 
of  n  in  the  interval  between  the  flat 
plate  laminar  shear  layer  (Mi*0)  and  the 
one  corresponding  to  separation 
(Ml=0.327).  He  states  that  this  is  the 
sole  domain  of  similar  solutions,  for 
which  a  double  solution  exists.  One 
branch  of  these  covers  the  unseparated 
cases,  which  are  well  known,  and  the 
other  the  separated  ones.  It  follows, 
consequently,  that  the  other  side  of 
separation  (for  Lr<0),  we  can  reach  as  a 
limiting  case  the  flat  plate  equilibrium 
laminar  shear  layer,  which  consititutes 
at  the  same  time  the  lower  limit  of  the 
laminar  image  plane.  It  can  be  added 
that,  as  it  happens,  the  separated  flat 
plate  (M|*0)  shear  layer  itself  is  not 
included  in  the  set  of  existing 
solutions.  Consequently,  it  constitutes 
a  case,  which  cannot,  be  reached. 

Lastly,  it  is  possible  to  transfer 
Sch I icht i ng ’ s l 6  > J  neutral  stability 
curve  on  the  image  plane.  It  is  known 
that  disturbances  of  any  frequency  are 
damped  for  a  Reynolds  number  shaller 
than  the  critical  one.  It  is  presented 
in  figure  (6.1)  as  La(X)-curve.  Below 
this  curve  the  laminar  shear  layer  is 
unstable  in  the  To  1 1  mi en-Sch l icht ing 
mode.  Note  that  this  curve  cuts  the 
limit  M|=-0,5  at  X=10.2.  Consequently, 
for  higher  X,  stable  laminar  layers  do 
not  exist.  The  corresponding  q(9)— curve 
for  the  laminar  stability  curve  Ln(X) 
has  been  given  in  ref. [3. 23}.  We  can 
report  here  that  for  low  enough  Reynolds 
numbers,  the  laminar  stability  curve  is 
compatible  with  decelerating  flow.  We 
can  also  see,  from  figure  (6.1),  that  it 


cuts  the  laminar  separation  line,  Lr»0, 
at  X«3 . 2 . 


The  Turbulent  Image  Plane 


The  turbulent  image  plane  is 
presented  in  figures  (6.2a)  and  (6.2b). 
On  figure  (6.2a)  we  have  traced  the 
Mt  aconst  curves  and  on  figure  (6.2b)  the 
Cot “const  curves.  Here,  as  well,  the 
locus  Lr=0  defines  turbulent  shear  layer 
separation  and  is  the  dividing  line 
between  unseparated  and  separated  flow. 
The  same  remarks  concerning  the  sign  of 
Lr  in  the  separated  1  low  region  as  for 
the  laminar  case  are  valid  here,  as 
well.  On  this  plane,  the  upper  limit  for 
turbulent  shear  layers  (Kf1t=-0.5)  has 
been  placed,  as  well.  The  turbulent 
equilibrium  shear  layers  are  presented 
separately  in  figure  (6,3)  for  attached 
and  detached  flow.  The  limiting  case  of 
the  separated  constant  external  flow 
pressure  appears  in  this  figure  and  has 
been  presented,  also,  in  figure  (6.2a), 
as  it  designates  the  limit  of  the 
separated  turbulent  shear  layers.  The 
same  reasoning  as  in  the  laminar  case 
has  been  used  here. 


Consider,  now,  equation  (3.22), 
with  K  constant  and  equal  to  0.85.  This 
equation  tells  us  that,  if  we  desire  to 
decelerate  the  flow  (dq<0),  this  may  be 
done  either  by  requiring  dLR  to  be 
negative  or  by  requiring  dE  to  be 
positive.  The  part  of  the  deceleration, 
which  is  done  by  increasing  dE  is  the 
one  which  is  realized  by  consuming 
kinetic  energy.  The  part  which  is  done 
by  decreasing  dLR  is  one,  which  is 
realized  without  losses.  During  this  Lr 
decrease,  the  velocity  profile  is 
deformed  and  the  outer  layers  transfer 
kinetic  energy  to  the  inner  ones,  which 
need  it  in  order  to  overcome  the 
pressure  gradient.  For  this  reason  Lr 
was  named  by  Le  Foil  deformation 
potent ial . 


Whether  or  not  one  may  be  able  to 
decelerate  without  consuming  kinetic 
energy  (that  is,  without  losses),  must 
be  examined  in  conn  ction  to  the  limit 
negative  value  of  the  derivative  dLR/dX. 
Anyway,  even  if  we  could  decelerate 
without  losses,  equation  (3.22)  would 
tell  us  that  this  is  possible  according 
to  the  relation 


kdl.R  =  dq 


It  we  consider*  such  a  deceleration 
up  to  separation  ami  integrate  we  get 
(if  " t "  indicates  initial  conditions) 


Ws@  1  “KI.r  i 

—  •-  =  e  for  turbulent  flow 

Wse2 

(6.3) 

Wse2  “I*RI 

-  =  e  for  laminar  flow 


The  domain  of  definition  of  Lr 
indicates  that  this  part  of  the 
deceleration  (considering  that 
separation  is  to  be  avoided),  although 
not  negligible,  is  rather  small  compared 
with  the  demands  of  the  current 
appl i cat  ions .  Consequently,  one  is 
obliged  to  spend  kinetic  energy  in  order 
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to  decelerate.  Then,  it  is  better  to 
consume  it  in  the  most  efficient  way. 
Looking  again  at  equation  (3.22),  we  can 
see  that  for  a  certain  increase  in 
losses,  we  have  the  maximum  deceleration 
realized  when  the  coefficient  M  is 
maximum,  as  K  is  constant. 
Consequently,  the  locus  of  maximum  M  is 
at  the  same  time  the  locus  of  the 
optimum  deceleration.  For  unseparated 
laminar  shear  layers,  such  a  locus 
doesn't  exist,  because  Mj(Lk)  (as  can  be 
seen  from  figure  (4.10))  is  a  monotonic 
function,  increasing  continuously  up  to 
separation.  For  turbulent  unseparated 
shear  layers,  however,  such  a  locus 
exists,  as  can  be  seen  from  figure 

(4.11) ,  in  the  attached  region.  On  the 
contrary,  a  minimum  exists  in  the 
separated  flow  region  (see  figure 

(4.11) ),  which  indicates  that  along  the 
corresponding  locus,  a  deceleration  is 
realized  with  the  maximum  of  kinetic 
energy  loss. 

The  locus  of  optimum  deceleration 
Lt(X)  is  presented  on  the  image  plane  of 
figure  (6.2)  for  turbulent  shear  layers, 
along  with  the  curves  of  constant  Mt  and 
constant  Cot • 

We  shall  come  now  to  discuss  the 
maximum  possible  deceleration.  In  terms 
of  the  intrinsic  proper! ies  of  the 
boundary  layer,  to  demand  the  maximum 
possible  deceleration,  starting  from 
some  initial  conditions,  is  equivalent 
to  ask  for  the  maximum  negative  value 
that  the  slope  dL*/dX  may  assume.  Le 
Foil  answered  this  question  empirically. 
Consider,  as  he  did,  the  velocity 
profiles  corresponding  to  various 
stations  of  a  vertical  image  curve 
X=const.  This  image  curve  decelerates 
the  boundary  layer  without  losses,  by 
deforming  the  velocity  profile.  In 
order  to  examine  what  happens  in  this 
extreme  case,  Le  Foil  considered  such  a 
deceleration  along  the  image  curve 
X*1 0 . 4 ,  starting  from  the  value  of 
L**0.28,  which  corresponds  to  dpe/dx-0 
conditions.  Instead  of  plotting  the 
velocity  profiles  in  the  usual  form,  he 
plotted  them  in  terms  of  energy  deficit 
(Wsin2-Wb®2)  against  the  stream  function 
ifi,  where 


leaves  the  middle  layers  and  it  is 
directed  towards  the  outer  layers.  At 
the  same  time,  as  it  can  be  seen  from 
the  limit  of  each  profile  (and  this  is 
the  second  important  fact),  the  mass 
flow  inside  the  boundary  layer 
decreases.  This  means  that  the  kinetic 
energy  going  outwards  is  given  finally 
to  the  free  stream  flow. 


Up  to  now,  our  knowledge  concerning 
the  behaviour  of  shear  layers  tends  to 
rule  out  the  possibility  of  negative 
entrainment,  although  this  question  is 
still  open.  Accepting  as  limit  the 
possibility  of  zero  entreinment  (the 
mass  flow  inside  the  shear  layer  remains 
constant),  then,  the  shear  layer 
represented  by  the  image  curve  X«const 
is  unrealistic.  It  is  instructive  to 
look  at  an  experimental  case,  which 
comes  close  to  the  one  we  are  discussing 
now.  We  have  presented  in  figure  (6.5) 
Stratford ’ s^6 • 2i  two  experiments.  We  can 
see  that  before  attaining  equilibrium, 
there  is  a  part  of  the  shear  layer 
development  to  which  corresponds  a  very 
steep  L|((X)  image  curve.  In  figure 
(6.5)  we  have  presented  the 
corresponding  mass  flow  rate  inside  the 
boundary  layer,  as  it  changes  with 
distance.  It  can  be  seen  that  it  is 
oimost  constant,  although  still 
slightly  increasing.  This  experimental 
evidence  confirms  the  physical 
possibility  of  suddenly  deforming  shear 
layers.  At  the  same  time  it  confirms  the 
existence  of  equilibrium  shear  layers 
near  separation.  Incidentally,  in 
ref. (6.3)  experimental  evidence  of 
turbulent  equilibrium  separated  shear 
layers  is  presented. 


We  shall  avoid  talking  here  about 
the  positive  limit  of  the  derivative 
dLfc/dX  (limit  acceleration).  This  has 
not  yet  been  fully  investigated,  along 
with  the  phenomenon  of  relaminarizat ion , 
which  is  associated  to  it.  Le  Foil, 
however,  on  the  basis  of  a  trial  and 
error  investigation  established  as  limit 
rate  of  deformation  the  value 
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Non  dimensional  representations 
based  on  initial  conditions  of  energy 
profiles  against  the  stream  function 
value  are  given  in  figure  (6.4).  In  this 
representation  the  pressure  increase  was 
taken  into  account  in  order  to  render  it 
meaningful.  Two  important  facts  are 
revealed  in  this  manner.  The  first  one 
is  that  the  energy  deficit  curves 
intersect  at  two  points,  showing  that 
the  kinetic  e»...rgy  i,»  the  middle  part  of 
the  profile  decreases,  while  the 
corresponding  kinetic  energy  in  the  two 
extreme  parts  increases.  This  means  that 
kinetic  energy  from  the  middle  part  is 
directed  towards  the  inner  layers,  where 
it  is  needed  in  order  to  help  these 
layers  overcome  the  adverse  pressure 
gradient.  Kinetic  energy,  however, 


As  he  points  out  and  as  Stratford’s 
experiment  shows,  higher  rales  are 
possible.  However,  from  an  engineering 
point  of  view,  the  practical 
consequences  of  using  higher  values  are 
very  limited  and  we  shall  content 
ourselves  with  the  value  -0.5. 

Before  closing  this  discussion,  we 
may  make  a  final  remark  for  the 
incompressible  case,  which  will  help  us 
understanding  the  behaviour  of  separated 
shear  layers.  For  this,  assume  that  we 
are  found  at  some  point  of  the  image 
plane  in  the  unseparated  region  near 
separation  and  we  apply  flat  plate 
conditions  to  our  shear  layer  (dp/dx*0). 
Then,  from  equation  (3.22),  we  can  see 
that  the  sign  of  dL*  will  be  the  same  as 
the  one  taken  by  KM,  in  vi#»w  of  the  fact 
that  dE  is  positive.  From  figure  (t>.2a) 
we  can  see  that  M  is  positive,  so  that 
L*  will  be  moving  away  from  separation 
towards  the  flat  plate  case.  Assume, 
now,  that  we  are  found  at  some  point  of 
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the  image  plane  in  the  separated  flow 
region,  near  separation,  and  we  apply 
the  same  external  conditions,  as 
previously.  Following  the  same 
reasoning,  it  can  be  seen  that  Lk  will 
more  again  towards  the  (unseparated) 
flat  plate  case. 

This  behaviour  may  be  explained  in 
the  following  way:  if  a  line  of  constant 
Lk  is  followed,  then  the  corresponding 
velocity  distribution  comes  out  to  be  a 
decelerating  one.  If  one  relaxes  the 
corresponding  negative  velocity 
derivative  value,  then  the  image  curve 
starts  to  move  towards  separation.  If 
one  increases  the  negative  velocity 
derivative  value,  then  the  image  curve 
moves  towards  the  separated  that  plate 
layer.  The  more#  however,  one  approaches 
the  separated  flat  plate  layer,  the 
smaller  the  negative  derivative  value 
needed  to  move  the  image  curve  towards 
more  negative  values  of  Lk.  •  When  the 
flat  plate  shear  layer  is  reached,  if 
this  is  possible,  then  the  corresponding 
derivative  reaches  the  value  zero. 


line  indicating  separation  remains 
unchanged . 

Before  considering  the  construction 
of  an  optimum  image  curve,  some  more 
comments  shall  be  made  concerning  the 
part  of  the  deceleration  realized  by  the 
deformation  potential.  In  practice, 
s i t  uat ions  of  rapid  deceleration  are 
found  in  the  presence  of  forward  facing 
steps  or  when  a  shock  interacts  with  a 
turbulent  boundary  layer.  It  might  be 
interesting  to  examine  whether  the 
notions  established  in  this  lecture  may 
help  to  understand  better  their  physical 
aspects . 

For  both  cases  referred  to  above, 
the  turbulent  shear  layer  not  having 
time  to  absorb  kinetic  energy  from  the 
free  stream,  uses  its  proper  kinetic 
energy  transfering  it  from  the  outer 
layers  to  the  inner  layers  which  are  in 
need  in  order  to  overcome  the  adverse 
pressure  gradient.  The  velocity  profile 
is  thus  deforming  itself  accordingly, 
until  separation  and  beyond. 


The  Compressibility  Effects 

An  investigation  was  made, 
concerning  compressibility  effects  on 
the  image  plane,  when  the  compressible 
counterpart  of  the  method  was 
established,  as  described  in  Chapters  3 
and  A.  Results  concerning  the  turbulent 
shear  layers  indicate  that  the 
equilibrium  shear  layers  and  the  locus 
of  maximum  Mt  conserve  approximately 
their  position,  provided  that  instead  of 
X,  the  quantity  Xk  ,  defined  as 

Xk  =  lnRe3k+2Lk  (6.6) 

is  used  as  abscissa  for  the  compressible 
image  plane. 

Some  of  these  results  are  presented  in 
figure  (6.6),  where  we  can  see  that  the 
initial  image  plane  remains  practically 
unchanged  for  practical  applications  for 
Mach  numbers  up  to  2.5. 

On  the  other  hand,  the  equation 
corresponding  to  (3.22)  for  compressible 
rotating  flow  reads 

dE  1  u2R2 

KFidLk=F3dq+KM — +M2 - d( - )  (6.7) 

E  2  2 


We  can  see  that  the  reasoning  that  was 
advanced  above  concerning  the  optimum 
deceleration,  utilizing  equation  (3.22) 
is  valid  here  as  well,  in  spite  of  the 
presence  of  the  functions  Fi  and  F2  .  The 
term  M2 • ( 1 /Wse )d (w2 R2 /2 )  acts  as  a 
moderator . 

The  assumption  is  made  that  the 
transformed  (through  Stewartson’s 
transformation)  laminar  image  plane 
conserves  its  properties  for  comressible 
flow  and,  especially,  the  laminar 
stability  curve.  An  investigation  is  in 
progress,  in  order  to  establish  in  the 
transformed  plane  the  laminar  stability 
curves  for  various  Mach  numbers.  Thus, 
the  image  plane  will  be  more  accurately 
specified,  without,  however,  changing 
its  use.  Of  course,  by  definition  the 


We  shall  examine  this  situation 
using  equation  (6.7).  When  the  pressure 
increase  takes  place  in  a  small 
distance,  the  dissipative  term  can  be 
neglected  so  that,  for  a  stationary 
case,  equation  (6.7)  reads 
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Wsel 
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(6.8) 


where  1  and  2  are  the  initial  and  final 
stations  of  the  rapid  deceleration. 


The  theoretical  predictions  of  this 
simplified  equation  and  experimental 
results  for  incompressible  and 
compressible  flow,  for  the  cases 
mentioned  above,  are  presented  in  figure 
(6.7).  These  results  show  scatter  and 
uncertainty.  They  are,  however, 
sufficiently  precise  for  the  present 
analysis  purpose,  which  is  to  examin 
whether  equation  (6.8)  can  roughly 
describe  such  situations. 

Through  this  analysis  it  is 
demonstrated  that  the  pressure  increase 
up  to  separation  depends  upon  the 
initial  value  of  the  form  factor  Lk  (or 
Hiik)  and  the  initial  value  of  the  Mach 
number  Me i ,  before  the  interaction.  The 
existing  experimental  results,  performed 
under  controlled  conditions  (see 
references  [6. A]  and  (6.5),  where  the 
present  investigation  is  reported  in 
more  detail)  concerned  essentially  flat 
plate  cases.  For  this  the  velocity  free 
parameter  f?i  is  constant  and  the  value 
of  Hi  2k  depends  upon  the  Reynolds 
number.  Thus,  there  exists  a  slight 
dependence  of  the  experimental  results 
on  Reynolds  number.  For  our  data, 
consequently,  the  pressure  rize  up  to 
separation  must  be  characterized  by  the 
upstream  Mach  number  only,  as  Hi2k  ig 
almost  constant.  This  is  demonstrated  in 
figure  (6.7).  Note  that  this  theory 
applies  to  the  incompressible  case, 
as  well,  of  Bradshaw  and 
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Galea(*<6l.  Note,  also,  that  the 
capacity  of  the  shear  layer  to  sustain  a 
rapid  deceleration  decreases  as  the  Mach 
number  increases.  In  terms  of  pressure 
rise,  however,  the  deceleration  at  high 
Mach  numbers  is  advantageous  as  the 
density  variation  comes  into  play. 
Lastly,  note  that  such  a  deceleration  is 
performed  with  negligible  losses, 
resulting  in  a  situation,  where  in  the 
outer  "inviscid"  flow  a  drop  in  the 
total  pressure  takes  place  (accross  the 
shock),  while  in  the  viscous  flow  this 
total  pressure  drop  is  much  less  (see 
the  measurements  of  Seddonl* • 7 1 ) . 


7 .  Individual  Shear  Layers  and 

the  Optimum  Image  Curve 

In  Chapter  5  we  have  given  evidence 
that  Le  Foil's  method  compared  with 
experimental  results  can  handle  a 
considerable  number  of  cases  with 
adequate  accuracy  for  engineering 
applications.  We  may  say,  then,  that 
thi6  method  can  be  used  for  the  analysis 
of  situations  (existing  or  at  the  design 
stage)  in  order  to  inform  us  about  the 
behaviour  of  shear  layers  developing 
under  imposed  external  velocity 
di s tribut  j  one . 

In  the  previous  Chapter  we  have 
examined  Le  Foil’s  idea  and  the  general 
properties  of  the  image  plane.  In  this 
Chapter  we  shall  examine  how  it  is 
possible  to  select  an  optimum  image 
curve  for  the  most  critical  shear  layer 
of  the  blading,  that  is  the  suction  side 
for  the  axial  flow  machines  and  the 
pressure  side  for  the  radial  flow  ones. 
We  shall  consider  axial  machines,  first, 
and  comment  on  radial  machines  later. 


The  Conception  of  an  Optimum 

Suction  Side  Velocity  Distribution 

The  theory  outlined  so  far,  helps 
us  to  deal  with  the  problem  of  designing 
an  optimum  velocity  distribution  in  the 
following  manner.  We  have  constructed  a 
plane,  colled  the  image  plane,  on  which 
all  possible  shear  layers  can  be 
represented  by  curves,  increasing 
monotonical ly  with  its  abscissa.  On  this 
plane  appear  the  general  properties  of 
the  shear  layers  which  can  be  summarized 
briefly  as  follows: 

L0(X*)  -  Schl icht ing’ s  curve  for 

neutral  stability  of  the 
laminar  shear  layers.  The 

region  above  this  curve  is 
stable . 

Lt(X*)  -  The  locus  of  maximum  M.  Along 
this  line  the  optimum 
deceleration  is  obtained. 

Lfc*0  -  The  line  corresponding  to 
separation  in  laminar  and 

turbulent  flows. 

-  The  established  upper  and 

lower  limits  of  the  attached 
and  separated  laminar  and 

turbulent  shear  layers. 


favorable  conditions  before  any 
calculation  has  been  carried  out.  For 
instance,  staying  above  the  line  Lk*0, 
we  ensure  that  no  separation  occurs. 
Staying  above  Schi i cht ing’ s  curve, 
laminar  instability  is  avoided  and 
following  the  line  Lt(Xk)  an  optimum 
deceleration  is  ensured. 


Once  we  have  selected  our  image 
curve,  equations  (3.26),  (3.27)  and 

(3.34),  (3.35)  may  be  used  in  order  to 
arrive  at  the  corresponding  velocity 
distribution . 

In  the  following  we  shall  give  a 
detailed  description  of  how  an  optimum 
suction  side  image  curve  can  be 
established.  The  optimization  will  be 
based  on  the  following  principle.  The 
dissipation  factor  is  an  order  of 
magnitude  higher  for  turbulent  than  for 
laminar  layers.  Whereas,  the  rate  of 
dissipation,  which  is  represented  by 
1/M.  has  a  minimum  about  three  times 
smaller  for  turbulent  layers,  which  has 
been  established  far  from  separation. 
The  turbulent  flow  should,  therefore,  be 
restricted  to  the  decelerated  flow 
region,  and  the  deceleration  adjusted  to 
be  the  optimum  one,  or  at  least  these 
condition  should  be  approximated  as 
closely  as  possible. 

The  rest  of  the  flow,  starting  from 
the  leading  edge  must  be  laminar.  Near 
the  leading  edge,  as  W5B*  becomes 

proportional  to  the  arc  length,  since 
this  is  the  form  of  the  potential  flow 
close  to  a  cylinder  stagnation  point. 
This  is  achieved  with  Lk*.0436  for 
X->-  .  For  the  laminar  boundary  layer 

Schl ichting* s  curve  presents  an  optimum 
image  curve,  because,  as  already  has 
been  pointed  out,  M  takes  its  maximum 
value  at  separation  and,  so,  on  that 
curve  M  takes  its  maximum  possible  value 
as  long  as  laminar  instability  has  to  be 
avoided . 


Before  considering  the  complete 
laminar  optimum  image  curve,  it  will  be 
proved  useful  to  find  out  what  happens 
to  a  segment  of  Schl i cht ing ’ s  laminar 
stability  curve,  when  we  change  the 
Reynolds  number  based  on  the  final  arc 
length  (ReSf)i  and  keep  unchanged  the 
non  dimensional  form  of  the  velocity 
distribution  W#e /Wre f *f ( s/sre t ) • 


Considering  an  incompressible  flow, 
we  can  see  immediately  that  a  direct 
consequence  of  this  change  of  the 
physical  plane,  is  that  the  position 
Reynolds  number  ♦  increases 
proportionally  to  the  ratio  that  forms 
the  new  Reynolds  number  (Re»f)a  with  the 
initial  Reynolds  number  (Re,f)i.  We  have 
then 


♦fi  (Resr)i 

-  m  - 

•fa  (Re«f)a 


(7.1) 


We  shall  come  now  to  the  image 
plane  and  consider  a  small  segment  of 
the  image  curve  dX ,  dLk  and  the 
corresponding  segment  of  the  (q,#)- 
curve ,  dq ,  d# . 


It  is 
curve  for 


possible  to 
the  shear 


select  an  image 
layer  ensuring 


The  situation  we  are  examining  is 
presented  schematically  for  convenience 


Mn 


in  f igure  (7.1). 

The  following  equations  establish 
the  correspondence  of  the  image  and  the 
physical  planes  for  incompressible  flow 

dq  -  dLfc  +  pi (Ln)dX  (7.2) 

d(«U2)  e2XdX 

d*  -  -  -  -  (7.3) 

2C,(Lk>  Ci(Lk) 

Consider  now  that  every  d#  is 
increased  by  a  factor  As  dq 

•ust  be  the  same  for  all  points  of  the 
(q,#)-curve,  in  view  of  equation  (7.2), 
Lk ,  dX  and  dLk  must  remain  constant 
during  the  inverse  transf ormat ion  from 
the  (q,t)-plane  to  the  image  plane. 
During  the  direct  transformation  we  had 

2  X 

e  idX 

(dt),  *  - 

Ci  (Lk) 

and  during  the  inverse  transformation  we 
sha 1 !  have 
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X3  -  Xi  «  -  In  -  (7.4) 
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Consequently,  a  change  in  Reynolds 
number,  keeping  the  same  velocity 
distribution,  results  to  a  displacement 
of  the  image  curve,  expressed  by 
equation  (7.4).  An  increase  in  Reynolds 
number  displaces  the  image  curve  to  the 
right,  while  a  decrease  displaces  the 
image  curve  to  the  left.  When  a  suction 
side  boundary  layer  is  chosen,  it  is 
interesting  for  us  to  be  able  to  keep 
our  layer  laminar  for  a  chosen  interval, 
not  only  for  one  Reynolds  number  but  for 
the  whole  Reynolds  number  range  of 
operation.  In  order  to  do  thiB,  it  is 
convenient  to  realize  the  design  for  the 
minimum  Reynolds  number  of  operation, 
which  is  the  most  critical  for  the 
turbulent  layers.  We  know  now  that  an 
increase  in  Reynolds  number  displaces 
the  image  curve  of  a  laminar  layer  by 
0.5  ln(tf2/+fi)-  We  can,  thus,  take  into 
account  the  maximum  possible  shift,  0.5 
ln(tf aax/tf ain ) .  of  the  image  curve  to 
the  right,  by  considering  as  laminar 
stability  curve  for  our  design, 
Schl i cht i ng ’ s  stability  curve  La(X) 
displaced  by  0.5  1 n(*f a« * /ff a t B )  to  the 
left.  For  such  a  situation,  if  we 
increase  the  overall  Reynolds  number, 
the  image  curve  we  have  selected  will 
move  to  the  right  but  will  never  exceed 
the  actual  Sch 1 i cht i ng ' s  curve,  as  the 
actual  displacement  of  it  will  never 
exceed  the  value  0.5  1 n(#f n ) , 
which  already  has  been  taken  into 
account . 


After  this  remark  we  may  come  back 
to  the  construction  of  the  laminar  part 
of  our  optimum  image  curve.  We  have 
presented  it  as  OARC I  in  figure  (7.2). 
After  the  initial  stagnation  point 
region,  a  part  with  pi=0  (flat  plate)  is 
being  used,  if  necessary,  in  order  to 
avoid  the  deceleration  part  of 
Schichting’s  curve  (see  ref. (3. 23}),  and 
the  corresponding  velocity  pick. 

The  segment  (BC)  that  follows 
corresponds  to  a  displaced  Sch 1 i cht ing ’ s 
neutral  stability  curve  by  a  distance 
depending  on  the  range  of  Reynolds 
number  of  operation,  as  discussed  above. 
"I"  represents  the  point  where 
instability  (in  the  Tollmien- 
Schlichting  2D  mode)  is  first  introduced 
for  the  larger  Reynolds  number  of 
operation.  The  distance  between  the 
point  ot  instability  and  the  region, 
where  the  actual  transition  takes 
place,  depends,  at  least,  on  the 
turbulence  level  of  the  external  flow  as 
well  as  on  the  pressure  gradient.  A 
crude  criterion  which  depends  only  on 
the  level  of  the  external  turbulence 
utilizes  by  the  value  taken  by  the 
integra 1 

X 

I  *  |  [L„(X)  -  U(X)]  dx  (7.5) 

Xi 

This  criterion,  proposed  by  T.S. 
Wilkinson,  agrees  well  enough  with  the 
available  data  to  predict  the  order  of 
magnitude  of  Xt -Xj . 

This  criterion  is  applied  to  the 
situation  where  the  transition  region  is 
reduced  to  a  point  (as  it  is  described 
in  reference  [6.1]).  Transition,  then, 
takes  place  (see  figure  (7.3)  which 
presents  schematically  the  corresponding 
part  of  the  image  curve),  when  the 
integral  I  takes  a  certain  value,  which 
depends  upon  the  external  turbulence 
1  eve  1 . 

This  criterion  has  been  described 
in  more  detail  in  references 
(3.2] , (3.3] , [3.7]  and  [3.10].  The  values 
of  I  have  been  deduced  from  Granville's 
[7.1]  experimental  results.  Direct  proof 
of  the  validity  of  this  criterion  has 
been  given  in  ref. (7.2). 

The  work  of  Bar i  ot  3 • i *  1  ,  some 
results  of  which  have  been  presented  in 
figure  (5.1),  opens  the  possibility  to 
replace  the  present  transition  criterion 
with  a  transitional  calculation.  This 
matter  is  actually  under  investigation 
by  Leoutsakosl 7 • 3 1 .  The  problem  there, 
in  view  of  the  results  of  Bario,  is  to 
model  the  distance  between  the 
instability  point  and  the  appearance  of 
turbulence  spots.  Of  course,  in 
turbomachines  (see  Schl i cht i ngt 6 • 1 J ) , 
other  modes  of  instability  are  present 
(Goertler  vortices  creating  3D 
disturbances,  for  instance)  and  the 
point.  of  instability  is,  anyway, 
influenced  by  Mach  number  (see 
ArnaH7  *!).  On  the  other  hand,  inverse 
transition  ( re  1  ami nar i zat ion)  starts  to 
be  tractable  now  (see  Simandi raki s t 7 ■ * l  ) 
with  the  present  calculation  method,  so 
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that  the  old  criterion  of  transition  of 
WilkinBon  will  be  replaced  in  the  near 
future  by  other  sore  reliable  methods. 
However,  at  the  present  loaent ,  the 
designer,  having  no  alternative,  nay 
resolve  this  problem  by  inducing 
transition  in  an  as  short  distance  aa 
possible,  avoiding  laminar  separation. 
This  can  be  done  by  increasing  the  value 
of  the  integral  I,  following  a  path 
parallel  to  the  separation  line  1**0 
before  admitting  transition. 

Assuming,  now,  that  transition  has 
taken  place  at  T,  we  shall  examine  the 
turbulent  part  of  the  image  curve.  This 
part  must  realize  an  optimum 
deceleration  and  starts  with  a  segment 
of  a  straight  line  with  a  slope  which 
ensures  the  continuity  of  the 
derivative  dq/d*  at  transition.  Then, 
according  to  the  principles  established 
above  for  the  optimum  turbulent 
deceleration,  the  locus  Lt(X)  is 
followed.  In  the  last  part  of  the  image 
curve,  the  limit  deceleration  is 
employed  until  the  locus  1**0  is 
reached,  if  separation  is  to  be  avoided. 
We  can  profit  thus  as  much  as  possible 
from  the  part  of  the  deceleration  which 
can  be  realized  without  losses.  Of 
course,  this  part  can  continue  in  the 
separated  flow  region,  if  incidence 
considerations  permit  it.  We  shall  come, 
in  fact,  back  to  this  point  later. 

We  have  said  that  the  delay  Xt~Xi 
between  instability  and  transition 
depends  on  the  level  of  turbulence, 
which  is  only  roughly  estimated  in  most 
practical  cases.  Therefore,  to  a  fixed 
velocity  distribution  and  a  fixed  value 
of  ,  corresponds,  in  fact,  a  one- 
parameter  family  of  turbulent  boundary 
layers,  and  therefore  of  image  curves, 
depending  on  the  actual  position  of 
transition.  In  general,  these  curves 
have  completely  different  shapes,  and 
the  differences  increase  with  the 
interval  of  Xt ,  so  that,  at  first  sight, 
it  is  necessary  that  the  delay  in 
transition  corresponding  to  the  lowest 
possible  turbulence  levels  should  be 
reduced  as  much  as  possible,  and 
therefore,  for  X>Xi,i*(X)  should 
decrease  very  quickly  to  a  small 
positive  value,  so  as  to  increase  the 
value  of  the  integral  I  as  quickly  as 
possible. 

It  has  been  found  that,  in  the  case 
of  a  laminar  variation  of  l*(X)  for  X  > 
Xj ,  it  is  possible  to  select  its  slope 
in  order  to  obtain  a  family  of  turbulent 
boundary  layers  which  end  with  nearly 
the  same  value  of  1*  although  their 
shapes  are  different.  In  addition,  the 
least  stable  of  all  is  that 
corresponding  to  the  latest  transition. 
Thus,  although  the  position  r  f 
transition  is  not  so  closely  fixed  in 
this  case,  and  the  turbulent  boundary 
layers  which  result  from  variations  of 
it  are  different,  their  final  properties 
are  the  same,  and  this  is  of  course  all 
what  is  required. 

The  corresponding  slope  of  the 
image  curve  in  the  unstable  laminar  flow 
region  is  about  -0.20  for  usual  design 
conditions  and  Xr-Xj  is  then  smaller 
than  0.15. 


Among  the  general  properties  that 
Le  Foil  had  initially  established  for 
turbulent  boundary  layers  was  the  locus 
of  e-wise  stability.  This  locus 
coincides  with  the  optimum  deceleration 
curve  Lt(X).  Boundary  layers  that  are 
found  over  this  curve  have  the  ability 
to  damp  with  distance  disturbances, 
which  were  created  accidentally  at  some 
position  upstream. 

Le  Foil  established  this  property 
on  the  basis  of  an  infinitesimal 
perturbation  theory,  (see  references 
(3.1)  and  (3.2)),  which  lacks 
generality.  It  was  thought  at  the 
beginning  that  it  represented  what 
happens  in  reality  as  Clauser(*-2i  had 
reported  having  observed  such  a 
phenomenon  experimentally. 

Ever  since,  various  investigators 
have  worked  experimentally  in  the  region 
found  between  this  locus  and  separation 
(among  others  Strat f ordl 6 • * ) )  and  not 
one  reported  having  observed  any 
instability  effects. 

This  is  the  reason  why  the  present 
author  has  not  mentioned  this  properly. 
Various  workers  (among  others  Le  Foil 
himself)  have  used  a  safety  margin 
between  the  supposed  s-wise  stability 
locus  and  the  chosen  optimum  image  curve 
to  account  for  manufacturing 

inaccuracies.  When  this  is  done  we  shall 
report  it,  having  in  mind  the  comments 
we  have  made  just  now. 

Before  establishing  some  more 
features  of  the  image  curves,  it  will  be 
useful  to  give  an  example  for  the 
incompressible  case  and  thus  summarize 
our  results.  We  shall  suppose  that  the 
ratio  of  the  maximum  to  minimum  Reynolds 
number  *f , i«x /♦* . ■ i n »  at  which  the 
profile  is  to  be  operated  is  2.71.  The 
design  of  the  image  curve  will  start 
from  the  displacement  of  Schl icht ing * s 
curve  by  1/2  In  2.71*1/2  to  the  left. 
The  whole  design  is  represented  in 
figure  (7.2).  The  next  parameter  to  be 
considered  is  the  abscissa  Xj  of  the 
point  I  where  the  laminar  image  curve 
leaves  the  curve  Lk*Ln(X)  and  the  value 
selected  here  is  Xj*7.7.  This  point  I 
corresponds  to  incipient  transition, 
i.e.  when  the  laminar  boundary  layer 
first  becomes  unstable. 

The  first  design  image  curve,  shown 
by  the  dashed  curve  of  figure  (7.2), 
consists  of  segments  of  straight  lines, 
which  are  selected  as  follows: 

0A  corresponds  to  the  flow  in  the 
neighborhood  of  the  leading  edge 
for  which  Wse  p ,  which  is  given  by 
pl*l  and  Lk".0436. 

AB  a  straight  line  joining  OA  to 
segment  BC 

BC  a  curve  corresponding  to  Pi *0  to 
avoid  the  region  of  decelerated 
flow  which  is  associated  with 
Schl ichting' s  curve  (Xb*3.2, 

Xc-5.0). 

CS  the  curve  Lx*  L»(X+.3) 


IS  a  line  defined  by  the  slope 

dL/dX*-.2  which  is  such  that  for 
levels  of  free  stream  turbulence 
greater  than  1  1/2  X,  transition 

will  occur  between  I  and  S. 

SD  a  segment  whose  slope  is  defined  by 

the  condition  that  the  derivative 
dq/df  of  the  velocity  distribution 
should  be  continuous  at  the 
transition  point. 

DE  the  curve  L*»L(X)+. 03 ,  where  .03 

represents  a  safety  margin  above 
the  turbulent  instability  curve 
Xf  =0 . 3 

EF  a  final  drop  to  close  the 

separation  with  the  maximum 
deceleration  not  taking  into 
account  stability, 
i.e.  dL^dX—,5. 

The  velocity  distribution  corresponding 

to  this  initial  image  curve,  obtained  by 
integration  of  equations  (3.26),  (3.27) 
and  (3.30),  (3.31)  from  F  with  qf«-0.16 
and  *0  (i.e.  X*-oo)  is  shown  by  the 

dashed  curve  in  fig. (7.4)  with  the 
corresponding  points  marked  with  the 
same  letters. 

A  smoother  velocity  curve  can  be 
obtained  by  rounding  off  the  corners  of 
the  first  image  curve,  and  is  plotted  as 
a  full  curve  on  fig. (7.4).  This  smooth 
curve  will  be  used  as  the  basic  image 
curve  from  now  on.  Fig. (7.5)  represents 
the  velocity  distribution  Waa/Wra(, 
against  the  fractional  arc  length.  The 
most  striking  features  of  this  curve  are 
the  steep  final  deceleration  and  also 
the  very  short  length  of  segment  IS  in 
which  transition  has  been  located. 

Now,  transition  certainly  takes 
place  before  S  and  after  I,  so  that  it 
is  necessary  to  check  that  turbulent 
separation  is  avoided  for  any  position 
of  transition  T  on  the  segment  IS.  To 
demonstrate  this,  the  shape  of  the  image 
curves  for  the  given  velocity 
distribution  hove  been  drawn  as  curves 
1,  2,  3  and  4  of  fig. (7. 2)  for 

transition  at  Ti ,  Tj  ,  Tj  and  T* .  The 
last  point  T«  is  outside  the  possible 
range,  but  it  is  included  to  show  that 
by  advancing  the  laminar  transition 
point  further,  turbulent  separation 
really  does  occur.  It  con  be  seen  that 
T3  is  just  critical  in  that  it  brings 
the  final  image  point  to  incipient 
turbulent  separation.  The  energy 
dissipation  1b,  also,  presented  on 
fig’(?-4)  and  has  a  final  value  of  3.7%. 
The  final  position  Reynolds  number, 
•f *1.07x10®,  corresponds ,  since  the 
chord  of  the  profile  is  shorter  than  8f , 
to  a  chord  Reynolds  number  based  on  the 
reference  velocity,  which  is  less  than 
1.07/1.22x106.  The  value  1.22  comes  from 
the  fact  that  the  mean  velocity  Waa.Baa„ 
equals  1 . 22Waa . a . 

Now,  if  ft  i®  increased  for  the 
same  velocity  distribution  against  s/a* , 
the  laminar  part  of  the  image  curve  is 
shifted  to  the  right  and  when  this  shift 
exceeds  0.5,  transition  is  no  longer 
controlled.  But  up  to  this  limit,  the 
velocity  distribution  against  arc  length 
represented  on  fig. (7. 4),  gives  a 


turbulent  boundary  layer  which  is 
increasingly  stable  and  even  beyond  this 
limit,  it  can  separate  only  in  the  case 
of  a  very  early  transition.  If,  on  the 
contrary,  ft  is  only  slightly  smaller 
than  1.07x10®,  the  turbulent  boundary 
layer  will  separate. 

Summarizing,  we  may  say  that  we 
have  established  the  form  of  an  optimum 
image  curve  to  be  used  for  suction  side 
boundary  layers  of  blade  sections 
(compressor  or  turbine)  for  the 
incompressible  case.  From  what  has  been 
said  in  Chapter  6,  it  can  be  easily 
deduced  that  the  same  principles  apply 
for  the  compressible  case. 

This  general  optimum  image  curve 
form  takes  into  account  the  desired 
overall  Reynolds  number  range  of 
operation  (although  it  will  be  optimum 
for  only  one  value  of  the  overall 
Reynolds  number),  as  well  as  the 
uncertainty  of  the  external  flow  level 
of  turbulence  on  the  transition  point 
position. 

Looking  at  this  optimum  image  curve 
we  may  see  that  once  the  abscissas  Xt 
and  Xf  have  been  defined  (transition  and 
final  points),  the  whole  optimum  image 
curve  has  very  closely  been  defined 
completely.  This  last  property  may  help 
us  to  solve  the  next  problem,  which  is 
how  the  choice  of  one  particular  image 
curve  may  be  done,  once  the  general 
requirements  of  a  particular  design 
have  been  imposed.  These  requirements 
are  usually  imposed  in  the  physical 
plane,  hence  the  necessity  to  relate  the 
general  properties  of  the  two  planes. 
This  will  be  done  in  what  follows. 

The  most  interesting  properties  of 
a  velocity  distribution  destinated  for  a 
suction  side  are: 


a)  The  overall  Reynolds  number  of 
operation,  which  is  imposed. 

b)  The  maximum  velocity  appearing  on 
the  suction  side.  Mach  number  or 
noise  considerations  may  demand  it 
to  be  as  low  as  possible. 

c)  The  mean  velocity  appearing  on  the 
suction  side.  Its  value  expresses 
the  contribution  of  the  suction 
side  to  the  blade  circulation. 


d)  The  losses  or  some  other  property 
of  the  shear  layer. 


Supposing  that  we  consider  the 
losses,  these  are  the  absolute  losses  of 
the  suction  side.  To  these,  the  pressure 
side  losses  have  to  be  added  and  then 
the  sum  of  the  two  has  to  be  compared 
with  the  circulation  per  blade  before  an 
estimate  of  the  mass  averaged  loss  can 
be  made.  We  shall  consider  the  first 
three  properties  and  we  shall  try  to 
relate  them  to  the  two  "independent" 
variables  Xt  and  Xp ,  which  define  the 
optimum  image  curve. 


An  interesting  property  of  any 
(Lx , X)-curve ,  which  will  help  us  to  do 
this,  is  the  following.  For  any  such 
curve,  there  exists  (see  equations 
(3.26),  (3.27)  and  (3.30),  (3.31))  a 
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unique  velocity  distribution  curve  in 
the  fora  Waa/Waa , (s/sref ) ■  In  this 
way,  all  velocity  distributions  start 
with  the  value  0  at  the  leading  edge  and 
end  with  the  value  1  at  the  trailing 
edge . 

This  property  gives  us  the 
possibility  to  construct  universal 
curves  for  all  optimum  shear  layers  in 
order  to  use  them  for  blade  or  airfoil 
design.  Let  us  consider  first  equations 
(3.27)  and  (3.31)  for  the  velocity 
potential  ♦,  which  are  the  following 


dRe*2 

d*  *  - 

Ci(Lk) 

dRe* 

d*  «  - 

Ct(U) 

We  can  see  that  the  potential  * 
increases  as  the  square  of  Re*(»ex)  for 
laminar  layers,  while  it  increases  as 
Re*  for  turbulent  layers.  As  the 
coefficients  Cj  and  Ct  for  the  range 
considered  are  of  the  same  order  of 
magnitude  (see  ref. (3.231)  we  can 
deduce  that  the  Reynolds  number  of  the 
resulting  velocity  distribution  wilt 
depend  principally  on  the  interval  in  X 
occupied  by  the  laminar  part,  that  is  by 
the  position  of  the  transition  point  Xr . 
A  plotting  of  the  logarithm  of  the 
Reynolds  number  Re8 f  based  on  the  final 
value  of  the  arc  length  and  the  exit 
velocity  Waa,2  against  Xt  is  given  in 
fig.  (7.6).  We  can  see  that  in  fact  Xp 
plays  a  secondary  role. 


Considering  now  the  maximum 
velocity  appearing  on  the  suction  side, 
we  can  make  the  following  remark.  The 
maximum  velocity  in  respect  to  the  final 
velocity  Wae,2  will  depend  essentially 
on  the  extension  of  the  turbulent  part, 
as  this  is  the  part  used  to  realize  the 
required  deceleration.  A  plotting  of 
W#« . iax/W»s . 2  against  Xp-Xt  is  given  in 
figure  (7.6).  It  can  be  seen  that  we 
obtain  a  quasi-unique  curve.  An 
explanation  for  this  behaviour  can  be 
found  in  reference  (3.6). 


Returning  now  to  the  third  property 
Wa # . ■ 0 « Q /Wa 0 , 2  we  have  decided  to  plot 
it  against  Xp-Xj  and  the  results  are 
presented  in  fig. (7.6).  We  can  see  that 
there  exists  an  envelope  imposing  an 
upper  limit.  Additionally  for  Xp*const., 
the  curve  passes  from  a  maximum.  This 
can  be  understood  from  the  following 
remark.  By  fixing  the  Xp ,  we 
practically  fix  the  level  of  the  losses. 
Now,  for  small  XT  all  the  loss  is  given 
to  obtain  a  turbulent  deceleration  and 
consequently  high  . a*x /*•« . 2 •  In 

moving  the  transition  point  to  the  right 
we  al low  the  development  of  a  laminar 
part  which  creates  a  plateau  on  the 
velocity  distribution  and,  so,  at  the 
beginning,  the  Waa . aaaD/Waa . a  1b 
increased  in  spite  of  the  decrease  in 
. ■■*/*•• , 2 •  If  we  move  Xf  further  to 
the  right,  there  comes  a  moment  when  the 
laminar  boundary  layer  is  "too  tired"  to 
accept  high  decelerations  and  the 
turbulent  deceleration  which  fixes  the 
level  of  the  plateau  becomes  so  small 
that  the  ratio  Waa . f 2  starts 


decreasing.  It  is  in  our  interest  to 
choose  Xp-Xp  values  in  the  region  of  a 
maximum  Waa . -eaa /Waa . 2 • 

Once  the  three  essential  design 
factors  have  been  correlated  to  boundary 
layer  parameters,  some  remarks  are  in 
order,  before  we  proceed  in  giving  a  way 
of  using  them. 

a)  The  given  diagram  concern 

unseparated  shear  layers.  That  is 
to  say  that,  in  the  measure  of  the 
approximation  of  Le  Foil’s  theory, 
the  velocity  distributions,  which 
will  result,  will  correspond  to 
unseparated  shear  layers. 

b)  The  given  diagrams  are  independent 
of  inlet  and  outlet  velocities, 
inlet  and  outlet  air  angles  and 
generally  cascade  properties,  when 
the  cascade  blade  case  is 
considered . 

c)  Once,  a  particular  problem  is 

considered  (the  design,  for 
instance,  of  a  cascade)  further 
restrictions  are  imposed  by  the 
potential  flow  calculation  which 
are  independent  of  the  diagrams 
established.  For  example,  once 
Waa.i/Wae,2  has  been  accepted,  the 
ratio  Waa , aax/Wae , 2  must 

necessarily  be  larger  than 
W8 e , i / Wa e , 2 •  The  minimum  level  of 
Wa e . *ax /Wao . 2  will  be  fixed  then  by 
the  thickness  of  the  blade  and  the 
amount  of  turning  and  these  are 
problems  that  can  be  solved  only 
considering  inverse  potential 
methods  for  the  calculation  of  the 
profile  shape. 

d)  The  choice  of  an  optimum  boundary 
layer  for  the  suction  side  does  not 
necessarily  give  the  optimum 
profile.  The  combination  of  the 
deduced  velocity  distribution  from 
the  point  of  view  of  closure 
conditions,  will  finally  define 
the  circulation,  which  combined 
with  the  absolute  losses,  will  give 
the  performance.  However,  from  the 
experience  acquired  up  to  now,  we 
can  say  that  the  obtained  profiles 
are  good. 

e)  The  range  of  operation  of  the 
blade,  incidence-wise,  is  not  taken 
into  account  in  the  choice.  It  is 
possible,  however,  to  design  for 
the  maximum  incidence,  accepting 
boundary  layer  separation  only  for 
the  limit  of  operation  and  knowing 
from  experience  that  in  the  range 
between  positive  and  negative  stall 
the  profile  behaves,  normally, 
without  separation. 

f)  The  curves  presented  in  figure 
(7.6)  concern  the  specific 
application.  If  the  optimum  image 
curve  changes  (for  instance,  if 
diffusers  are  considered),  then  the 
curves  will  change.  On  the  other 
hand  the  same  happens,  if, 
generally,  the  image  curve  form 
changes  for  any  of  a  number  of 
reasons.  Some  of  these  may  be 
compressibility  effects,  admission 
of  a  separated  region  on  the 
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suction  side  or  curvature  and 
Coriolis  force  effects,  about  which 
we  shall  talk  later. 

Renarks  on  these  will  be  made  in 
Chapter  10. 

We  can  now  proceed  with  an  exanple 
of  design,  giving  at  the  same  time  a 
demonstration  of  the  use  of  the 
established  curves.  Assume  that  we  want 
to  design  a  blade  which  operates  at  a 
Reynolds  number  of  3x105.  We  can  see 
immediately  that  for  a  given  Xp ,  the 
value  of  Xt  is  fixed  and  vice  verse, 
although  we  can  also  see  the 
impos8ibi 1 ity  to  find  solutions  for  an 
Xp  higher  than  a  certain  value.  We 
obtain  thus  the  points  A,B,C,D  (see 
figure  (7.6)),  which  are  transferred  to 
the  mean  and  maximum  velocity  curves.  We 
can  see  now  that  optimum  solutions  are 
obtained  around  A,  but  at  the  same  time 
the  maximum  velocity  risks  to  be  too 
high  and  the  losses  may  increase 
considerably.  The  final  choice  will  be 
given  by  the  particular  problem  we 
consider  (inlet  and  outlet  air  angles) 
and  a  trading  between  maximum  velocity, 
mean  velocity  and  losses.  In  this 
respect  two  or  three  distributions  have 
to  be  calculated  and  used  as  input  to 
the  inverse  potential  calculation  before 
a  final  choice  can  be  made. 


8 .  The _ Inverse _ In  vise  i/. 

Calculation  Method 

The  present  inverse  i  ,  iscid  flow 
calculation  method  is  a  \essing  the 
rotating  cascade  case  tying  on  an 
arbitrary  axisymmetric  surface  with 
varying  streamtube  width.  It  makes  use 
of  Schmidt's  equations  (refs  [8.1], 
[8 . 2]  ,  [8 . 3]  ,  [8 .  <+  j  )  but  it  diverges,  as 
will  be  seen,  in  the  formulation  of  the 
solution,  the  numerical  techniques  used, 
as  well  is  the  closure  conditions. 
Although  not  addressed  directly  in  the 
present  lecture,  the  isolated  airfoil 
case  can  be  treated  as  well.  Again, 
because  of  space  limitations,  only  the 
essential  features  of  the  method  will  be 
presented. 

Position  of  the  Problem  and 

Development  of  the  Equations 


frame  of  reference. 

An  axially  symmetric  coordinate 
system  (m,0)  is  used  in  respect  to  which 
the  equations  to  solve  are  the  following 
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We  consider  the  coordinate 
transformation  mxm(t,V)  and  0*4(t,V), 
where  •  and  W  are  the  potential  and 
stream  functions,  defined  as 

Vst  -  (W+wxr)  (8.3) 

nxVaY  =*  p(An)$  (8.4) 

n  is  the  unit  vector  normal  to  the 
axisymmetric  surface  and  ▼» (  )  is  the 
surface  gradient  operator.  In  this  way, 
we  have  transferred  our  problem  from  the 
physical  to  the  (*,¥)~plane  (see  figure 
(8.2)).  Writing,  also,  the  velocity 
components  in  terms  of  the  velocity 
magnitude  W  and  the  flow  angle  p  as 

W|S  W  cos p  ;  W„*  W  sinp  (8.3) 

so  that  it  is  possible  to  write 
equations  (8.1)  and  (8.2)  in  the 
following  form 


Al(lnW)*»+A2(lnW)*+A3(lnW)f+A4(lnW)TT+ 

2 

+A5(lnW)T+A6(lnW)t+A7(lnW)*T+ 

+A8(lnW)* (lnW)t+A9-0  (8.6) 

P  pAnW  Ucosp 

—  (lnW)T - KlnW)# - 

*  W+Usinp  W+Usinp 


dlnR  Wsinp+2U 

- -  (6.7) 

dm  W(W+UsinP) 

}P  1  W2+U2+2UWsinp 

—  «  (lnW)4  -  [ - 

d¥  pAnW  W+Usinp 


It  is  assumed  that  the  axially 
symmetric  stream  surface  on  which  the 
calculation  will  be  performed  is 
specified  (see  f igure(8. 1) ) .  The 
streamtube  width  variation  with 
meridional  distance,  the  approximate 
number  of  blades  N,  the  inlet  stagnation 
conditions  (Pti.Tti)  and  velocity  vector 
Wi ,  the  meridional  position  of  the  inlet 
stagnation  point  mi ,  the  rotational 
speed  and  the  outlet  flow  angle  are 
specified  as  well.  Finally,  assumed 
given  are  the  pressure  end  suction  side 
velocity  distributions  versus  arc 
length,  with  the  condition  that  the 
pressure  side  velocity  distribution  will 
change  during  the  computational 
procedure  as  little  as  possible. 

The  flow  is  considered  steady, 
inviscid,  compressible  subsonic  at  the 
inlet  and  irrotat ional  in  the  absolute 


2W2 (W+Usinp)  Ucosp 

- J-  ( 1  nW)v  -  ♦ 

(v-i)(2cpTTH-Wa+U2)  W+Usinp 


dlnR  1 
3m  pAnW 
dlnAn 


dm 


cosP(W2-2U2 ) 

[ - 

W (W+Usinp) 

cosp 

pAnW 


2U2  cosp 


-) 

(v-1)(2cpTts-W2+U2) 


(8.8) 


The  expressions  of  coefficients  Aj 
to  Aq  are  given  in  ref. (8.5].  In  the 
above  form  ♦  and  V  have  been  introduced 
as  independent  variables,  while  the 
velocity  modulus  and  the  flow  angle  are 
the  dependent  ones.  During  the 
calculation  procedure  only  one  of 
equations  (8.7)  and  (8.8)  may  be 
utilized,  as  they  are  completely 
equivalent . 
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The  Boundary  Conditions  on  the 
(t.t)-Plane 

Having  performed  a  first 

transformation  from  the  physical  to 
the(t ,*)-plane  (see  figure  (8.2)),  we 
shall  examine  in  this  plane  the 
corresponding  boundary,  as  well  as,  some 
additional  relations.  We  consider: 

(a)  The  integral  mass  flux  conservation 
equation,  which  reads 


the  most  sensitive,  the  pressure  side 
velocity  distribution  must  be  chosen  to 
satisfy  this  value  of  T. 

Considering,  again,  figure  (8.2), 
periodic  conditions  are  imposed  along 
the  (AB),  (EZ)  and  (TA)  ,  (H0)  pairs  of 
boundaries.  W(t)  is  specified  along  the 
suction  and  pressure  side  solid 
boundaries  and  the  corresponding  value 
of  t  is  calculated  from  the  following 
re  1 ation 


2nRx  2ttR3 

- pi Wj  cos Pi An i *- - pa W3 cos Pa  An  a (8*9) 

N  N 

so  that 

Rj  cospi  An i 

P2*2  “  Pi*i  —  -  -  (0.9a) 

Ra  cosPa  Ana 

(b)  The  integral  momentum  equation  in 
the  following  form 


dt  =  Wds  +  uR2d0  (8.12) 

Consequently,  differences  in  potential 
from  a  station  v  to  a  station  p  may  be 
calculated  as 

IP  (V  fM 

A*  «  Wds  +  wR2d6  (8.13) 

v  j  V  j  V 

The  way  the  (♦,¥)-plane  has  been  built, 
we  have 
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The  magnitudes  of  A# |  and  At  I  are 
(8.10)  specified  in  our  formulation.  Their 

value  must,  however,  be  such,  so  that 
upstream  and  downstream  uniform 
conditions  must  be  reached  with 
sufficient  accuracy.  In  this  way,  the 
(8.10a)  upstream  and  downstream  positions  in  the 

physical  plane  are  not  specified. 


(c)  The  i sentropic  flow  relations, 

along  with  the  energy  conservation 
equation  (conservation  of  the  total 
relative  enthalpy)  along  a 
meridional  streamline 

W,a-Ul2  W22-U32 

Tt  *Tt  or  Tj  + - =Ta+  -  (8.11) 

2- Cp  2- Cp 

from  which  we  get  the  following 
expression 


From  equation  (8.4)  we  may  get 
d¥  *  p(An)WcospRdfl 

so  that  the  corresponding  stream 
function  differences  are  described  by 
the  following  relation  at  the  inlet  and 
the  outlet  stations 

I M  fM 

AH'  *  p(  An )  WcospRdfl  (8.14) 

|  v  J  v 


Pa  W| 2  — Uj  2  W22-U32  t/.-l 

—  *  ( 1+ - )  (8.11a) 

Pi  2- CpTj  2- CpTi 

From  the  above  written  equations, 
it  is  possible  to  calculate  the 
conditions  at  the  exit  (pa«w2)» 
utilizing  the  data  of  the  problem,  which 
were  specified  in  the  previous 
paragraph.  It  is  not  possible,  using  the 
same  data  and  equation  (8.10),  to 
specify  the  value  of  the  circulation,  if 
a  rotating  cascade  is  considered.  For 
this,  the  integral  rx  must  be  Known, 
which,  in  our  case,  will  be  computed 
once  the  cascade  geometry  is  known. 
This  fact  introduces  one  of  the 
difficulties  of  the  inverse  method 
applied  to  arbitrary  rotating  cascades. 
During  the  computational  procedure  the 
integral  T j  will  be  given  an  initial 
plausible  value  and  corrected 

accordingly,  each  time  a  blade  shape  is 
computed.  In  any  case,  the  value  of  P 
must  be  compatible  with  the  imposed 
value  of  the  outlet  flow  angle  p2 ,  so 
that,  if  the  suction  side  velocity 
distribution  must  be  maintained,  being 


Along  the  inlet  and  outlet  stations  the 
flow  is  uniform  with  velocities  and  flow 
angles,  correspondingly,  Wx  ,  W2  and  px  , 
Pa .  Consequently,  if  Ve =V2 =VH“Ve*0  is 
the  stream  function  value  characterizing 
the  lower  boundary,  then  the  one 
characterizing  the  upper  boundary  is, 
according  to  equation  (8.14) 


AH' 


A  2ttRi 

apjWlcospi - (  An)  j  o 

E  N 


2ttR3 

*  Pa^acospa - (An)2*AV 

N 


A 


0 


(8. 14a) 


Then,  the  upper  boundary  being  a 
stream! ine , 


The  Numerical  Integration  of 
the  Equations 

In  order  to  solve  equations  (8.6) 
and  (8.7)  or  (8.8),  a  new  transformation 
is  performed  from  the  (t,*)-plnne  to  an 
orthogonal  (5,n)-plane  with  square  cells 
(see  figure  (8.2)).  This  transformed 
plane  is  constructed  following  a  body- 


fitted  coordinate  transformation,  which 
maps  the  (*,4i)-plane  to  the  (?,n)-plane. 

Then,  the  elliptic  type  equation 

(8.6)  on  W  is  discretized  by  use  of 
second  order  accurate  finite-difference 
schemes  and  the  resulting  quasi-linear 
system  of  algebraic  equations  is  solved 
iteratively  for  using  the  MSIP  [8.6), 

[8.7)  approximate  factorization 
procedure,  which  has  been  developed  for 
n on-symmetric  9-diagonal  banded 
matrices . 

Once  the  velocity  field  is 
computed,  the  flow  angle  field  is 
obtained  by  the  numerical  integration  of 
the  ordinary  differential  equation  (8.7) 
or  (8.8)  along  the  iso-n  (iso-V)  or  the 
iso-Ij  lines,  respectively.  A  second 
order  Runge-Kutta  method  is  used  during 
that  step.  In  fact,  equation  (8.7)  is 
first  integrated  along  the  cascade  mean- 
streamline  and  the  computed  0-mean- 
streamline  values  are  used  as  boundary 
conditions  for  the  integration  of 
equation  (8.8)  along  the  iso-^  lines. 
This  procedure  provides  the  whole 
0(#,¥)  field  in  the  most  accurate  way. 


The  Computational  Algorithm 


procedure  involved  in  this  step,  the 
values  of  W  at  the  periodic  boundaries 
have  been  modified  along  with  the 
complete  velocity  field. 

STEP  5  :  The  flow  angle  field  0(f,¥)  is 
computed  after  numerical  integration  of 
equations  (8.7)  and  (8.8)  in  the  manner 
described  in  the  previous  section.  New 
angle  values  are  computed  at  the 
boundaries,  as  well. 


STEP  6  :  The  blade  section  shape  8=8(m) 
is  computed  using  the  following 
geometrical  relations 

m  =  |  cos0ds  ss  m(s)  (8.15) 

Js  in0 

-  ds  *  8 ( s )  (8. 16) 

R 


Utilizing  the  above  relations,  the 
values  of  m  and  8  are  computed  along 
streamlines  for  the  whole  flow  field.  An 
interpolation  procedure  is  used  in  order 
to  estimate  the  new  set  of  values 
R(m(s))  and  An(m(s)),  which  will  be 
used,  along  with  the  updated  values  of 
the  angles. 


A  computational  algorithm  was 
constructed,  which  possesses  the 
following  steps  (without  considering 
conditions  for  the  profile  closure, 
which  will  be  examined  later). 

STEP  1  :  The  exit  plane  flow  quantities 
are  calculated  through  equations  (8.9a) 
and  (8.11a).  A  value  of  the  integral  Ti 
is  assumed  and  a  velocity  distribution 
for  the  pressure  side  compatible  with 
the  value  of  the  circulation  T  issued 
from  equation  (8.10)  is  established. 

STEP  2  :  A  first  approximation  of  the 
(♦,V)-plane  is  constructed  and  the 
boundary  conditions  for  the  velocity 
(through  equations  (8.13a)  and  (8.14a)) 
are  specified,  utilizing  plausible  angle 
distributions.  The  interior  (♦-V)-nodes 
are  determined  after  a  linear  procedure. 
In  the  upstream  (ABZE)  and  downstream 
(TA0H)  regions,  the  points  on  the 
boundary  are  chosen  and  the  grid 
constructed,  so  that  periodic  conditions 
can  be  checked  without  interpolation. 
The  complete  velocity  and  flow  angle 
fields  are  initialized  making  use  of  the 
values  at  the  boundaries.  An  initial 
estimate  for  the  values  of  (An)  and  R 
for  each  node  is  made,  as  well. 

STEP  3  :  The  coefficients  A|(i«l,9) 
appearing  in  equation  (8.6)  are 
calculated  through  the  derived  in 
ref.[8.5J  expressions. 

STEP  4  :  Equation  (8.6)  is  solved  for 
W(#,¥)  using  the  numerical  procedure  and 
technique  described  in  the  previous 
section.  At  this  point,  an  iterative 
procedure  is  performed  involving  the 
previous  step,  that  is  updating  the 
values  of  the  coefficients  Ai .  This 
updating  is  performed,  utilizing  the 
values  of  the  velocity  field  of  the 
previous  iteration. 

At  the  end  of  the  computational 


The  exit  conditions  are  calculated 
at  station  (2),  using  the  same  procedure 
as  in  STEP! .  The  integral  T*  is  computed 
and  its  new  value  is  used  to  update  T. 
The  pressure  side  velocity  distribution 
is  modified  in  order  to  satisfy  the  new 
value  of  the  circulation.  The  boundaries 
and  associate  conditions  can  be 
established  for  a  new  (f,*)-plane.  A  new 
grid  is  established  in  the  (♦ , ¥) -pi ane , 
moving  along  V-lines  and  computing  each 
time  the  value  of  ♦  corresponding  to  the 
previously  updated  values  of  the 
velocity  field. 

STEP  7  :  STEPS  3  to  6  are  repeated 
until  convergence  is  achieved. 

As  observed  before,  the  blade 
section  shape  issued  from  the  above 
described  computational  procedure  is  not 
necessarily  closed. 


Results  and  Discussion 

Even  before  starting  discussing 
various  aspects  of  the  method  it  will  be 
useful  to  show  some  calculation  results. 
It  is  easier  to  perform  this 
demonstration  for  a  plane  two- 
dimensional  cascade.  Figure  (8.3) 
presents  the  physical  plane  and  the 
corresponding  velocity  distributions 
along  the  lower  and  upper  boundaries.  In 
figure  (8.4),  the  generated  grid  is 
shown  along  with  the  fields  of  *(♦,¥) 
and  p(*,¥).  In  figure  (8.5)  the 
calculation  results  are  presented  in  the 
(?,n)-plane.  One  may  remark  the  zero 
velocity  value  at  the  inlet  stagnation 
point,  as  well  as  the  reacce 1 erat ion  of 
the  flow  behind  the  rear  stagnation 
point . 

Several  stationary  cascade  and 
isolated  airfoil  test  cases  were  used  in 
order  to  validate  the  accuracy  and 
capabilities  of  the  present  inverse 
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calculation  method.  The  considered  cases 
were  selected  in  order  to  cover  as  many 
geometrical  configurations  as  possible 
and  the  complete  Mach  number  range  of 
application  of  the  method.  Exact  cases 
were  used  where  possible,  while  a  direct 
method  of  calculation  was  used  when  the 
velocity  distribution  was  not  known, 
given  a  blade  shape.  Of  course,  slight 
inaccuracies  in  the  results  of  the 
direct  calculation  method  resulted  in 
slight  inaccuracies  of  the  computed 
blade  shape  by  the  inverse  method.  All 
test  cases  are  reported  by 

Bonataki I ® • 5 J .  Here,  in  order  to 
demonstrate  the  capability  of  the 
method,  some  cases  were  chosen  and 
presented  in  figure  (8.6).  These  contain 
the  Hobsont0  0l  exact  case  (high  Mach 
number,  high  turning,  low  pitch  to  chord 
ratio),  a  radial  inflow  turbine  case 
[8.9]  (strong  variation  of  R(m), 
rotational,  variation  of  An(m))  and  a 
hub  wind  turbine  case  (8.10]  (high  pitch 
to  chord  ratio,  high  stagger).  Good 
results  are  obtained  for  all  cases 
demonstrating  that  the  present  inverse 
calculation  procedure  is  numerically 
sound.  However,  for  the  tip  section  of 
the  wind  turbine  case  which  was  tested 
but  not  presented  here  (for  which  the 
value  of  the  pitch  to  chord  ratio  was 
=63)  difficulties  were  encountered,  as 
important  numerical  errors  were 
introduced  during  the  integration.  The 
problem  was  finally  solved  as  a  single 
airfoil  case  and  gave  satisfactory 
resu 1 ts  (8.11). 

It  was  already  pointed  out  that,  if 
this  procedure  was  applied  using  two 
arbitrary  suction  and  pressure  side 
velocity  distributions,  it  would  not 
necessarily  produce  a  closed  blade 
section.  This  question  is  discussed 
immediately  below. 

The  conditions  for  blade  section 
closure  have  been  expressed  in  various 
ways  up  to  now.  Generally  speaking, 
three  integral  or  global  conditions  must 
be  satisfied  in  order  to  obtain  a  closed 
shape  (see,  among  others  ref. [3.2]). 
One  of  these  conditions,  ensuring  that 
the  correct  mass  flow  rate  is  passing 
through  the  cascade,  is  automatically 
satisfied  in  the  present  case,  where  the 
stream  function  limit  values  have  been 
correctly  imposed.  Following  an 
extensive  Investigation,  it  was  decided 
for  the  present  work  to  employ 
appropriate  overall  parameters  in  order 
to  control  closure,  rather  than 
utilizing  the  usual  integral 

conditions.  The  chosen  parameters  are 
the  ratio  of  the  pressure  to  suction 
side  arc  length  and  the  pitch  to  chord 
ratio.  This  last  parameter  can  be 
controlled  by  either  modifying  the 
number  of  blades  or  the  blade  chord.  For 
initializing  the  first  parameter  a  good 
first  guess  can  be  made  using  an 
existing  blade  section  shape,  which  has 
the  desired  maximum  thickness  and,  for 
the  same  inlet,  produced  the  desired 
outlet  flow  angle.  On  the  other  hand, 
when  changing  the  number  of  blades,  it 
is  necessary  to  bear  in  mind  that  the 
corresponding  modification  cannot  be 
continuous . 

We  shall  end  here  the  discussion  on 


the  inverse  method  and  take  it  up  again 
in  the  following  Chapter. 


9 .  The  Effects  of  •'Centrifugal11  Forces 

As  "Centrifugal"  forces  will  be 
denoted  non-conservative  forces  and  more 
particularly  their  components  normal  to 
the  mean  flow  direction.  As  will  be 
seen,  their  effects  are  particularly 
large  for  turbomachinery  applications 
and  for  this  reason,  a  separate  Chapter 
has  been  dedicated  to  them. 

Dimensional  analysis  shows  that  for 
flows  with  velocity  gradients,  non¬ 
conservative  body  forces  have  marked 
effects,  when  acting  normal  to  the  flow 
direction,  even  in  the  case  where  these 
forces  are  small  compared  to  the  inertia 
forces.  Such  non-conservative  forces  are 
the  Corioli6  forces,  the  forces  created 
by  the  presence  of  a  curved  wall  and  the 
buoyancy  forces  created  by  a  stratified 
density  field. 

Before  going  any  further  some 
examples  will  be  given  to  demonstrate 
these  effects: 


1.  for  6/Rc*l/300  a  change  of  10%  in 
mixing  length  results!’.!)  (Rc  is 
the  radius  of  the  wall  curvature). 


2.  For  a  radius  of  curvature  Rc 
corresponding  to  a  turning  of  35°, 
a  10%  change  in  distance  to 
separation  occurs  (Bradshaw! 9 . 2 ) ) , 

3.  The  calculation  results  for  the 

boundary  layer  developing  along  the 
suction  side  of  an  optimized 
compressor  blade  presented  in  the 
next  Chapter  are  given  in 
fig. (9.1).  It  can  be  seen  that  the 
presence  of  curvature  causes 
boundary  layer  separation  (detected 
also  experimentally),  for  a  case 
which  would  be  considered  rather 
far  away,  if  curvature  was  absent. 
When  this  blade  was  designed, 
curvature  effects  were  not  very 
well  known.  Thus,  they  were  not 
taken  into  account  in  the  design 
process.  The  design  having  been 
realized  slightly  on  the 

conservative  side,  separation 
appeared  finally  at  the  trailing 
edge . 

4.  Reversed  transition  is  taking  place 
(observed  experimentally)  in  the 
presence  of  strong  Coriolis  forces 

( Johnstonl9 . 31 ) . 


In 
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order  to  understand  the 

ng  effects  of  such  forces 

the  case  of  the  Coriolis  force 
a  radial  flow  with  a  velocity 
in  the  circumferential 

(fig. (9.2)).  Let  us  consider 
simplicity  the  Navier-Stokes 
written  for  incompressible 
flow  in  a  rotating  frame  of 
,  which  read 


5  Y$  + 


(9.1) 


P 


where  p* /p  Is  the  reduced  static 
pressure . 
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We  can  see  that  an  additional 
static  pressure  gradient  is  present  to 
balance  the  Coriolis  acceleration.  If, 
now,  for  some  reason,  particles  of  a 
layer  (1-1)  with  lower  velocity  W rl 
arrive  at  an  adjacent  layer  (2-2)  where 
higher  velocity  Wr2  prevails,  they  will 
be  faced  with  an  increased  pressure 
gradient  (due  to  the  increased  Coriolis 
force  caused  by  the  higher  velocity 
Wra).  Consequently,  they  will  tend  to  be 
pushed  back  to  their  original  position. 
In  this  crude  sense  the  situation 
described  in  fig. (9. 2)  is  said  to  be 
stable  and  the  effects  of  the  Coriolis 
force  are  said  to  be  stabilizing.  Such  a 
pressure  gradient  is  caused  also  by  the 
presence  of  wat 1  curvature  and  buoyancy 
forces  with  the  same  results.  The  term 
"stabilizing"  characterizes,  thus, 
situations  for  which  the  turbulent 
intensities  tend  to  reduce.  The  same 
goes  for  the  other  turbulent  stresses. 
The  shear  layer,  consequently,  becomes 
more  "laminar”  and  tends  to  support  less 
adverse  pressure  gradients  without 
separating.  The  opposite  situation  is 
termed  "destabilizing",  where  the  shear 
layer  becomes  more  "turbulent”. 
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Roa  =* -  (9.3) 

Ws  e 

6 

Cu$  *  2  — 

R. 


Values  for  0  in  terms  of  Ro^  and  Cu$ 
have  been  deduced  from  experiment  by 
Papa i 1 ioul 3 ■ 2 2 J  and  van  den 
Brambusche l 9  6 i .  The  relation  of  0  (Ro$ 
or  Cua )  of  Papailiou  is  presented  in 
figure  (9.3).  Experimental  values  from 
both  Curvature  and  Rotation  have  been 
used  and  it  seems  that  a  unique  curve 
can  describe  both  effects.  The  value  0*7 
of  Bradshaw  corresponds  to  values  of  Cua 
or  Roa  of  the  order  of  1/100.  On  the 
other  hand  Patel's*9?)  experiment 
suggest  a  value  of  0  as  low  as  2.5  for 
Cua  or  Roa  of  the  order  of  0.05.  Note 
that  for  radial  machines  the  value  of 
Roe  exceeds  0 . I . 


Using  the  above 
dimensionless  parameters, 
and  describe  the 

"Centrifugal"  forces. 


introduced 
we  sha 11  try 
effects  of 


Considering  the  situation  in  the 
radial  part  of  the  impeller  (fig. (9.2)) 
in  this  way,  we  can  Bee  that  the 
Coriolis  force  induces  a  pressure 
gradient  that  intensifies  the  one 
created  by  aerodynamic  forces  (that  is, 
it  is  positive  from  suction  to  pressure 
side).  It  stabilizes  the  suction  side 
shear  layers,  while  it  destabilizes  the 
pressure  side  ones.  Considering,  now, 
the  direction  of  the  centripetal 
acceleration,  we  can  see  that  the  effect 
of  longitudinal  (in  the  main  flow 
direction)  surface  curvature  is 
stabilizing  for  convex  surfaces  and 
destabilizing  for  concave  ones. 

In  order  to  account  for  these 
"centrifugal"  effects,  Bradshaw* 9 ■ *  1 
considered  the  ratio  of  "centrifugal"  to 
.nertia  forces,  that  is  the 
corresponding  Richardson  number  and, 
finally  (see  for  more  details  ref. (3.23) 
or  the  original  references),  established 
the  following  correction  formula  for  the 
mixing  length  1 


Although  the  laminar  separation  is 
not  influenced  by  the  effects  of 
rotation  (9.8)  or  surface  curvature 
[9.9],  "centrifugal"  effects  influence 
the  laminar  stability  limit  (see  review 
on  the  subject  in  references  [9.5]  and 
[6.1).  Along  curved  surfaces  or  where 
Coriolis  forces  exist,  instability 
introduced  by  three-dimensional 

disturbances  leading  to  the  Taylor- 
Goertler  cellular  vortices  may  become 
predominant  (concave  surface  for  surface 
curvature  or  leading  surface  for 
rotation)  over  the  Tollmien- 

Schlichting  one.  The  effect  of  surface 
curvature  on  stability  for  a  concave 
wall  is  shown  in  fig. (9.4).  One  may  note 
that  the  calculations  show  an 
amplification  of  the  disturbance 
amplitude  for  all  wave  lengths  for 

W9e6  /IP 

-  /  —  >16  (9.5) 

v  J  Rc 

or,  in  view  of  equation  (9.4),  for 


lo 

—  *  (l-pRi)-i  for  the  stable  side 
1 


(9.2) 

■  1-pRj  for  the  unstalbe  side 

with  0*7  for  Rt >0  and  0*4  for  R|<0. 


Johnston*9 • S) ,  working  n  Coriolis 
force  effects  and  the  corresponding 
ratio  of  Coriolis  to  inertia  forces 
(called  Rotation  number  Ro) ,  came  to  the 
same  conclusion. 


Analysis  of  experimental  results 
demonstrated  that  the  value  of  0  doesn't 
remain  constant  across  the  shear  layer, 
but  that  a  constant  value,  as 
indicated  above,  may  produce  good 
results.  On  the  other  hand,  this 
"constant"  value  is  influenced  by  the 
value  of  the  overall  Curvature  Cu  and 
Rotation  Ro  numbers,  which  are  defined 
as 


(9.6) 


Similar  calculations 
a  flat  plate  show  that, 
the  stability  limit  is 
the  relation 


by  Conrad  for 
for  rotation, 
establ i shed  by 


Fee 


> 


(9.7) 


From  the  above  discussion  one  may 
conclude  that  on  a  leading  or  concave 
surface,  instability  will  be  provoked 
earlier  when  strong  "centrifugal"  forces 
are  present.  The  opposite  effect  will  be 
observed  on  a  convex  or  suction  surface, 
where  the  Tollmien-Schl icht ing  mode  of 
instability  may  be  predominant.  Once 
instability  is  introduced,  then,  the 
whole  region  of  transition  is  influenced 
by  the  stabilizing  or  destabilizing 
effects.  No  reliable  method  exists  today 
for  reproducing  the  effects  of 


k 
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"centrifugal  '*  forces  to  transition. 
Again,  may  we  observe  that  the  only 
existing  alternative  for  the  designer  is 
to  provoke  transition  as  quickly  as 
possible . 

Papailiou,  Nurzia  and  Satta 
(refs. (3.6] , {3. 17) , [3. 10) , 

[3 . 20] , [3 . 22] ,  or  the  summary  presented 
in  ref. [3.23]),  have  developed,  using 
Bradshaw’s  formulation,  the  appropriate 
correction  for  c’1.  ,ature  effects 
adapted  to  an  integral  method  of 
turbulent  shear  lay  ;r  calculation. 

The  formulation  developed  by 
Papailiou,  Nurzia  and  Satta  for  the 
correction  due  to  longitudinal  wall 
curvature  is  applicable  to  integral 
methods  using  the  energy  equation.  The 
development  of  the  correction  was  done 
in  relation  to  the  present  calculation 
method.  The  correction  is  applicable  to 
the  value  of  the  dissipation  factor  Cq 
(for  details  see  the  cited  references) 
in  the  form 

Cd  *  Cn<»  +  {CpCorr  )c  +  (^Dcorr  )r  (9.0) 

where  Cp0  is  the  uncorrected  value  and 
(Cucorr)ci  (Cocorr)R  are  the 

correspondi ng  corrections  for  curvature 
and  Coriolis  force  effects. 

The  expressions  for  (Cocorr)c  and 
(Cccorr)R  are  given  below  (for  details 
see  ref. (3.23) ) 

6 

(Cncorr )c=-P — (Hi  2k )  + 

Rc 

6  a 

+  P3 ( — )  ®c (Hj  ak )  (9.9) 

Rc 

6ft 

(CDcorr )r=-P- — 'A* (Hi  2k )  + 

5ft  2 

♦  £3( - )B*(Hl2k)  (9.10) 

The  values  of  Ac ,  Be,  Ar ,  Br  are 
presented  in  figure  (9.5).  Note  that,  in 
addition  to  what  was  presented  in 
ref, [3.23],  here  the  values  of  the 
coefficients  are  given,  as  well,  for 
separated  turbulent  shear  layers.  The 
study  has  been  performed  by 

Leoutsacos t * . l oi ,  and  has  resulted  in 
slightly  modified  values  for  the 
coefficients  Ac.  Bc .  Ar  and  Br . 

The  present  formulation  has  been 
completed  by  Huot3-8J  for  the  effects  of 
Mach  number.  Huo  based  his  correction  on 
Rot ta ' s I 9 . i i l  formula  for  the  Mach 
number  effects  given  below 

1  V  - 1  2 

—  =  1+pRi  (1-f  -  M»)  (9.11) 

to  2 

Utilizing  this  formula,  it  results 
that  the  coefficients  Ac,  A*  are 
practically  independent  of  Mach  number, 
while  the  coefficients  Be »  Br  depend  on 
it  in  the  following  way 


(9.12) 

In  order  to  evaluate  the  effects  of 
the  Coriolis  forces  it  is  necessary  to 
know  ft.  It  is  given  (see  also 
Johnston^ 9 . l 2 1 )  as  follows 

ft  =  |  u  |  ■  |siny]cos4>  (9.13) 

where  the  angles  y  and  ip  are  presented 
in  fig. (86).  In  other  words,  in  order  to 
know  ft,  one  must  know  the  projection  of 
the  Coriolis  force  onto  the  normal  to 
the  blade  surface.  Johnston! 9 . l 2 j  gives 
the  following  expression  for  the  angle  y 

sin2  p 

jsinyj  =  Jsin^j  cos2p  -f  -  (9.14) 

cos2A 

Details  for  developing  the 
expression  for  cosiji  can  be  found  in 
ref.  [3.23],  The  resulting  formula  is 

1 

cosi|isf - (sin/tcosS-sinAsin^peinB)  (9. 15) 

siny 

When  y=0,  we  have  also  0=0  and  so 

(co8v),  o  =  ±  sin/1  (9.16) 

Finally,  introducing  expression  (9.14) 
and  (9.15)  to  (9.13)  we  get 

ft  =  ±  u>[  sin^cos6-sin2psin6cos^  j  (9.17) 

For  a  purely  axial  blade,  a*0  and 
so 

ft  =  ±  w  sin2p  sin6  (9.18) 

It  is  seen,  thus,  that  the  blade 
twist  (6=0)  implies  the  existence  of  a 
Coriolis  force  component  normal  to  the 
blade,  even  for  a  purely  axial  flow 
machine  (cylindrical  stream  surfaces). 
For  purely  radial  blades 

A  =  90®  and  so 

(9. 19) 

ft  *  ±  w  cos6 

If  additionally  the  inclination  6  of  the 
blade  is  zero,  then  Q=±u.  The  sign  of 
the  relation  (9.15)  depends  on  the  blade 
surface  considered.  If  the  projection  of 
the  vector  normal  to  this  surface  on  the 
peripheral  direction  coincides  in 
direction  with  the  peripheral  speed, 
then  the  sign  (+)  is  applied. 

It  is,  finally,  interesting  to 
demonstrate  how  the  present  theory 
compares  with  experiment.  Besides  the 
comparisons  presented  here,  several 
comparisons  can  be  found  in  references 
[3.3] , [3.6]  ,  [3.7]  , [3.0]  , [3.9]  ,  [3. 10)  , 
[3.12] , [3.15] , [3. 16) ,[3.17]  ,  13.18)  , 

[3.20] , [3.22] , [3.23] . 

Figures  (9.7),  (9.8)  and  (9.9) 

present  three  comparisons  of  theoretical 
predictions  with  experiment  for  cases, 
where  wall  curvature  was  present.  Figure 
(9,7)  concerns  the  case  of  an  aerofoil 
(experiments  performed  in  0NBRA) .  Only 
the  turbulent  suction  and  pressuie  side 
parts  have  been  plotted.  Figure  (9.8) 
concerns  again  the  case  of  an  airfoil 
suction  Bide  (experiments  performed  in 


the  Ecole  Central  of  Lyon),  where,  this 
time,  separation  is  present.  The 
influence  of  curvature  effects  is  quite 
large.  In  figure  (9.9)  theoretical 
predictions  of  the  experiment  of  So  and 
Mel  lor  are  presented.  Finally,  in  figure 
(9.10)  a  comparison  between  theory  and 
experiment  is  presented  for  the  Coriolis 
force  effects.  Moore's  experimental 
results  have  been  used. 


1 0 .  Results  and  Discussion 

We  have  been  discussing  above 
various  aspects  of  the  design  of 
arbitrary  blade  ’  sections  for 
turbomachinery  applications.  For  this, 
various  aspects  of  an  inverse  approach 
were  described  and  we  shall  make,  now, 
an  attempt  to  demonstrate  how  these  may 
be  used.  One  has  to  state  from  the  very 
beginning  that  each  application  has  its 
own  peculiarities  and  constrains  so  that 
no  unique  way  may  be  traced  for  the 
design  procedure.  It  is  important, 
consequently,  that  the  designer  is 
acquainted,  performing  an  investigation, 
about  the  order  of  magnitude  of  the 
various  design  parameters  and  the  shape 
and  level  of  the  various  distributions 
of  the  input  quantities.  The  inverse 
methodology  offers  a  considerable 
flexibility,  giving  to  the  geometric 
shape  no  constrains  at  all,  but,  on  the 
other  hand,  .t  cannot  take  into  account 
in  a  direct  manner  all  the  important 
parameters  and  constrains  of  the 
problem.  In  this  respect,  it  may  be 
stated  from  the  very  beginning  that  the 
inverse  tool  alone  doesn't  provide  the 
best  solution.  It  is  the  combination  of 
an  inverse  and  a  good  direct  methodology 
that  may  provide  the  best  possible 
resu Its. 

The  above  being  quite  general,  we 
shall  try  below  to  explain  in  more 
detail  what  we  mean. 

In  figures  (10.1),  (10.2)  and 
(10.3)  the  computational  results  are 
presented  from  a  numerical  study  on  the 
geometry  of  a  straight  cascade.  Although 
a  particular  geometry  is  addressed,  the 
conclusions  that  will  be  drawn  are  quite 
general.  Firstly,  the  trailing  edge 
shape  influence  upon  the  velocity 
distribution  is  studied  in  figure 
(10.1).  Only  a  small  part  of  the  blade 
near  the  trailing  edge  is  deformed.  The 
specified  deformation  is,  however,  quite 
important  resulting  to  a  blade  angle  at 
the  trailing  edge  ranging  from  0<>  to 
45o .  Our  first  observation  is  that, 
besides  the  trailing  edge  part  of  the 
velocity  distribution,  the  rest  of  it 
has  remained  totally  unchanged,  in 
spite  of  the  importance  of  the 
perturbation  induced  to  the  blade  shape. 

Our  second  observation  is  that  the 
larger  the  wedge  angle  near  the  trailing 
edge,  the  lower  the  velocity  value 
induced  at  the  trailing  edge  and  the 
higher  the  reacceleration  of  the  flow 
from  the  trailing  edge  to  infinity 
downstream. 

We  can  conclude  that  the  velocity 
field  in  the  vicinity  of  the  trailing 
edge  is  locally  dependent  upon  the  blade 


shape  there  (and  vice  versa),  while  the 
wedge  angle  at  the  trailing  edge  (as  the 
theory  tells  us)  depends  upon  the 
admitted  local  value  of  the  velocity  at 
the  trailing  edge.  This  information  may 
be  used  in  the  design  of  blade  shapes 
with  the  inverse  method. 

Secondly,  the  leading  edge  shape 
influence  upon  the  velocity  distribution 
is  studied  in  figure  (10.2).  Only  a 
small  part  of  the  blade  near  the  leading 
edge  is  deformed,  in  order  to  adjust  it 
to  various  radii  of  curvature  around  the 
inlet  stagnation  point.  The  suction  and 
pressure  side  velocity  distributions  for 
the  four  cases  studied  are  presented  in 
the  figure.  The  same  general  observation 
can  be  made  as  to  the  local  effects  of 
the  shape  change  upon  the  velocity 
distribution.  On  the  other  hand, 
although  it  cannot  be  clearly  seen  from 
the  figure,  the  linearity  of  the 
velocity  profile  near  the  inlet 
stagnation  point,  when  the  radius  of 
curvature  is  constant  there,  is 
assessed.  One  may,  recognizing  the  well 
known  fact  that  the  shape  of  the  leading 
edge  influences  the  off  design  behaviour 
of  the  blading  in  subsonic  flow,  proceed 
in  investigating  for  the  blade  leading 
edge  shape  that  will  give  him 
satisfaction  for  this  particular  problem 
(or  why  the  NACA  combined  thickness  and 
camber  distribution  gives  better  off 
design  performance  than  the  C-4  circular 
arc  distributions).  Such  studies  result 
in  giving  the  designer  the  necessary 
information,  which  will  permit  him  to 
obtain  the  desired  leading  edge  shape 
during  the  inverse  (design)  phase. 
Concerning  the  leading  edge  problem,  we 
may  state,  additionally,  that  the 
corresponding  changes  near  the  leading 
edge  do  not  appreciably  change  the  shear 
layer  behaviour.  They  can  also  be 
transferred  on  the  image  plane,  so  that 
they  can  be  included  in  the  choice  of 
the  appropriate  image  curve. 

Thirdly,  the  blade  thickness 
influence  is  studied  in  figure  (10.3). 
For  this,  the  mean  camber  line  of  the 
blade  and  the  non-dimensional  thickness 
distribution  has  been  kept  unchanged. 
Only  the  maximum  thickness  value  has 
been  changed. 

The  general  observation  that  can  be 
made  here  is  that  for  an  increase  in 
blade  thickness  both  levels  of  the 
pressure  and  suction  side  velocity 
distributions  increase.  The  approximate 
increase  may  be  estimated  taking  into 
account  the  increase  of  the  relative 
blockage  effect  in  the  passage.  This 
estimation  can  be  done  for  compressible 
flow,  as  well.  On  the  same  figure  one 
may  identify  the  previously  two  studied 
effects,  as,  simultaneously  with  the 
thickness,  the  inlet  radius  and  the 
outlet  wedge  angle  were  modified. 

The  above  described  study  may,  as 
one  can  see,  give  us  information  as  to 
how  we  may  deal  with  the  choice  of  the 
leading  and  trailing  edge  velocity 
distributions,  as  well  as,  how  to  deal 
with  certain  aspects  of  the  mechanical 
constrains  imposed  upon  the  blade 
design.  As  one  example  we  present  in 
figure  (10.4)  a  turbine  blade  which  we 


used  as  starting  point  and  the  thicker 
blade  that  we  obtained  by  increasing  the 
level  of  the  suction  and  pressure  side 
velocity  distributions  keeping,  at  the 
same  time,  the  same  inlet  and  outlet 
conditions.  This  particular  design  is 
quite  revealing,  because  changes  in  the 
velocity  distribution  were  introduced  in 
such  a  way,  so  that  the  maximum  velocity 
was  not  increased.  On  the  other  hand  the 
linear  part  of  the  inlet  velocity  was 
kept  intact,  so  that  the  radius  of 
curvature  at  the  inlet  was  conserved. 

Up  to  now,  we  have  talked  about 
closed  profiles  and  we  have  given  the 
parameters,  which  may  help  us  to  obtain 
closure.  No  theoretical  background  may 
be  found  as  to  how  one  can  play  with 
them,  in  order  to  obtain  closure.  We 
have  found  out  empirically  how,  and  we 
can  state  that  it  is  possible  to  obtain 
closure  with  around  five  iterations. 
During  these  iterations  the  suction  side 
velocity  distribution  may  be  kept 
unchanged  or,  if  the  absolute 
necessesity  to  change  it  partly  or  on 
the  whole  arises,  then  an  optimum  one 
can  be  chosen  again-  During  the 
computational  procedure  aiming  for 
closure,  the  parts  of  the  velocity 
distributions  near  the  leading  and 
trailing  edges  can  remain  unchanged,  in 
order  to  ensure  the  desired  blade 
section  shape  locally. 

When  the  Lock  and  Firmin  model  is 
applied,  the  inviscid  flow  calculation 
(direct  or  inverse)  considers  the 
effective  blade  section  surface,  which 
includes  the  displacement  thickness. 
Consequently,  during  the  complete 
inverse  design  procedure,  including 
viscous  effects,  it  will  be  necessary  to 
subtract  from  the  obtained  blade 
section  shape  the  displacement  thickness 
both  from  the  pressure  and  the  suction 
sides.  The  target  will  be  then  to  obtain 
a  closed  blade  after  the  suction  and 
pressure  side  displacement  thicknesses 
have  been  subtracted.  Obtaining  an  open 
profile  with  a  definite  distance  between 
the  trailing  edge  suction  and  pressure 
sides  doesn't  constitute  a  problem  for 
the  inverse  method.  On  the  other  hand, 
in  Chapter  2,  the  condition  concerning 
the  static  pressure  difference  of  the 
inviscid  flow  at  the  trailing  edge  has 
been  specified  (equivalent  Kutta 
condition).  It  is  possible  to  express  it 
in  a  velocity  difference  and  utilize  it 
during  the  inverse  procedure. 

Before  going  any  further,  let  us 
apply  the  design  procedure  to  a  specific 
case,  in  order  to  make  a  demonstration. 
An  old  design  (3.21)  of  a  compressor 
blading  will  be  considered.  The 
compressor  blading  was  imposed  to  have  a 
45  degrees  inlet  air  angle  and  an  axial 
discharge.  The  desired  blade  chord 
Reynolds  number  was  approximately  3x105 
and  no  additional  constraint  was 
imposed,  other  that  that  the  blade  ought 
to  be  manufacturable.  It  «ob  taken  that 
the  velocity  ratio  Vi/V2*0.707  and, 
considering  that  Vbax/Vi«1.3  was  a 
reasonable  value,  we  came  to  the 
conclusion  that  VB4X/V2  should  be  of  the 
order  of  1.84.  Considering  figure  (7.6), 
it  is  possible  to  see  that  combinity  the 
Reynolds  number  requirements,  the 


maximum  velocity  requirements  (for  a 
more  or  less  thick  blade)  and  the 
requirement  to  get  the  VBean/V2  as  high 
as  possible,  a  good  first  compromise 
could  be  achieved  with  Xp  0-2  and 
XP-XT=2.2. 

It  can  be  seen  from  figure  (7.6) 
that  the  choice  of  the  (XP -Xj ) -va 1 ue 
doesn't  correspond  to  the  maximum  of  the 
(Woe . aeao/ws« . 2 )-curve  for  XP=0.2.  One 
has  to  remark,  however,  that,  as  long  as 
we  keep  ourselves  near  the  maximum, 
which  is  the  case  here,  the 
corresponding  loss  in  circulation  is  not 
important.  Figure  (10.5)  presents 
different  aspects  of  this  case.  Once  the 
overall  intrinsic  values  of  the  image 
curve  were  specified,  the  optimum  image 
curve  for  the  blade  suction  side  was 
constructed  and  is  presented  in  figure 
(10.5(a)).  The  corresponding  suction 
side  velocity  distribution  was  then 
calculated  and  is  presented  in  figure 
(10.5(b)).  A  pressure  side  velocity 
distribution  was  matched  to  it  and, 
using  the  conformal  mapping  inverse 
method  of  A.  Goldstein,  a  blade  shape 
was  issued.  It  is  presented  in  figure 
(10.b(c)).  The  image  curve  corresponding 
to  the  pressure  side  velocity 
distribution  is  traced  on  the  image 
plane,  figure  (10.5(a)).  It  was  tried 
to  obtain  an  as  extended  as  possible 
laminar  shear  layer. 

One  may  find  quite  a  few 
deficiencies  in  this  first  design,  the 
most  important  one  being  that  the 
influence  of  curvature  effects  on 
turbulence  was  not  included.  When  the 
blade  was  tested  in  the  VKI  cascade  wind 
tunnel,  it  was  found  that,  due  to  the 
high  loading,  lateral  flow  convergence 
was  important  and,  although  it  was 
assessed  that  transition  was  located 
were  it  was  introduced  theoretically, 
the  velocity  distribution  was  diverging 
from  the  theoretical  one  and  so  were  the 
losses.  This  situation  is  described  in 
figure  (10.5(b)).  Subsequent  tests 
conducted  in  Pratt  and  Whitney  in  2-D 
conditions,  however,  demonstrated  that 
the  experimental  velocity  distribution 
was  very  close  to  the  theoretical  one 
and  so  were  the  losses.  Experimental 
results  presented  in  figure  (10.5) 
obtained  in  Pratt  and  Whitney, 
demonstrate  that  the  level  of  losses  of 
the  optimized  blade  is  quite  below  that 
of  the  NACA  series  and  that  its  off 
designed  behaviour  is  quite  remarkable. 

When  the  curvature  effects  on 
turbulence  were  incorporated  in  the 
method,  calculations  were  performed  for 
the  suction  side  velocity  distribution 
and  were  reported  here  in  figure  (9.1). 
It  can  be  seen,  there,  that,  without 
curvature  effects,  the  suction  side 
shear  layer  is  far  from  separation  (a 
conservative  design  was  adopted).  When 
curvature  effects  are  taken  into 
account,  separation  is  reached  near  the 
trailing  edge.  This  separation  was 
observed,  also,  experimentally. 

The  case  of  a  wind  turbine  blading 
1 8  examined  in  figure  (10.6).  This  was 
actually  a  redesign  of  the  hub  blade 
section,  which  is  presented  in  figure 
(8.6.3).  The  redesign  was  undertaken, 


because  it  was  found  that  considerable 
separation  was  present  for  the  existing 
case.  The  sane  overall  target  was 
maintained  (as  far  as  number  of  blades 
and  circulation  per  blade  were 
concerned).  The  aim  was  to  get  as  low 
losses  ab  possible.  It  was  also  decided 
to  avoid  turbulent  separation  for  the 
design  point.  In  figure  (10.6)  the 
optimum  velocity  distribution  is  given 
and  the  corresponding  blade  shape. 
Already,  one  can  see  that  the  shape  is 
not  conventional  and  cannot  be  easily 
represented  by  a  mean  camberline  and  a 
thickness  distribution.  On  the  other 
hand,  the  theoretical  calculation  tells 
us  that  the  losses  were  reduced  by  a 
factor  of  four  in  respect  to  the 
existing  blading.  More  details  for  this 
case  can  be  found  in  references  [3.25] 
and  [3.26]  . 

In  order  to  demonstrate  the 
capabilities  of  the  method,  a  redesign 
of  the  blade  presented  in  figure  (10.5) 
was  done.  This  time,  however,  all 
effects  were  included  in  the 
computation,  while  in  addition  the  inlet 
Mach  number  was  taken  to  be  Mej*0.7  and 
a  thicker  blade  was  targeted.  The 
calculation  results  are  presented  in 
figure  (10.7).  It  can  be  seen  that  the 
blade  is  thicker,  the  local  Mach  number 
is  over  unity  and  the  circulation  is 
higher  than  in  the  previous  case 
resulting  to  a  higher  pitch  to  chord 
ratio.  The  calculated  level  of  losses, 
thus  obtained,  remains  still  quite  low 
and  comparable  to  the  previous  case. 

The  inclusion  of  curvature  and 
Coriolis  force  effects  in  the  design 
procedure  must  be  discussed  somewhat 
further.  One  has  to  observe  that  these 
effects  have  as  a  consequence  to 
displace  the  optimum  deceleration  curve 
(which  is  the  locus  of  the  maximum  Mt~ 
values).  In  figure  (10.8)  calculation 
results  are  presented  that  demonstrate 
that  the  locus  of  maximum  Mt-values  for 
turbulent  flow  is  displaced  when  these 
effects  are  present.  On  the  other  hand 
some  calculation  results  concerning  the 
Coriolis  force  effects  are  presented  in 
figure  (10.9).  A  velocity  distribution 
is  considered  with  very  high  decele¬ 
ration.  Using  this  velocity  distri¬ 
bution,  image  curves  are  calculated  for 
various  values  of  the  Rotation  number. 
The  velocity  distribution  and  the  sign 
of  the  Rotation  number  are  assumed  to 
correspond  to  the  radial  part  of  the 
pressure  side  of  the  blading  of  a 
centrifugal  compressor.  It  can  be  seen 
from  figure  (10.9)  that  the  initial 
deceleration  is  quite  high  and  that 
early  flow  separation  appears.  The 
Coriolis  force  effects,  however,  tend  to 
delay  separation,  or  even  suppress  it 
altogether.  The  results  of  similar 
calculations  performed  for  the  suction 
side  of  the  blade  radial  part  of  a 
centrifugal  compressor  demonstrate  that, 
in  the  presence  of  strong  Coriolis 
forces,  the  deceleration  that  this  part 
of  the  blade  can  sustain  is  very 
1 imi ted . 

It  can  be  seen,  from  the  evidence 
given  above,  that  the  design  of  radial 
machines  is  influenced  considerably  by 
these  effects.  In  fact,  the  design  of  a 


new  version  of  a  radial  compressor 
[10.1],  [10.2]  was  done  utilizing  the 
present  calculation  method.  The  aim  of 
the  design  was  to  reduce  the  axial 
length  of  the  compressor  for  the  obvious 
advantages  of  a  multistage  arrangement. 
The  compressor  pressure  ratio  was  n«2 
and  its  mass  flow  rate  ms«8kg/s.  Some 
results  of  the  calculations  are 
presented  in  figure  [10.10].  They 
concern  the  blade  suction  and  pressure 
side  velocity  distributions  along  the 
mean  stream  surface.  The  variation  of 
the  streamtube  width  and  radius  was 
taken  into  account  along  with  the 
effects  of  compressibility  and  those  due 
to  the  wall  curvature  and  Coriolis 
force.  The  shear  layer  calculation 
penetrated  inside  the  reverse  flow 
region. 

It  can  be  seen  from  figure  (10.10) 
that  the  chosen  velocity  distributions 
are  such  that  the  deceleration  is  rather 
mild  on  the  suction  side  and  severe  on 
the  pressure  side.  The  ’’centrifugal" 
force  influence  finally  provokes 
separation  near  the  suction  side 
trailing  edge,  while  it  suppresses  it 
all  together  on  the  pressure  side. 

Details  on  the  radial  compressor 
and  the  test  results  that  were 
performed  in  ECL  can  be  found  in 
reference  [10.2].  It  can  be  seen  there 
that  the  overall  efficiency  of  the 
compressor  (including  the  scroll)  at  the 
design  point  was  0.84,  a  figure  which 
can  be  considered  rather  satisfactory. 
The  impeller  efficiency  at  design  point 
was  found  to  be  0.90  and  equal  to  the 
computed  one.  This  figure,  however, 
alone  cannot  explain  the  good  overall 
efficiency.  We  believe  that  it  was  the 
limited  separation  admitted  for  the 
impeller  that  provided  the  diffuser  with 
good  initial  flow  conditions  that  gave 
this  interesting  result.  We  can  also 
remark  the  hub  shape,  which  was  found  to 
be  necessary  during  the  design,  in  order 
to  obtain  the  pressure  6ide 
deceleration,  where  the  Coriolis  force 
effects  were  effective. 


1 1 .  Conclusions 

The  present  course  tried  to  propose 
theoretical  tools  that  may  help  the 
designer  in  his  work.  In  fact,  a 
complete  (viscous  and  inviscid)  inverse 
procedure  was  proposed,  but,  it  wa6 
pointed  out,  that  in  order  to  obtain 
results,  it  has  to  be  combined  with  a 
sound  direct  (analysis)  one.  Various 
examples  were  chosen  in  order  to 
demonstrate  the  use  of  the  proposed 
tools.  Of  course,  these  examples  do  not 
cover  all  cases,  but  rather  converge  to 
the  conclusion  that  the  proposed  tools 
may  prove  to  be  quite  useful,  while, 
each  design  must  be  considered  as  a 
separate  case. 


APPENDIX  A1 
Nomenc 1 ature 

(x»y)  or  mainstream  and  normal 

(m.n.fl)  directions 

V  (u,v)  absolute  velocity  vector 

having  components  u,v  in  the  x 
and  y  directions 

W(WB,Wn)  relative  velocity  rector 

having  components  in  the  m  and 
n  directions 

M(Lk,X)  semi  empirical  functions  for 

Pt(Lfc)  laminar  and  turbulent  flows 

Ci  (U) 

Pti (U.X) 

PtaUk  ,X) 

Pt3(U,X) 

Cti(Lk,X) 

Cta(Lk.X) 

Ct3(U,X) 

cp  specific  heat  coefficient  for 

constant  pressure  or  pressure 
recovery  coefficient 

A , B  semi-empirical  coef f iecients 

used  for  the  calculation  of 

the  curvature  and  Coriolis 
effects 

cd  dissipation  factor 

Cf  skin  friction  coefficient 

Cue  overall  Curvature  number 

E  kinetic  energy  dissipation 

G  Clauser’s  or  Rotta ' s  form 

factor 

H12=61/62  momentum  thickness  from 

factor 

H32»63/82  energy  form  factor 

Hp2=6p/62  density  form  factor 

I  integral  used  for  the 

calculation  of  the  transition 
point  (equation  (7.5)) 

K  -  factor  introduced  in  order 

to  take  into  account  the 
normal  fluctuation  terras 
-  curvature 

k,c  constants  of  law  of  the  wall 

1  mixing  length 


Ret 

Reynolds  number  based 

displacement  thickness 

on 

Rej 

Reynolds  number  based 

momentum  thickness 

on 

Re3 

Reynolds  number  based 

energy  thickness 

on 

Re* 

Reynolds  number  defined 

equat ion  (1.91) 

by 

Rex 

Reynolds  number  based 

distance 

on 

ReQa 

Reynolds  Number  defined 

(see  eq.3.6) 

wfte«- (62-62*) 

as 

ve  w 

Rene 

Reynolds  Number  defined 

(see  eq . 3 . 7 ) 

Wee* (63 -83  * ) 

as 

ve  w 

Ri 

local  Richardson  number 

R 

radius 

Rc 

longitudinal  surface 

curvature 

Roa 

overall  rotation  number 

r 

recovery  factor 

S 

stability  parameter 

Prandt 1 

of 

T 

temperature 

ut 

friction  velocity 

u* 

reduced  velocity  used 

compressible  flow  theory 

in 

u.v.w 

velocity 

X 

abcissa  of  Le  Foil's  plane 

a 

angl  e 

P 

-  "constant"  used  in  the 
calculation  of  curvature 
and  Coriolis  effects 

-  angle 

V 

ration  of  specific  heats 

*(y/6) 

Coles’  wake  function 

6 

boundary  layer  thickness 

L  length 

Lit  ordinate  of  Le  Foil’s  plane 

m  power  character ixing  the 

equilibrium  boundary  layer 
velocity  distribution 

M©  free  stream  Mach  number 

p  static  pressure 

P*  reduced  pressure 

q  external  velocity  logarithm 

Re  Reynolds  number 


6i  displacement  thickness 

defined  as 

Pew • wsew ’ = 

5 

( Pe W* e “P^e )dn 
o 


62  or  0  momentum  thickness  defined  as 

Pew • i* • • 63  ■ 

8 

jpw*P(Wae-WB )dn 

o 


2-M) 


energy  thickness  defined  as 
Pan  Wad.  63  = 

S 


R*(P(Wjj-W, )dn 


61k  or  6{  kinetic  displacement 

thickness  defined  as 
P«» '&«*•••' &ik  * 

6 


R-Ps <*••-»* 3 


density  thickness  defined  as 
Pew  •  R.  •  Sp  * 

6 

[r(P. -p)dn 


enthalpy  thickness 

Le  Foil’s  velocity  profile 
family  free  parameter 

coefficient  of  viscosity 

kinematic  viscosity 

turbulent  kinematic  viscosity 

Cole’s  velocity  profile 

family  free  parameter 

circulation 

boundary  layer  equilibrium 
parameters 

dens i ty 

convergence/divergence  or 

rotation  parameter 

shearing  stress 


velocity  potential  Reynolds 
number 

stream  function 

normal  to  the  profile 
component  of  the  rotating 
speed  rector 

rotational  speed 


constant 

equation 


Sutherland  * s 


Superscripts 


mean  value 

value  which 
account  the 
quantities 


takes  into 
f  1  uctuat ing 


turbulent  fluctuations 


Subscripts 


w  wall 

o  reference 

corr  correction 

e  external  flow 

ref ,r  reference 

s  -  separation 

-  tangent  to  the  wall 
direct  ion 

k  kinematic 

t  -  total 

-  turbulent 

max  maximum 

min  minimum 

f  or  F  final 
I  instability 

T  transition 

n  normal  to  the  wall  direction 

1  -  lower 

-  laminar 

u  upper 

in  initial 

♦  ,V  partial  derivatives 
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Viscous  Flow 


FIG. 1  Schematic  Representation  of  the  Two-Zone  Model 
f«r  a  Two-Dluiesiitiouai  Cascade. 


FIG, 2 . la  The  Two-Zone  Model  in  the  Lock 
and  Firir.in  Approximation 


FIG. 2 . lb  Schematic  Representation  cf  the 

Inviscid  External  and  the  Viscous 
Real  Flow  velocity- density  distri¬ 
butions,  according  to  the  model. 


FIG, 2 , lc  Schematic  Representation  of  the 
Inviscid  External  and  the  vis¬ 
cous  real  flow  static  pressure 
distributions,  according  to  the 
model . 


FIG,  id 


Schematic  Representation  of  the  Flow 
in  the  trailing  edge  region,  accord i 
t  o  t  he  mode 1 . 
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fIG.7  le  Schematic  Representation  of  the 
Static  Pressure  distribution 
accross  the  wake,  according  to 
the  model. 


Schematic  Representation  of  the  pressure 
distribution  in  the  trailing  edge  region, 
according  to  the  model. 
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laminar  (attached  and  sepa¬ 
rated)  incompressible  lay¬ 
ers. 


(attached  and  separate!)  incompressible 
layers.  It  is  taken  to  be  valid  also 
for  compressible  flow. 


rc’ The  relation  )  for  turbul»nt  (at- 

tached  and  separated)  incompressible 
layers.  The  same  relation  is  valid  for 
compressible  flow. 


Bk/lk»Hl  3fc 


2-3S 


1  ■  '  > 

i 

SCHJ8AUER  o-xi  KLEBA^OFF  DATA 

o  p  »  8  *  • 

H»k 

- 

• 

M.,-1 

■ 

*  .  *v 

— _ _ _ 1-  - - 1 _ 

xcr» 

Calibration  *or  Rk  integral 


20 


25 


30 


Evaluation  of  the  Influence  of 
norma!  fluctuation  terms  from  ex¬ 
periment  results  coming  from  un¬ 
separated  flow. 


Calibration  -for  6k  integral 


FIG.u.3  Normal  fluctuations  profile. 


unseparated  and  separated  layers. 
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r  IG .  v  .  2  Comparison  between  calcu 
tion  and  experiment.  Shoc» 
turbulent  shear  layer  inter¬ 
action  with  separation  and 
re attachment. 


r I G . b . 3  Comparison  between  calculation  and 
experiment.  Turbulent  separation  ai 
mild  separated  flow.  Experimental 
results  of  CH'G  (Cories  I). 


vidHc w* 

riG.5.1  Comparison  between  calcula¬ 
tion  and  experiment.  Trans  i- 
tional  flow.  Experimental 
results  of  Schubauer  and 
Klebanoff,  Dbawan  and  Nara- 
simha. 
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ttG.7.1  Schematic  representation  of  the 
displacement  of  an  image  curve, 
when  the  overall  Reynolds  number 
is  modified. 


FIG, 7,2  Optimum  image  curve  for  the  suction 
side  of  a  blade  section. 


FIG. 7 ■ 3  Schematic  representation  of  the 
transition  criterion  of  T.S. 
Wilkinson. 


FIG.7.S  The  Wc  ( s)-distribution  and  the 

-  se 

Kinetic  energy  loss  distribution 
corresponding  to  the  optimum  ima¬ 
ge  curve  of  Fig. (7. 2) 


f IG.7.4  The  q) -distribution  corresponding  to 
the  optimum  image  curve  of  Fig.(7.2) 


rlG.7,6  Calculation  results,  which  connect  the 
overall  properties  of  the  velocity  dis¬ 
tribution  (mean  velocity  and  Reynolds 
number  based  on  total  arc  length)  with 
the  overall  intrinsic  properties  of  an 
optimum  image  curve  (XT  and  Xp) 


The  corresponding  to  fig. (8. 3) 
(C*n) -plane  and  some  computa¬ 
tional  results. 


10.1  Study  of  the  variation  of  the  velocity  distribution 
produced  by  a  local  chai.ge  of  the  blade  shape 
near  the  trailing  edge. 


produced  by  a  local  change  of  the  blade  shape  near 
the  leading  edge. 
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The  image  curve  corresponding  to  the 
velocity  distributions  of  the  calculated  blade 


(x/O- 100% 

The  calculated  blade 


total  deceleration  ol  blode 


outlet  velocity 

Test  results  for  the  blade  designed 


The  experimental  results  of  the 
test  carried  out  at  Pratt  and 
Whitney  Co 


FIG.  10. b  Various  aspects  of  the  design  and  testing  of  an  optimized 
highly  loaded  compressor  blading. 


FIG, 10,6  Optimized  hub  profile  for  a  wind  energy  turbine.  Redesign  of 
the  one  presented  in  Fig. <8. 63), 
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Summary 


An  overview  is  presented  of  the  possibilities  and  problems  associated  with  the  use  of  numerical  optimiza¬ 
tion  techniques  in  aerodynamic  design. 

First*  an  inventory  is  made  of  the  alternative  aerodynamic  design  methods,  the  numerical  optimization  approach 
being  one  of  them. ‘The  development  of  optimizing  design  methods  is  outlined  and  a  short  exposition  of  the 
state-of-the-art  in  numerical  optimization  is  given.  This  is  followed  by  a  discussion  on  the  practical  use  of 
numerical  optimization  techniques  in  aerodynamic  design,  in  particular  the  inverse  numerical  optimization 
approach.  An  important  step  in  this  approach  is  the  optimization  of  target  pressure  distributions,  which  are 
used  by  inverse  methods  to  find  the  corresponding  geometry.  The  procedure  for  finding  target  pressure  distri¬ 
butions  is  explained,  illustrated  by  some  examples. 

1 .  Introduction 

Traditionally,  aerodynamic  theory  distinguishes  between  two  different  formulations  of  the  problem  of 
computing  the  flow  past  a  body.  In  the  analysis  problem,  one  seeks  to  find  the  flow  and  aerodynamic  character¬ 
istics  of  a  body  of  give  shape  at  give  free-stream  conditions.  In  the  design  problem,  the  objective  is  to  find 
the  shape  and  angle-of-attack  of  a  body  that  has  to  satisfy  given  aerodynamic  characteristics. 

In  the  aerodynamic  design  problem  the  designer  wants  to  have,  most  of  all,  control  over  the  aerodynamic 
quantities  such  as  lift,  pitching  moment  or  pressure  distributions.  In  fact,  he  usually  has  to  deal  with 
aerodynamic  requirements  at  multiple  design  points  (cruise  flight,  high  lift  conditions,  etc.).  However,  the 
designer  wants  to  have  explicit  control  over  the  geometry  as  well,  at  least  to  a  certain  extent.  He  wants  to 
be  sure,  for  Instance,  that  the  aerodynamic  shape  is  also  acceptable  from  the  point  of  view  of  the  structural 
engineer.  Another  aspect  where  the  aerodynamic  designer  is  confronted  with  is  the  question  whether  the  design 
problem  as  formulated  really  has  a  solution  (existence  requirement)  and  whether  there  is  one  solution  only 
(uniqueness).  The  design-problem  can  also  be  an  ill-posed  one  in  the  mathematical  sense.  And  last  but  not 
least,  the  computational  effort  of  the  procedure  to  solve  the  design  problem,  which  generally  is  a  number  of 
times  of  that  of  an  analysis  method,  must  be  acceptable  in  order  to  work  with  it  on  a  routine  basis. 

In  literature,  various  computational  procedures  for  aerodynamic  design  can  be  found,  each  having  its  own 
abilities  and/or  inadequacies  with  respect  to  meeting  the  requirements  just  described.  Five  different  classes 
of  computational  procedures  for  aerodynamic  design  may  be  distinguished  (Ref.  1): 

1.  Indirect  methods  :  Indirect  methods  are  characterized  by  the  fact  that,  in  principle,  the  designer  has 
direct  control  over  neither  aerodynamic  quantities  nor  over  the  geometry.  Rather  than  specifying  such 
quantities  directly,  the  designer  has  to  manipulate  a  number  of  (generally  non-physical)  parameters  and 
sees  what  comes  out  of  it.  The  hodograph  method  (e.g.  Ref. 2)  and  the  fictitious  gas  method  (e.g.  Ref.  3) 
are  in  this  category. 

2.  Inverse  methods.  This  category  contains  methods  for  solving  the  classical  inverse  problem  of  aerodynamics, 
l.e.  that  of  determining  the  detailed  shape  of  a  body  that  will  produce  a  given  pressure  distribution  (and 
hence  given  lift,  pitching  moment,  etc.).  The  most  serious  limitation  of  pure  inverse  methods  is  that  no 
direct  control  can  be  exercised  on  the  geometry  (mav  lead  to  unrealistic  geometries).  In  residual  correc¬ 
tion  type  of  inverse  methods  (e.g.  Ref. 4)  it  may  be  possible  to  impose  constraints  on  the  geometry.  The 
specification  of  the  target  pressure  distribution,  however,  puts  a  heavv  burden  on  the  aerodynamic  1st .  As 
an  example,  for  transport  aircraft,  the  target  pressure  distribution  must  be  chosen  such  that,  at  least  at 
the  design  condition,  boundary  layer  separation  is  avoided  and  that  drag  is  minimized  while  obtaining  an 
acceptable  geometry.  Ar  the  same  time  the  choice  should  lead  to  acceptable  off-design  characteristics. 

3.  Optimal  control  methods  (Ref.  5).  Such  a  design  method  mav  he  created  by  integrating  a  control  function 
into  an  analysis  method,  and  inserting  a  variation  procedure  based  on  control  theory  to  reach  a  minimum  of 
a  certain  cost  function.  The  control  is  the  shape  of  the  aerodynamic  surface,  and  the  cost  function  may  be. 
for  Instance,  the  deviation  from  a  desired  surface  pressure  distribution,  but  could  also  represent  other 
measures  of  performance  such  as  lift  or  drag.  So,  the  method  allows  control  over  the  aerodvnamlcs ,  while  the 
computational  effort  is  still  within  reasonable  bounds  (approximately  slightly  more  than  pure  inverse 
methods).  The  numerical  implementation  of  these  rather  new  design  methods,  however,  remains  still  to  be 
explored . 

4.  Direct  numerical  optimization  methods.  This  category  is  characterized  by  the  use  of  automated  design  proce¬ 
dures  in  which  a  numerical  optimization  algorithm  and  a  fluid  dynamics  9olver  are  linked  together  to, 
directlv,  minimize  a  given  aerodynamic  object  function  (such  as  drag)  bv  iterating  on  the  geometry.  These 
methods  essentially  have  the  same  advantages  as  optimal  control  methods  (control  over  aerodynamics,  multi¬ 
point  design  capabilities,  some  control  on  the  geometry).  The  direct  numerical  optimization  procedure,  how¬ 
ever,  becomes  extremely  expensive  as  the  number  of  geometry  parameters  is  increased. 

5.  Inverse  numerical  optimization  methods.  In  the  inverse  numerical  optimization  approach  the  design  variables 
are  parameters  describing  the  pressure  distribution  rather  than  the  geometry.  The  optimization  algorithm  is 
used  to  minimize  the  drag  and  subject  to  constraints  on  lift  and  pitching  moment.  With  the  target  pressure 
distribution  established  a  corresponding  geometry  can  be  determined  by  means  of  an  inverse  code.  The  pro¬ 
cess  is  repeated  untill  a  geometry  Is  obtained  having  acceptable  off-design  performances  and  satisfying  the 
geometry  constraints.  This  procedure  avoids  most  if  not  all  of  the  limitations  of  the  pure  inverse  method, 
while  requiring  considerable  less  computational  effort  than  the  direct  numerical  optimization  method. 

The  paper  will  especially  be  focussed  on  design  techniques  based  on  numerical  optimization.  Arter  explai¬ 
ning  the  principles  of  numerical  optimization,  a  brief  review  of  its  a*-  ’'cations  in  the  pa -t  and  present  will 
be  given.  Subsequently,  the  application  of  numerical  optimization  technic  in  the  inverse  numerical  optimi¬ 
zation  procedure  will  he  worked  out,  and  illustrated  by  some  examples. 


2.  Optimizing  design  methods 


The  growth  Ip  speed  and  capacity  of  digital  computers  has  opened  the  way  to  the  application  of  theoreti¬ 
cal  methods  to  aerodynamic  design  problems  to  an  extent  which  was  almost  unimaginable  thirty  years  ago.  At 
that  time,  the  basic  tools  at  the  disposal  of  the  aerodynamic  designer  were  analytical  tools  and  physical 
experiments .  Analytical  methods  forced  him  to  make  very  restrictive  and  idealized  assumptions,  and  allowed  him 
to  consider  simple  configurations  only.  These  limitations  were  largely  removed  bv  windtunneltests .  Through 
physical  experiments  with  scaled  of  actual  (parts  of)  design  configurations ,  the  characteristic  behaviour  can 
be  determined.  Windtunnel-experiments ,  however,  are  costly  and  can  take  up  a  lot  of  time,  especially  if  a  sub¬ 
stantial  number  of  design  parameters  is  involved.  Besides,  the  experimental  potentialities  are  often  restric¬ 
ted  by  the  limitations  in  test  conditions  and  test  equipment,  and  results  can  be  affected  by  the  test  environ¬ 
ment  itself  (for  example,  by  wall  interference). 

With  the  developments  in  the  field  of  digital  computer  technology  and  numerical  methods,  it  became  feas¬ 
ible  to  use  numerical  simulation  methods  in  aerodynamic  design  processes.  Using  well-developed  simulation 
methods,  it  is  possible  to  treat  complicated  designs  with,  in  principle,  less  restrictive  simulation  condi¬ 
tions  than  is  the  case  with  wlndtunnel  experiments.  Besides  mathematical  simulation  methods  are  inherently 
more  flexible  with  respect  to  changes  in  the  design  parameters,  and  are  usually  more  cost-effective  to  work 
with.  At  first,  the  computer  was  almost  exclusively  used  for  the  theoretical  analysis  of  a  proposed  design. 

In  face,  any  designer  wants  to  achieve  the  design  that  is  best  according  some  properties.  Very  probablv,  his 
first  attempt  will  lack  some  essential  characteristics  or  violate  some  of  the  imposed  design  constraints.  The 
designer  then  modifies  the  aerodynamic  design  by  changing  some  of  the  design  parameters.  Analysis  of  the 
effects  of  these  changes  on  design  characteristics  must  yield  the  information  he  needs  in  order  to  decide  how 
to  change  the  parameters  to  achieve  an  improvement. 

A  logical  extension  of  this  classical  wav  of  designing  using  computers,  is  one  in  which  the  computer 
drives  the  design  parameters  towards  a  satisfactory  ultimate  design  (Ref.  6).  The  simulation  methods  are  then 
interfaced  with  an  iterative  control  system  (the  optimizer),  which  interprets  the  analyis  results  in  the  light 
of  previous  iterations  and  subsequently  decides  how  to  vary  the  design  parameters  in  order  to  better  meet  the 
design  objectives  and  constraints.  Also  In  this  automated  procedure,  the  simulation  method  is  of  vital  impor¬ 
tance  . 

In  fact,  the  Iterative  process  control  system  does  not  function  differently  from  the  human  optimizer. 

Both  start  with  an  estimate  of  the  design  in  view  and  then  subsequently  iterate  to  a  final  solution.  When  a 
suitable  mathematical  optimization  technique  is  used,  however,  this  way  of  designing  will  generally  be  more 
efficient.  Besides,  mathematical  optimization  is  applicable  to  a  higher  dimensional  space  than  a  designer  can 
manipulate.  Of  course,  the  restrictions  of  a  particular  optimization  algorithm  must  also  be  realized.  Moreover, 
the  use  of  optimization  algorithms  and  their  coupling  to  simulation  methods  ask  for  more  programming  effort. 

For  example,  design  criteria  and  constraints  have  to  be  formulated  in  an  explicit  wav,  which  is  not  necessa¬ 
rily  needed  in  inverse  methods  or  indirect  methods. 


3.  Numerical  optimization 


The  application  of  numerical  optimization  has  been  made  possible  by  the  development  of  numerical  techni¬ 
ques  for  obtaining  maxima  and  minima.  Though  the  history  of  numerical  optimization  is  relatively  short,  a 
variety  of  useful  optimization  techniques  is  already  available  nowadays  (see  e.g.  Ref.  7).  Most  of  these  tech¬ 
niques,  such  as  linear  and  dynamic  programming  methods,  have  been  developed  to  deal  with  specific  classes  of 
optimization  problems.  For  most  technical  applications,  however,  methods  for  solving  constrained  nonlinear 
optimization  problems  are  more  relevant.  In  recent  years,  research  in  this  particular  field  has  resulted  in 
a  number  of  efficient  and  reliable  computer  codes.  Comparitlve  studies  (see  e.g.  Ref.  8)  can  support  the 
designer  in  choosing  the  most  appropriate  one  for  solving  his  particular  problem. 

The  constrained  nonlinear  program  (NLP)  problem  concerns  the  determination  of  design  parameters  that 
minimize  an  objective  function,  while  satisfying  a  finite  number  of  constraints.  In  standard  notatatlon: 


min  1 F (x)  | $  F^  (x)  Oj  ,  ,1  *  l  ,mj 


Here,  bj 
problem. 


and  b”,  respectively,  are  the  lowet  and  upper  bounds  on  the  constraint  functions  F^(x).  In  a  NLP 
one  or  more  of  the  functions  appearing  in  the  notation  are  nonlinear  in  x. 


Tn  general,  methods  for  solving  these  kind  of  optimization  problems  can  be  subdivided  into: 

-  methods  in  which  the  necessarv  conditions  for  an  optimum  are  derived  and  subseqentlv  solved; 

-  methods  based  on  an  iterative  search  strategy. 

The  first  category  of  methods  is  restricted  to  well-behaved  functions  only,  and  even  then  the  algebraic  pro¬ 
blems  that  arise  from  it  may  be  rather  complicated  and  difficult  or  impossible  to  solve,  even  with  the  numeri¬ 
cal  methods  and  computers  of  the  present  day. 


Optimization  methods  based  on  an  Iterative  search  strategy  operate  on  the  objective  function  directly  and 
there  is  no  formal  intermediate  step  of  specifying  necessary  conditions  for  an  optimum.  In  the  last  decennia, 
a  large  number  of  iterative  optimization  methods  has  been  developed.  Usually,  these  methods  consist  of  two 
separated  subprocedures,  one  far  the  determination  of  the  search  direction,  and  the  other  to  move  in  this 
direction  in  order  to  find  an  optimum  that  is  satisfying  the  constraints.  In  order  to  illustrate  this  process, 
an  example  Is  given  in  Figure  1.  The  process  is  initiated  at  a  starting  design  x°.  Then  an  optimum  is  approac¬ 
hed  in  a  sequence  of  successive  steps.  Tn  the  figure,  the  choices  of  the  directions  are  chosen  somewhat  arbi¬ 
trarily,  however,  such  that  the  value  of  the  object  function  F  decreases  in  each  iteration  step  while  not  vio¬ 
lating  the  constraints.  In  general,  search  methods  stop  at  the  first  local  optimum  that  is  reached. 


Two  different  tvpes  of  search  methods  can  be  distinguished:  gradient  methods  (using  gradient  information 
one  wav  or  the  other)  and  pattern-  and  random  methods  (not  using  any  gradient  information).  In  the  latter, 
the  search  pattern  is  determined  a  priori,  or  is  determined  on  the  ground  of  experience  from  previous  iterated 
points  and  perhaps  coincedence.  In  case  of  highly  nonlinear  optimization  problems,  these  methods  may  be  more 
robust  than  gradient  methods,  the  rate  of  convergence  to  a  solution,  however,  usually  is  lower  than  that  of 
gradient  methods. 

From  a  mathematical  point  of  view,  gradient  methods  are  more  sophisticated  and,  as  gradient  methods  use 
first  (and  possibly  second)  derivatives,  this  search  strategy  mav  be  expected  to  be  more  efficient.  The  lite¬ 
rature  is  mainly  concerned  with  this  particular  class  of  optimization  methods.  The  following  categories  of 
(ll  idlent  methods  mav  be  distinguished: 

o  First  order  methods  using  first  derivatives  only  (e.g.  the  steepest-descent  method); 

o  First  order  methods  using  first  derivatives,  but  having  second  order  characteristics  (e.g.  conjugated 
gradient  methods); 

o  Second  order  methods  using  approximated  second  derivatives,  the  so-called  Quasi-Newton  methods 
(variable-metric  methods); 

o  Second  order  methods  using  exact  second  derivatives,  the  so-called  Newton  methods. 

There  are  various  wavs  of  handling  constraints  in  the  optimization  procedure;  for  instance  by: 
o  moving  along  a  constraint  boundary  when  that  constraint  threatens  to  be  violated  during  the  iteration  pro¬ 
cess  (the  so-called  boundary-following  methods  such  as  Zoutendljk's  method  of  feasible  directions); 
o  adding  the  constraints  to  the  objective  function  using  penalty  terras,  thus  performing  a  conversion  to  an 
unconstrained  optimization  problem  (the  so-called  penalty-function  methods  such  as  SUMT) . 

In  Che  last  decade,  developments  in  the  field  of  constrained  nonlinear  optimization  have  especially  been 
focussed  on  improvements  of  existing  methods.  These  developments  concern,  among  others,  the  determination  of 
efficient  search  steps  (e.g.  the  doglep-step  method,  Ref.  9),  procedures  for  specifying  a  starting  solution 
(often  difficult  to  find  by  hand),  and  convergence  improvement  in  the  initial  phase  of  the  search  process 
(e.g.  the  thrust  method.  Re*'.  10,  II). 

The  difficulty  faced  by  the  practitioner  is  in  choosing  which  optimization  method  is  the  mo9t  appropriate 
one  for  solving  the  problem  on  hand.  Several  criteria  (see  Figure  2)  may  be  relevant  here: 

-  Applicability.  It  is  important  to  realize  for  which  type  of  problem  a  particular  method  has  been  developed 
(unconstrained  problems,  linearly  constrained  problems,  etc.); 

-  Efficiency.  A  logical  criterium  to  measure  optimization  efficiency  is  the  total  number  of  analyses  typi¬ 
cally  required  to  obtain  a  near-optimum  design.  If  gradient  information  is  calculated  by  finite  differ¬ 
ences,  the  number  of  analyses  required  at  each  iteration  point  equals  at  least  the  number  of  design  varia¬ 
bles  plus  one,  which  mav  lead  to  unacceptable  computer  time; 

-  Convergence  characteristics.  For  instance,  rate  of  convergence  and  degree  of  convergence; 

-  Robustness.  Does  the  method,  under  various  circumstances .  always  lead  to  a  reliable  arswer? 

-  Simplicity  of  use.  The  amount  of  effort  necessary  to  use  the  method  or  computer  code; 

-  General  applicability.  The  possibility  to  apply,  without  much  extra  effort,  the  method  to  other  problems; 

-  Flexibility.  The  possibility  to  use  the  code  In  different  wavs  for  the  problem  on  hand; 

-  Requirements  from  the  size  of  the  problem  (number  of  design  parameters,  constraints,  etc.); 

Capacity.  How  much  computer  core  storage  does  it  use? 

-  Time  and  effort  that  is  required  to  learn  to  use  the  method  or  program  code. 

It  is  clear  that,  in  order  to  make  a  justified  choice,  it  is  necessarv  to  know  the  possibilities  and  the 
limitations  at  each  optimization  method  or  code.  Tn  fact,  the  selection  of  an  optimization  algorithm  can  it¬ 
self  be  a  major  optimization  task. 


4 .  Aerodynamic  design  using  numerical  optimization 

The  past  decade  has  seen  repeated  efforts,  some  (partly)  succesfull,  other  less  so,  to  directly  address 
the  problem  o*  aerodynamic  design  bv  combining  computer  codes  for  aerodynamic  (drag)  analyses  (flow  solvers) 
with  numerical  optimization  algorithms  (see  e.g.  Ref.  12).  The  optimization  algorithm  then  controls  variations 
of  a  number  of  independent  variables,  such  as  parameters  defining  the  geometry,  with  the  purpose  of  finding 
the  particular  combination  of  parameters  that,  subject  to  given  constraints,  leads  to  an  optimum  value  of  the 
object  function  (e.g.  minimum  drag).  In  this  process,  the  flo\  solver  is  used  to  provide  values  of  the  object 
function  for  each  combination  of  values  of  the  independent  vai  *bles  that  is  considered  to  be  feasible  and 
"interesting"  bv  the  algorithm. 

General  tv  speaking  aerodynamic  design  using  numerical  optimization  requires: 

-  a  choice  of  object  function  (drag,  lift,  etc.) 
a  flow  solver  (aerodvnamic  analysis  code) 
a  choice  of  Independent  variables 

a  choice  of  constraint  functions  defining  that  part  of  the  solution  space  that  is  considered  to  be  feasible 
from  the  engineering  or  another  (e.g.  numerical!  point  of  view 
an  optimization  algorftm. 

With  respect  to  the  choice  of  independent  variables  one  mav  distinguish  two  different  approaches.  One, 
and  Indeed  the  most  common  choice  is  to  use  parameters  defining  the  geometry  as  the  independent  variables. 

This  requires  a  direct  or  analysis  type  of  flow  solver  only.  The  approach  is  generally  referred  to  a  as 
direct  numerical  optimization. 


The  approach,  pioneered  bv  Hicks  et  aL  (Ref.  13) 
and  fast  computer  systems.  Because  of  the  excessively 
approach  Is  sometimes  referred  to  as  "design  bv  brute 
future.  A  reappraisal  of  the  technique  has  been  given 


owns  its  existence  entirely  to  the  availability  of  large 
large  computational  requirements,  at  least  in  3D,  the 
force".  Nevertheless  it  holds  great  potential  for  the 
bv  Hicks  (Ref.  14). 


A  generalized  flow  diagram  of  the  numerical  optimization  technique  is  presented  in  figure  3.  The  process 
is  initiated  bv  the  choice  of  an  aerodynamic  object  function  F  that  is  to  be  minimized  (for  example,  the  drag} 
a  number  of  quantities  to  be  constrained  G.  and  a  set  of  design  variables.  The  constraints  can  be  of  aerody¬ 
namic  or  geometric  nature;  e.g.  and/or  t/c  greater  than  a  specified  value.  The  design  variables  are  gene¬ 
rally  taken  to  be  the  coefficients  of  a  number  of  shape  functions 
n 


i-i 

describing  (nodif ications  to)  the  (starting)  geometry. 

The  process  begins  by  perturbing,  in  sequence,  each  of  the  shape  function  coefficients  A  .  The  resulting 
n  shapes  are  analyzed  by  means  of  the  aerodynamic  program  (determination  of  F  and  G  ’s)  and  the  derivatives 
3F  ,  3G  ,  or  rather  the  difference  quotients  AF  ,  AG.  are  determined.  The  next  step  is  the  formation, 

3A^  3a|  4At  AAJ 


bv  the  optimization  program,  of  the  gradient  VF  and  the  determination  of  the  direction  of  steepest  descent  of 
F.  in  the  n-dimensional  space  formed  bv  the  basis  vectors  A  ,  while  satisfying  the  constraints.  The  optimiza¬ 
tion  program  then  executes  a  number  (typically  3)  of  steps  in  this  direction,  with  another  aerodynamic  analy¬ 
sis  performed  at  each  step,  until  either  a  constraint  is  met  or  F  attains  a  minimum.  In  the  first  case,  or 
when  the  minimum  of  F  is  lower  than  the  previous  nrnimum,  the  process  is  repeated;  new  gradients  are  deter¬ 
mined,  etc.  When  the  latest  minimum  of  F  is  equal  to  or  higher  than  the  previous  one  the  process  is  termina¬ 
ted  . 


The  optimization  process  described  above  requires  typically  10  complete  cycles  or,  in  other  words,  10 
(n+3)  analysis  calculations  (Ref.  15).  This  immediately  illustrates  the  weakest  point  of  the  numerical  opti¬ 
mization  approach.  In  order  to  keep  the  computational  effort  reauired  within  reasonable  bounds  one  has  to  put 
severe  limitations  on  the  number  n  of  design  variables,  in  particular  in  3D  flow.  The  problem  is  enhanced  bv 
the  fact  that  for  acceptable  convergence  of  the  optimization  process  it  is  necessary  to  avoid  "numerical 
noise"  in  the  partial  derivatives  of  the  object  function  (Refs.  16,  1 7 > .  This  requires  that  the  relaxation 
process  in  each  analysis  calculation  must  be  continued  until  the  residual  has  reached  a  level  beyond  that 
which  is  often  customary  in  "normal"  analysis  calculations.  It  also  appears  to  e\  lude  the  use  of  analysis 
codes  with  simple  boundary  layer  corrections  (Ref.  14).  The  reason  for  the  latter  is  that  the  airfoil  aero¬ 
dynamic  Quantities  do  not  vary  consistently  enough  when  boundary  layer  and  potential  flow  are  coupled  in  the 
weak  interaction  sense. 

One  wav  to  reduce  the  number  of  analysis  calculations  in  3D  applications  is  to  evolve  the  design  variab¬ 
les  in  a  series  of  steps  (Ref.  IP).  For  example  by  first  designing  the  upper  surface,  section  bv  section, 
going  from  root  to  tip  and  then  the  lower  surface.  Clearly  it  is  also  important  to  select  a  starting  geometrv 
having  aerodynamic  characteristics  which  are  already  close  to  the  target.  This  asks  for  an  information  svstem/ 
data  base  approach.  With  previous  experience  stored  in  the  data  base,  the  latter  can  be  searched  for  the  most 
suitable  starting  solution.  As  described  in  Ref.  15  the  data  base  approach  can  also  be  used  to  speed-up  the 
convergence  of  numerical  optimization  by  at  least  a  factor  two.  With  the  results  of  all  preceding  geometrv 
perturbations  stored  it  is  possible  to  construct  higer  partial  derivatives  of  the  object  function  and  utilize 
higher  order  gradient  methods. 

With  the  severe  limitations  on  n,  the  choice  of  the  shape  function  is  of  utmost  importance.  The  choice 
should  be  directed  towards  describing  a  sufficiently  wide  class  of  practical  solutions.  While  simple  polyno- 
minal  expressions  were  used  in  early  applications  (Ref.  13,  19)  of  the  numerical  optimization  concept,  a  more 
sophisticated  class  of  shape  functions  describing  more  local  geometry  modifications  was  used  in  later  appli¬ 
cations  (Refs.  16,  17,  19).  However,  as  discussed  in  Ref.  18  there  is  a  need  for  still  better  shape  functions 
with  even  more  localized  curvature  variations.  In  fact  it  can  be  argued  that  while  curvature  based  shape  func¬ 
tions  are  suitable  for  areas  with  subcritical  flow,  slope  based  shape  functions  might  be  more  appropriate  in 
areas  with  locally  supersonic  flow. 

An  interesting  choice  for  the  shape  functions  is  discussed  bv  Aldala  et  al.  (Ref.  20).  Thev  consider 
shape  functions  generated  bv  means  of  feeding  certain  pressure  distribution  modifications  into  an  inverse 
program.  The  result  is  a  set  of  design  shapes  that  are  (almost)  orthogonal  in  an  aerodynamic  sense,  that  is, 
affect  onlv  one  specific  pressure  distribution  characteristic  and  no  other  ones.  Another  choice  for  shape 
functions  can  be  found  in  Ref.  21. 

While  the  choice  of  the  design  variables  is  of  great  practical  significance,  the  precise  choice  of  the 
object  function,  in  conjunction  with  the  choice  of  the  aerodynamic  and  geometric  constraints,  is  of  both  more 
fundamental  and  practical  interest.  In  two-dimensional  transonic  applications  (Refs.  13,  15,  16,  19)  it  has 
been  custom  Co  minimize  the  wave  drag  subject  to  constraints  on,  e.g.,  airfoil  thickness  or  volume,  lift 
and/or  pitching  moment.  A) though  it  is  clear  that  constraints  are  necessary  in  a  .aeaningful  draR  minimization 
problem  it  is  bv  no  means  clear  how  exactly  the  problem  should  be  formulated  in  order  to  guarantee  a  unique 
solution.  The  problem  is  illustrated  by  figure  4,  taken  from  Ref.  15.  Shown  are  the  results  of  two  drag  mini¬ 
mization  runs  with  identical  free  stream  conditions  and  identical  constraints  on  lift  and  airfoil  volume.  Onlv 
the  starting  solutions  differ.  As  illustrated  bv  the  figure  the  two  resulting  airfoils  are  totally  different 
In  shape.  Clearly  the  problem,  as  formulated,  has  more  than  one,  local  minimum  and  neither  of  the  two 
necessarily  represents  the  absolute  minimum.  An  interesting  discussion  on  criteria  for  suitable  aero¬ 
dynamic  object  functions  can  be  found  in  Ref.  20. 

Figure  4,  the  second  airfoil  in  particular,  also  illustrates  another  potential  problem  of  direct  (invis- 
cid)  wave  drag  minimization.  In  the  absence  of  (direct)  control  over  the  pressure  distribution  the  solution 
mav  acquire  unrealistically  high  pressure  gradients,  such  as  near  the  upper  surface  trailing  edge. 

A  strong  point  of  the  numerical  optimization  approach  is  the  possibility  of  selecting  object  functions 
and  constraints  suitable  for  multipoint  designs.  An  example  of  a  two-point  design  problem  directed  towards 
the  design  of  airfoils  with  low  drag  creep  can  be  found  ip  Ref.  Tow  speed  air'oil  design  applications  are 

considered  in  Refs.  22,  23.  It  is  also  entirely  possible  to  consider,  e.g.  transonic  drag  minimization  and 
low-speed  stall  requirements  simultaneously. 

Although  a  number  of  different  numerical  optimization  algorithms  have  heen  applied  in  aerodynamic  design 
(see  e.g.  Refs.  24,  25,  26),  the  feasible  directions/gradient  optimization  algorithm  CONMIN/COPFS ,  developed 
bv  Vanderplaats  (Ref.  27),  seems  to  be  used  almost  exclusively  in  the  direct  numerical  optimization  approach, 
in  particular  in  combination  with  transonic  flow  codes. 


WMle  the  direct  minimization  of  drag  is  feasible  in  two  dimensions,  it  is  hardly  so,  at  present,  in  the 
case  of  three-dimensional  wings.  Several  unsucceaful  attempts  in  this  direction  can  be  found  in  the  litera¬ 
ture,  (Refs.  17,  18,  28).  The  main  reason  for  this  failure  is  the  lack  of  accuracy  in  the  determination  of  the 
drag  with  the  currently  available  3D  codes  and  the  limited  number  of  mesh  points.  Another  problem  would  seem 
to  be  that  the  problem  of  uniqueness  in  three  dimensions  is  even  more  severe  than  in  two  dimensions.  The  accu- 
racv  problem  may  be  overcome  when  more  efficient  algorithms  and/or  more  computer  power  (vector/parallel  mach¬ 
ines)  allows  the  number  of  mesh  points  to  be  increased.  The  uniqueness  problem  would  probablv  require  the 
introduction  of  more  constraints  or  more  sophisticated  object  functions. 

Summarizing  the  discussion  on  direct  numerical  optimization,  it  may  be  said  that  the  potential  possibili¬ 
ties  of  the  approach  are  enormous  with,  at  present,  unique  capabilities  such  as  multi-point  and  constrained 
design.  However,  the  approach  is  also  unique  in  terms  of  required  computer  resources.  Substantial  improvements 
in  both  flow  optimization  code  algorithms  and/or  computer  efficiency,  relative  to  current  general  standards, 
are  required  before  numerical  optimization  in  3D  wing  design  can  be  used  on  a  routine  basis. 

An  alternative  possibility  for  computational  drag  minimization  is  to  use  aerodynamic  (load  and  pressure 
distribution)  rather  than  geometric  shape  functions  as  independent  variables.  In  this  approach  the  first  step 
is  creating  a  starting  point  for  the  specification  of  "target"  pressure  distributions.  This  starting  point 
could  be  obtained  using  a  method  for  constrained  spanload  optimization  (see  e.g.  Ref.  29) .  Subsequently,  an 
optimization  algorithm  is  used  to  optimize  the  pressure  distribution,  hereby  using  a  boundary  laver  code  and 
a  wave  drag  routine.  The  objective  mav  be  the  minimization  of  drag,  hereby  providing  the  prescribed  spanloads. 
With  the  targe  C  -distribution  established  the  new  geometry  can  be  determined  by  means  of  an  inverse  code. 
Subsequently  thePof f-design  characteristics  can  be  determined  using  an  analysis  code.  The  process  is  repeated 
when  the  new  geometry  differs  significantly  from  the  previous  one  or  when  a  geometry  or  off-design  constraint 
Is  met.  In  the  latter  cases  (new)  constraints  will  have  to  be  imposed  on  the  values  of  the  parameters  descri¬ 
bing  the  pressure  distribution.  A  flow  chart  of  the  procedure,  which  is  called  inverse  numerical  optimization 
(Ref.  30),  is  given  by  figure  5. 

The  first  step  in  the  inverse  numerical  optimization  approach,  i.e.  the  determination  of  optimal  span¬ 
loads  is  described  in  Ref.  29.  The  second  step,  i.e.  the  optimization  of  target  pressure  distribution,  will  be 
described  in  the  following  section. 


5 .  Optimization  of  target  pressure  distribution 

The  approach  of  using  aerodynamic  (pressure  distributions)  rather  than  geometric  shape  functions  as  inde¬ 
pendent  variables  in  ihe  optimization  procedure  offers  the  following  advantages: 

It  matches  the  "inverse  numerical  optimization"  design  philosophy  as  described  in  the  preceding  section. 

-  Only  boundary  laye  calculations  are  needed  during  the  iterative  optimization  procedure.  So,  a  large 
number  of  iterations  is  less  a  problem,  allowing  a  larger  number  of  design  variables. 

Of  course  there  are  seme  disadvantages  too  e.g. 

-  Care  is  needed  to  stay  within  feasible  pressure  distributions . 

-  Curvature  effects  >n  the  boundary  laver  development  are  taken  into  account  for  the  starting  geometry  only 
and  might  be  different  for  the  new  design. 

Nevertheless,  from  a  practical  point  of  view,  optimization  of  the  (target)  pressure  distribution  is 
promising  and  could  very  useful  as  part  of  the  inverse  numerical  optimization  approach. 

In  order  to  mal  *-he  definition  of  2D  target  pressure  distributions  accessible  for  numerical  optimization 
techniques,  the  pre^- -ire  distribution  has  to  be  described  by  a  limited  number  of  characteristic  parameters. 

The  problem  faced  is*  define  a  large  class  of  possible  pressure  distribution  shapes  by  means  of  as  few  as 
possible  design  parameters.  Once  the  pressure  distribution  defined,  onlv  boundary  layer  calculations  are 
needed  to  judge  the  '  alltv  of  it  (drag,  transition  location,  etc.). 

Roughly  speaklm  .  the  velocity  distribution  on  the  airfoil  upper-  and  lower  surface  can  be  characterized 
bv  three  specific  revolts  (see  Ref.  31): 

(T)  Stagnation  poirt,  immediately  followed  bv  a  rapid  acceleration. 

Ml)  A  region  with  slightly  accelerating,  slightly  descelerating  or  constant  velocity,  for  transonic  condi¬ 
tions  often  e  led  by  a  shock  wave. 

(TIT)  The  pressure  .  ’covery  region  where  the  velocities  decrease  to  the  trailing  edge  value.  For  the  lower 
surface  of  rear  loaded  airfoils  completed  by  a  small  region  with  accelerated  f2ow. 

Figure  6  presents  a  -haracteristlc  pressure  distribution  defined  bv  eight  points  and  linear  interpolation  be¬ 
tween  these  points.  ithout  shock,  points  2  and  2*  coincide.  With  shock,  the  jump  between  2  and  2'  is  deter¬ 
mined  bv  the  local  m  ch  number  at  2.  For  a  given  free  stream  mach  number  the  points  4  (stagnation  pressure) 
and  I  and  8  (trailir.,  edge  pressures)  are  considered  to  be  known  and  fixed.  This  leaves  level  and  position  of 
the  points  2,  3,  5,  and  7  (ten  design  variables)  free  to  represent  a  large  class  of  (simplified)  pressure 
distributions.  Refin  nent  of  this  model  would  be  possible  bv  increasing  the  number  of  "characteristic"  points. 
Soon,  however,  large  number  of  points  will  be  needed  to  represent  more  realistic  shapes,  resulting  in  a  prohi¬ 
bitive  large  number  re  design  variables.  Other  ways  for  refinement  are,  e.g.  non-Hnear  interpolation  between 
the  points;  adding  w  :e  functions  with  amplitudes  as  design  variables  to  a  starting  pressure  distribution  etc. 
Several  of  these  opt  -ns  have  been  investigated  at  NLR  and  so  far,  best  results  have  been  obtained  by  a  set 
of  "interpolation  rui^s",  taking  into  account  the  char*  teristic  behavi  jr  of  the  specific  part  of  the  pres¬ 
sure  distribution  to  ‘>e  represented.  Each  of  these  so-call'?,:  aerodynamic  shape  functions  has  been  derived  from 
well  known  aerodynamic  theory.  It  is  beyond  the  scope  of  the  present  paper  to  describe  the  derivation  of  thes* 
functions  in  detail.  It  has  to  be  sufficient  to  present  the  relations  and  to  note  that  for  certain  combina¬ 
tions  of  the  design  variables  (coefficients  and  exponents),  approximations  are  possible  of  the  typical  clas¬ 
sical  flow  characteristics.  The  following  functions  have  been  defined,  with  reference  to  figure  6. 

A.  Stagnation  flow  region  (3-4-5) 

Rather  than  suggested  in  figure  6,  the  stagnation  point  (4)  will  usual Iv  not  occur  exactly  at  the  airfoil  nose 
but  somewhat  downstream  on  the  lover  surface.  In  order  to  maintain  physically  realistic  pressure  distributions 
In  this  region,  a  stagnation  flow  shape  function  haa  been  defined,  approximating  the  potential  flow  velocity 


distribution  for  elliptic  cylinders  (for  small  x/c  and  small  incidence): 


(N.B.  +  sign  for  upper  surface;  -  sign  for  lower  surface) 

Here  K  ,  ,  ...»  K  ,  represent  the  design  variables  to  he  adjusted  by  the  optimization  procedure.  Refering  to 
the  elliptic  cylinder  nose  radius  and  (local)  incidence  at  the  nose  may  be  estimated  from: 

(-)  -  7^  .  K  ?  (1-M2)  6  -  K  /l-M2 '  [ Radians ] 

c  nose  K  al  00  a2  ® 


B.  ’’High  velocltV*  regions  (from  3  to  2  and  from  5  to  6,  fig.  6) 


These  regions  often  exhibit  small  pressure  gradients  at  design  conditions.  So,  a  relatively  simple  represen¬ 
tation  can  be  chosen.  In  order  to  be  able  to  represent  also  laminar  flow  condition  the  following  function  has 
been  chosen: 


5; -  Si  +\2{~c-  ^bo}' 


which,  for  (1C  and  approaching  zero,  approximates  the  well  known  Faikner-skan  solution  for  similar 

laminar  boundary  layers  Ylndex  bO  refers  to  the  start  of  the  region).  Kbl  to  ^b3  are  the  design  variables  to 
be  adjusted  by  the  optimization  procedure. 

C.  Turbulent  pressure  recovery  region  (from  2  (2‘)  to  1  and  from  6  to  7) 

The  family  of  functions  for  this  region  should  resemble  concave  and  convex  shapes,  including  the  Stratford 
solution  for  turbulent  zero  skin  friction  pressure  recovery  (Ref.  32).  The  Stratford  solution  exhibits  two 
branches.  The  main  branche,  transformed  from  Stratford’s  canonical  pressure  coefficient  to  the  ordinary  Cp 
definition,  can  be  generalized  as  follows: 


Index  cO  indicates  the  start  of  the  recovery  region  and  K  .  to  K  .  are  the  design  variables.  This  function 
represents  a  wide  class  of  shapes,  including  an  approximation  of  Stratford's  pressure  recovery  solution. 

D.  Rear  loading  region  (from  7  to  8) 

For  so  called  rear  loaded  airfoils,  the  lower  surface  velocity  usually  accelerates  from  the  end  of  the  pres¬ 
sure  recovery  region  to  the  traling  edge.  For  this  region,  a  simple  polynomial  was  defined  reading: 

C  .  K..  '7  -  (-)  ..)2+  K.,  -  <■-).„)  +  c 

p  dl  c  c  dO  d2  c  c  dO  p,„ 

au 

Again  index  dO  Indicates  conditions  at  the  start  of  the  region  and  K,,  and  K._  are  design  variables. 

d  1  d/ 

F ,  Shock  relations  (possibly  at  points  2  and/or  6) 

Cood  transonic  design  conditions  usually  incorporate  weak  shocks  at  upper  and/or  lower  surface.  So,  a  proper 
shock  description  is  needed.  In  viscous  airfoil  flow,  the  pressure  jump  measured  at  the  foot  of  the  shock  is 
less  than  the  Rankine  Hugonlot  pressure  jump.  Besides,  the  shock  will  be  "smeared  out"  in  the  boundary  layer. 
So,  in  order  to  describe  shocks  directly  in  the  pressure  distribution  some  empirical  relations  are  needed. 
From  a  compilation  of  experimental  data  (see  fig.  7,  taken  from  Ref.  33)  it  is  seen  that  the  following  modi¬ 
fication  of  the  Rankine  Hugonlot  relation  is  a  reasonable  approximation  for  weak  two-  dimensional  shocks 
(Mj  <  1.3): 

P,  7  ft2  -!  ,  7(M2  -1) 

■r1  -  °-7  ' - z2— !  +  0-3  C  -  C  +  0.7  1C  +  — ! — -!  <—7^5 - ) 

U9  Pdg  %s  Pus  0.7 

(us  and  d.s  for  upstream  and  downstream  of  shock) . 

An  empirical  rule  for  the  shock  thickness  is  presented  bv  Delery  (Ref.  34)  for  weak  2  dimensional  shocks: 

~  :  70  fHi  -1)  with  Ki  <1.3 


Here  and  Hig  represent  displacement  thickness  and  kinematic  boundary  layer  shape  parameter, 

respectively,  just  in  front  of  the  shock.  The  shock  representation  becomes  active  onlv  If  H.  .  exceeds  1.1 
at  point  2  and/or  point  6.  oca 


Characteristic  points  and  functions  presented  above  represent  a  rather  large  class  of  airfoil  design 
pressure  distributions.  Note  that  not  all  of  the  design  variables  indicated  above  are  Independent.  Some  of 
them  are  directly  determined  by  the  requirement  of  a  continuous  pressure  distribution.  With  properly  selected 
basic  airfoil  geometry  and  design  requirements,  a  boundary  layer  calculation  method  and  an  optimizer  as  driver 
for  defining  the  pressure  distribution  almost  all  ingredients  are  available  for  a  svstem  for  designing  airfoil 
target  pressure  distributions.  However  for  transonic  conditions  with  shock  waves  boundary  laver  calculations 
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only  do  not  account  for  the  momentum  loss  through  the  shock.  So,  the  evaluation  of  the  pressure  distribution 
has  to  be  completed  with  an  evaluation  of  the  wave  drag.  A  convenient  relation  to  estimate  the  magnitude  of 
the  wave  drag  has  been  proposed  by  Lock  (Ref.  35): 

r  1 


R 

s 

1+0.2 

(2-Mj )  (Mj-1 

c 

Hj (1+0.2  Mj) 

Where  R  Is  the  radius  of  curvature  of  the  airfoil  geometry  at  the  shock  position.  Lock  found  an  accuracy 
between  -10Z  and  +30Z  of  the  wave  drag  for  weak  shocks  ( 1 . 1 <  Mj  <  1.5),  which  seems  sufficient  for  the  present 
application . 


Finally  some  remarks  concerning  the  parametrization  described  above: 

It  becomes  obvious  that  the  aerodvnamlc  design  problem  is  strongly  non  linear  and  it  is  likely  that  non- 
continuous  derivatives  will  occur  as  well  as  for  object  function(s)  as  for  constraint  functions. 
Sometimes  a  step  by  step  approach  is  possible  by  splitting  the  design  problem  in  several  optimization 
problems  of  reduced  size,  e.g.  deal  with  upper-  and  lower  surface  separately. 


6.  Examples 

In  the  following  examples  the  drag  and  boundary  layer  characteristics  have  been  computed  with  an  integral 
method,  comprising: 

-  Laminar  boundary  layer  according  to  Thwaites 

-  Prediction  of  transition  location  according  to  Granville 

-  A  fast  Integral  method  (lag  entrainment)  for  the  turbulent  boundary  u  er 

-  Drag  calculation  according  to  Squire  A  Young  formula 

Low  speed  high  lift  condition 


The  design  of  single  element,  high  lift  airfoils  by  R.H.  Liebeck  is  well  known  (see  e.g.  Refs  36,  37). 
A.M.O.  Smith  (Ref.  37)  published  some  of  Liebeck's  results  for  the  so-called  turbulent  roof-top.  The  airfoils 
meet  the  additional  constraints  for  the  flow  to  remain  attached  (and  subsonic)  everywhere  on  the  airfoil.  Then 
the  following  design  problem  is  formulated: 

free  stream  condition:  -  0.10,  Re  -  5.10^ 

transition  :  upper  surface  x/c  ~  1 Z 

(lower  surface:  x/c  I  0.51) 

maximize  : 

subject  to  :  no  separation 

This  problem  has  been  solved  bv  changing  only  the  upper  surface  pressure  distribution  for  a  fixed,  arbitrarily 
chosen,  lower  surface  distribution.  Two  solutions  have  been  generated,  both  depicted  in  fig.  8. 

a.  With  a  fixed,  approximated  Stratford  type  pressure  recovery  the  flat  rooftop  solution  is  found  (full 
line).  This  compares  reasonably  well  with  Liebeck's  optimal  solution  presented  in  Ref.  37, 

Indicating  max.  lift  for  C  I  -  2.6  and  pressure  recovery  point  at  x/c  T  0.30. 

Pmin 

b.  With  the  upper  surface  entirely  free,  the  broken  line  is  found,  representing  a  slightly  better  solution 
than  the  roof  top  solution. 

Airfoil  geometries,  inversely  calculated,  for  these  two  solutions  have  also  been  given  in  fig.  9.  The  geome¬ 
tries  have  been  computed  with  the  method  described  in  Ref.  38. 

Note:  keeping  In  mind  the  approximations  made  for  the  present  representation  (for  example,  onlv  one  branch  of 
the  Stratford  solution  Is  considered),  the  above  results  are  not  considered  to  proof  that  Liebeck' s  flat  roof 
top  solution  can  he  Improved.  However,  it  may  be  concluded  that,  from  a  practical  ,.^lnt  of  view,  both  solu¬ 
tions  exhibit  comparable  high  lift  capabilities,  while  solution  b  has  the  advantage  of  a  somewhat  less 
"excotic"  geometry. 

From  this  example  it  Is  concluded  that  the  aerodynamic  shape  functions  are  applicable  for  low  speed  high 
lift  design. 


Transonic  low  drag  solution 

A  typical  transonic  pressure  distribution  Is  shown  in  fig.  9  (full  line).  In  order  to  find  out  to  what 
extent  this  pressure  distribution  can  be  represented  bv  the  aerodynamic  shape  functions,  the  optimization 
procedure  was  used.  With  ACp  being  the  difference  between  the  real  and  the  shape  function  distribution,  the 
functional  /  AC  d—  was  minimized.  The  result,  designated  best  fit,  is  shown  in  fig.  9 
as  a  broken  llnl.  c 

Apparently,  the  shape  functions  lack  refinement  around  the  shock  and  in  the  nose  region.  To  find  out  how 
serious  a  problem  this  is,  for  the  practical  design  situation.  A  design  study  has  been  performed  to  improve 
the  drag  coefficient  at  the  design  lift  coefficient.  With  the  best  fit  as  starting  point  the  following  optimi¬ 
zation  problem  was  defined: 

free  stream  condition  :  M  -  0.77  Re  -  10.10^ 

V,  c 

transition  fixed  at  :  fx/c)  «  0.05  (x/c),  -  0.10 

us  Is 

minimize  :C 

d 

subject  to  :  >  0.60 

C  -0.125 

m 

thickness  (-  -0.5  C  J  I-M^  1  ;  0.10,  being  the  same  value  as  for  the  best  fit  (actual  starting  airfoil 

t/c  .  O.'.l) 

The  optimized  pressure  distribution  Is  shown  in  fig.  10,  together  with  the  start  ("best  fit")  indicating  a 
drag  improvement  of  5  counts. 


Then  two  possible  ways  are  open  to  continue  the  design  study. 

1.  Define  a  new  target  pressure  distribution  bv  adding  the  differences  between  best  fit  and  optimized  dis¬ 
tribution  to  the  actual  airfoil  pressure  distribution. 

Define  the  optimized  pressure  distribution  directly  as  the  target  for  a  new  geometry  design.  Here,  the 
latter  approach  was  followed  in  order  to  find  out  whether  a  less  refined  target  will  result  in  an  acceptable 
airfoil  design.  I'sing  the  inverse  airfoil  design  svstem  INTRAFS  (Ref.  39),  a  new  geotnetrv  has  been  generated. 
The  new  geometrv  differs  onlv  slightlv  from  the  original  one.  Analyses  of  both  airfoils  with  the  VGK  program 
(ref.  40)  indeed  shows  an  improved  drag  coefficient  for  the  new  airfoil  (see  fig.  11).  The  drag  reduction  is 
less  than  expected  from  the  calculations  depicted  in  fig.  10;  three  counts  versus  5  counts,  this  maybe  due  to 
the  relative  poor  representation  of  the  original  pressure  distribution.  Nevertheless  this  example  illustrates 
the  ability  of  the  present  approach  to  improve  transonic  airfoil  design. 


7.  Concluding  remarks 

An  overview  has  been  presented  of  the  possibilities  and  problems  associated  with  the  use  of  numerical  optimi¬ 
zation  in  aerodynamic  design.  Tt  mav  be  stated  that  aerodvnaroic  design  bv  using  direct  numerical  optimization 
techniques  is  hardlv  feasible  in  current  engineering  environments,  at  least  for  three  dimensional  problems, 
because  of  the  lack  of  accuracy  in  the  available  3D  flow  analysis  codes  in  combination  with  the  limited  com¬ 
puter  power  available.  The  alternative  to  use  numerical  optimization  for  designing  "target”  pressure  distri¬ 
butions  and  to  use  inverse  methods  to  find  the  corresponding  geometry,  seems  to  be  a  good  alternative.  How¬ 
ever,  despite  the  fact  that  a  large  number  of  iterations  is  not  a  serious  drawback  for  the  present  approach, 
the  procedure  is  still  far  from  "stand  alone"  applications  on  routine  basis.  It  is  worth  to  consider  improve¬ 
ments  such  as  the  implementation  of  smoothing  options  (to  prevent  problems  with  numerical  irregularities), 
the  application  of  more  efficient  algorithms,  and  the  scaling  of  the  independent  variables.  In  this  way, 
numerical  optimization  mav  have  good  prospects  for  being  a  useful  tool  in  aerodynamic  design. 
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S.UMMAEL* 

in  order  to  design  a  physically-acceptable  airfoil 
that  corresponds  to  a  prescribed  surface  pressure  or 
speed  distribution,  various  restrictions  have  to  be  met 
by  the  imposed  target  and  by  the  contour.  It  is  shown 
that  the  need  to  meet  geometric  prerequisites  and  a 
specified  free-stream  value  imposes  constraints  on  the 
prescribed  surface  values  which,  unless  satisfied, 
inhibit  the  existence  of  a  solution.  In  this  classical 
problem  of  airfoil  design,  the  prescribed  surface 
distribution  must  contain  enough  degrees  of  freedom  in 
order  that  it  may  be  modified  sufficiently  to  satisfy  the 
constraints.  The  nature  of  the  constraints  is  discussed, 
and  they  are  expressed  in  forms  which  are  amenable  to 
numerical  solution  procedures  in  transonic  as  well  as 
incompressible  flows.  The  discussion  is  accompanied 
by  a  description  of  the  general  characteristics  of  airfoil 
geometries  and  surface  flows. 


1.  INTRODUCTION 

The  problem  of  designing  airfoil  profiles  is  older 
'.  lan  av.ation  itself.  The  Wright  Brothers  built  a  wind 
tunnel  to  test  new  airfoil  profiles  that  would  give  them 
greater  lilt.  It  was  obvious  that  by  changing  the  profile 
the  characteristics  of  the  flow  could  be  altered.  Quite 
early  the  idea  took  hold  that  the  airfoils  could,  or  should, 
be  designed  to  produce  specific  pressure  distributions 
on  them.  This  was  the  rationale  behind  the  design  of  the 
NACA  1 -series  wing  sections.1  The  development  of  this 
series  of  airfoils,  which  represents  the  first  family  of 
NACA  low  drag  high-critical-speert  wing  sections,  was 
also  one  of  the  first  recorded  attempts  to  design  sections 
having  a  desired  type  of  pressure  distribution.  The  gorl 
of  this  early  design  project  was  to  produce  airfoils  with 
extensive  laminar  boundary  layers.  It  was  felt  that  the 
laminar  flow  run  could  be  controlled  by  having  a  small, 
continuously-favorable  pressure  gradient  all  the  way  to 
the  point  of  minimum  pressure,  whose  location  identifies 
and  characterizes  the  several  members  of  this  airfoil 
family.  Lack  of  adequate  theoretical  tools  made  this  pre- 
1939  design  exercise  extremely  difficult,  and  the  design 
goals  were  achieved  only  over  a  very  limited  range  of 
lift  coefficients.  Few  sections  in  this  family  ever  proved 
useful. 

Better  theoretical  tools  (at  least  for 
incompressible  How)  were  being  developed  during  the 
time  during  which  the  NACA  1  and  its  immediate 
successor-families  (NACA  2-to  5-series)  were 
designed.  The  NACA  6-  and  7-series  were  designed 
using  new  and  improved  approximate  methods2  which 
were  derived  from  the  Theodorsen-Garrick3  method  of 
analyzing  the  potential  flow  about  arbitrary  airfoil 
sections.  To  obtain  these  sections,  a  symmetrical 
section  was  designed  first,  and  this  vas  then  cambered 
using  linear  theory.  The  first  true  airfoil  design  method 
had  been  reported  in  the  meantime  by  Mangier*  and  a 
similar  approach  was  later  independently  developed  by 
Lighthill.5  A  sound  theoretical  basis  for  the  design  of 
airfoil  profiles  corresponding  to  a  specified  pressure  (or. 
equivalently,  velocity)  distribution  was  finally  available. 


The  usefulness  of  the  Mangier  and  Lighthill  methods 
obtaining  practical  designs  was  debatable,  and 
understandable  given  the  computational  resources  of 
the  time,  but  their  presentation  of  this  "inverse"  problem 
of  airfoil  theory  was  sound  and  laid  the  groundwork  lor 
many  practical  methods  that  followed.6*13 

The  work  of  Mangier  and  Lighthill  assumed 
incompressible  flow  and  could  thus  use  potential  theory 
to  describe  it.  In  the  inverse  problem,  the  connection 
between  the  desired  pressure  distribution  and  the 
ordinates  of  the  corresponding  airfoil  profile  could  be 
expressed  in  closed  form,  just  as  in  the  "direct"  problem, 
where  one  seeks  the  pressure  distribution 
corresponding  to  a  given  airfoil  profile.  The  actual 
computation  of  a  profile  was  not  always  feasible, 
leading  to  problems  of  practicality,  but  the  existence  of 
closed  form  expressions  describing  the  "connection" 
revealed  the  existence  of  certain  constraints  that  had  to 
be  satisfied  by  the  desired  pressure  distribution  for  a 
corresponding  airfoil  to  exist.  In  particular,  it  was  shown 
that  the  average  speed  of  the  desired  surface 
distribution  should  be  equal  to  the  tree-stream  speed  In 
addition,  it  was  shown  that  the  thickness  of  the  trailing 
edge  is  itself  a  function  of  the  prescribed  speed  Since 
trailing  edge  thickness  has  to  be  within  some  obvious 
physical  and  geometrically- -ealisri"  limits,  additional 
constraints  are  imposed  on  the  prescribed  surface 
pressure.  Thus,  for  an  arbitrarily  prescribed  distril  jtion. 
an  airfoil  profile  with  a  specific  trailing  edge  thickness 
exists  only  if  the  distribution  satisfies  these  constraints. 
Fortunately,  within  the  context  of  potential  theory,  the 
above-mentioned  constraints  can  be  expressed  in 
integral  form.  As  a  result,  by  allowing  some  freedom  in 
the  imposed  distribution  (e  g.,  through  adjustable 
parameters  whose  values  are  chosen  to  satisfy  the 
integral  expressions),  an  airfoil  profit  can  always  be 
obtained.  This  approach  forms  the  basis  of  the  methods 
described  in  Refs.  6-13. 

Woods7  extended  the  theory  of  inverse  airfoil 
design  to  subcritical  compressible  flow.  Assuming  a 
Karman-Tsien  type  gas,  he  derived  expressions  similar 
to  those  of  Mangier  and  Lighthill  for  incompressible 
flows.  The  formulation  of  an  inverse  method  at 
supercritical  speeds  has  been  problematic  because  of 
the  impossibility  of  expressing  the  constraints  in  closed 
form.  The  existence  of  constraints  for  the  transonic 
design  problem  was  intuitively  true  because  the 
incompressible  problem  was  a  subset  of  the  more 
general  compressible  problem.  The  main  obsiacle 
concerned  the  constraint  reflecting  the  connection 
between  free-stream  and  surface  speed.  Volpe  and 
Melnik14  finally  offered  a  formulation  of  the  problem 
which  was  valid  through  the  compressible  regime  In 
their  formulation,  the  constraints  are  satisfied  through  an 
iterative  procedure  in  the  absence  of  closed-form 
expressions. 

It  is  the  purpose  of  this  paper  to  describe  these 
constraints  in  more  detail,  as  well  as  the  means  by 
which  they  might  be  satisfied  to  produce  a  practical 
inverse  airfoil  design  method.  The  discussion  will 
include  the  restrictions  on  the  prescribed  pressure 


distributions  which  are  due  to  physical  requirements 
and  to  the  achievement  of  certain  flow  characteristics, 
as  well  as  the  restrictions  imposed  by  the  requirement 
that  the  airfoil  geometry  have  specific  characteristics. 
In  addition  to  the  above-mentioned  restriction  on  the 
thickness  of  the  trailing  edge,  an  airfoil  should  have 
ether  obviously  desirable  features,  such  as  a  rounded 
leading  edge  and  non-crossing  upper  and  lower 
surfaces  The  discussion  will  cover  both  the 
incompressible  and  compressible  regimes,  and  the 
connection  between  imposed  pressure  distributions  and 
geometry  will  be  illustrated  by  several  examples.  As  in 
the  preceding  discussion,  in  what  follows  the 
assumption  is  made  that  the  airfoil  is  to  be  designed  in 
an  inviscid  flow.  Viscosity  wit'  be  called  on  in 
discussing  the  prescription  of  the  imposed  pressure 
distribution.  To  a  first  approximation,  the  pressure 
distribution  can  be  assumed  to  be  the  one  impressed  on 
the  boundary  layer  and  the  corresponding  airfoil  to  be 
the  contour  from  which  a  ■displacement  thickness" 
should  be  subtracted  to  achieve  a  profile  operating  in  a 
real  viscous  environment. 


2.  GEOMETRICAL  CHARACTERISTICS 

All  physically  realistic  airfoils  share  certain 
obvious  characteristics.  Most  obvious  are  the 
constraints  that  the  contour  be  closed  and  non- 
reentrant.  A  closed  contour  is  described  by  a 
continuous  line  whose  end  points  coincide.  Taking  the 
end  points  of  this  line  to  be  the  points  corresponding  to 
the  lower  and  upper  trailing  edge  points  and  the  line  to 
run  from  the  former  to  the  latter  in  a  clockwise  direction, 
airfoil  'closure'  means  that  the  two  trailing  edge  points 
coincide.  Thus  the  airfoil  in  Fig.  la  is  closed  and  the 
one  in  Fig.  1b  is  not.  In  practice  some  trailing  edge 
thickness,  usually  on  the  order  of  one  percent  of  the 
chord,  is  desirable  for  structural  integrity.  In  such  a 
case  the  definition  of  closure  is  expanded  to  include  the 
case  in  which  the  trailing  edge  points  are  separated  by 
some  small  distance. 

A  non-reentrant  airfoil  is  one  tor  which  the  line 
describing  the  contour  never  crosses  over  itself.  An 
airfoil  may  be  closed  but  not  necessarily  non-reentrant. 
Thus,  the  airfoil  depicted  in  Fig.  1c  is  closed  but 
reentrant;  the  one  in  Fig.  Id  is  open  and  reentrant. 


a)  CLOSED  TRAILING  EDGE 


6)  OPEN  TRAILING  EDGE 


c)  RE-ENTRANT  AIRFOIL 


d)  OPEN  AND  RE-ENTRANT  AIRFOIL 


«)  STRUCTURALLY  UNFIT  AIRFOIL 


Reentrant  airfoils  are  clearly  non-physical.  Obviously  a 
non-reentrant  airfoil  exhibits  a  positive  thickness  from 
leading  edge  to  trailing  edge.  Structural  requirements 
impose  some  limitations  on  the  minimum  acceptable 
thickness,  though.  As  such,  the  airfoil  that  is  shown  in 
Fig.  1e  is  likely  undesirable  from  a  practical  .  ewpoint, 
since  its  th  ckness  just  upstream  of  the  trailing  edge  is 
very  small,  even  though  positive.  In  short,  structural  as 
well  as  operational  requirements  (e.g.,  need  for  fuel 
volume)  will  place  restrictions  on  the  acceptable 
thickness  distribution  on  the  airfoil. 

Certain  features  of  the  leading  edge  and  trailing 
edge  regions  of  an  airfoil  and  their  relation  to  the 
velocity  distribution  should  be  mentioned.  Most  airfoils 
have  rounded  leading  edges.  A  rounded  leading  edge 
allows  operation  over  a  wide  range  of  angle  of  attack.  A 
sharp  leading  edge  would  cause  the  flow  to  separate  at 
the  comer  outside  a  severely,  more  limited  range  of  flow 
incidence.  The  exception  would  be  offered  by  airfoils 
designed  for  supersonic  applications,  in  which  case  it  is 
desirable  to  keep  the  shock  waves  attached  to  the 
leading  edge  via  a  sharp  nose.  The  res1  of  this  paper 
will  be  concerned  only  with  subsonic/tru  isonic  free- 
stream  Mach  numbers,  however.  Since  both  the  upper 
and  lower  surfaces  of  the  airfoil  must  be  streamlines  of 
the  flow,  a  stagnation  point  must  be  present  on  the 
surface  in  the  leading  edge  region  (seu  Fig.  2).  Tnat 
stagnation  point  is  also  a  branch  point,  since  the  flow 
splits  into  two  downstream  of  it.  When  designing  for  an 
airfoil,  the  speed  distribution  that  is  prescribed  must 
include  a  stagnation  point  in  the  leading  edge  region. 

In  the  case  of  an  inviscid  stream,  two  possibilities 
arise  for  the  flow  at  the  trailing  edge.  If  the  included 
angle  of  the  trailing  edge  is  zero  (a  cusp),  it  is  sufficient 
that  the  pressure  at  the  upper  and  lower  surfaces  have 
the  same  magnitude  at  that  point.  For  an  isentropic  flow, 
the  velocities  on  the  two  sides  are  also  identical.  In 
such  a  case,  the  velocity  has  a  non-zero  value,  usually 
slightly  less  than  the  free-stream  value.  If  the  included 
angle  is  not  zero,  the  only  way  for  the  pressure  and  the 
total  velocity  at  the  upper  and  lower  trailing  edge  points 
to  match  is  for  the  velocity  to  be  zero.  In  this  case,  the 
trailing  edge  point  is  e  stagnation  point.  These  two 
possibilities  are  illustrated  in  Fig.  3a  and  3b,  which, 
along  with  the  trailing  edge  geometry,  depict  the  typical 
speed  distribution  of  the  flow  from  either  side  of  the 
airfoil  and  downstream  of  the  trailing  edge.  It  should  be 
noted  that  the  gradients  of  the  speed  distribution  in  the 
vicinity  of  the  trailing  edge  are  dependent  on  the 
magnitude  of  fhe  trailing  edge  angle  (see  Fig.  3a  and 
3c).  In  a  viscous  flow,  the  presence  of  a  boundary 
layer  blurs  the  two  distinct  possibilities  (see  Fig.  3d).  If 
one  were  to  design  for  a  speed  distribution  to  be 
achieved  outside  the  boundary  layer  (by  whatever 
method),  one  has  to  demand  only  that  the  velocities  on 
opposite  sides  of  the  trailing  edge  (and  outside  the 
boundary  layer)  match;  they  do  not  vanish  even  for  a 
non-zero  included  angle.  As  a  consequence,  the 
shape  of  the  trailing  edge  region  is  highly  dependent  on 
the  local  distribution  of  speed  in  the  region. 

If  one  is  seeking  to  generate  a  contour  with 
specific  leading  and  trailing  edge  characteristics,  these 
requirements  will  impose  specific  restrictions  on  the 
prescribed  speed  restrictions  which  have  to  be  taken 
into  account  in  the  calculation  procedure. 


Fig.  t  Airfoil  types 


Fig.  2  General  features  of  flow  near  airfoil 
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Fig.  3  Possible  flow  conditions  near  trailing  edge 


3.  FLOW  CHARACTERISTICS 

Certain  characteristics  of  the  pressure 
distribution  on  an  airfoil,  such  as  the  presence  of  a 
stagnation  point  at  the  leading  edge  and  possibly 
another  at  the  trailing  edge  were  mentioned  in  the 
p.evious  section.  Other  features  are  dependent  on  the 
particular  design  exercise.  In  •:'!  cases,  the  objective  is 
to  obtain  a  certain  lift  coefficient  a;  ns  low  a  level  of  drag 
as  possible.  In  the  context  of  an  inverse  airfoil  design 
procedure,  these  goals  can  be  achieved  by  tailoring 
the  surface  pressure,  or  speed,  distribution  to  the 
application. 

The  lift  coefficient  of  an  airfoil  is  known  to  a  good 
degree  of  accuracy  once  the  surface  speed  is 
prescribed  even  though  the  shape  is  not  known  yet. 
Figure  4  depicts  the  general  form  of  an  airfoil  surface 
speed  distribution,  u,  expressed  as  a  function  of  the  arc 
length  along  the  airfoil  surface,  s.  The  origin  of  s  is 
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Fig.  4  General  form  of  airfoil  apeed  distribution 


assumed  to  be  located  at  the  lower  surface  trailing  edge 
point,  and  s  is  assumed  to  run  clockwise  around  the 
contour  (see  Fig.  2).  Without  loss  of  generality,  the 
perimeter  of  the  airfoil  can  be  normalized  to  one.  The  lift 
coefficient,  Cl.  of  an  airfoil  is  given  by 


Cl  = 


L 

1  2 

o.C 


(1) 


where  L  is  the  lift,  c  is  the  airfoil  chord  and  p»  and  u_ 
are  the  free-stream  values  of  the  density  and  the 
velocity,  respectively.  In  potential  flows,  the  lift  can  be 
expressed  as  a  function  of  the  circulation,  r,  around  the 
airfoil 


L  =  pTiu.  (2) 

and  T  in  turn  is  obtained  by  integ-’ting  around  the 
contour 


T  =  Ju(s)&. 


Hence,  the  lift  coefficient  is  given  by 


Ct  =  2|i^d 

1  c 


(3) 


(4) 


The  value  of  the  chord  c  is  not  known  until  the  shape  of 
the  contour  is  determined.  However,  for  most 
aeronautical  profiles,  it  will  have  a  value  not  much 
different  from  0.5.  As  a  result,  tor  all  practical  purposes. 
Cl  is  known  once  u(s)/u„  is  specified. 

In  incompressible  flow,  the  pressure  drag  will  be 
zero  for  all  possible  surface  speed  distributions.  At 
supercritical  speeds,  wave  drag  will  be  present  if  a 
shock  wave  is  present  in  the  flow  field.  Unfortunately, 
its  value  is  not  known  until  the  contour  is  computed. 
The  goal,  as  always,  is  to  minimize  this  value,  but  the 
absence  of  a  discontinuity  in  the  pressure  distribution 
(which  translates  into  the  absence  of  a  shock  wave  on 
the  airfoil  surface)  is  no  guarantee  that  there  is  not  a 
shock  wave  in  the  flow.  An  example  is  offered  in  Fig.  5, 
which  shows  an  airfoil  profile  and,  above  it,  the 


Fig.  5  "Shockless"  target  pressure  distribution 
and  corresponding  airfoil 
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corresponding  pressure  distribution.  In  Fig.  6.  the  Mach 
number  contours  of  the  flow  around  the  airfoil  are 
depicted.  In  this  picture,  the  existence  of  a  shock  wave 
is  borne  out  by  the  clustering  of  contours  above  the 
airfoil.  Compression  lines  generated  on  the  concave 
mid-region  of  the  airfoil  converge  off  the  surface  into  a 
shock.  This  figure  points  out  a  geometrical  feature  of 
airfoils  that  should  be  avoided  at  transonic  speed, 
namely,  a  region  on  the  upper  surface  of  the  airfoil  with 
a  curvature  concave  to  the  flow. 

In  the  absence  of  shock  waves,  drag  is  due  to 
viscous  effects,  and  some  amount  of  control  over  these 
can  be  retained  by  proper  design  of  the  imposed 
surface  pressure  distribution,  even  within  the  context  of 
an  inviscid  airfoil  design  procedure.  By  tailoring  the 
pressure  distribution,  one  can  control  the  growth  of  the 
boundary  layer,  delay  transition  to  turbulence  and, 
hopefully,  avoid  flow  separation.  All  of  these  effects 
tend  to  lower  drag  levels 

Flow  separation  is  clearly  a  disastrously 
deleterious  flow  feature.  In  airfoil-type  flows,  it  can  be 
brought  about  by  high  adverse  pressure  gradients  as 
they  might  occur  on  the  upper  surface  as  the  flow  is 
recompressed  to  stagnation  or  near-free-stream  values 
at  the  trailing  edge  -  for  sharp  or  cusped  geometries, 
respectively  Separation  can  be  avoided  by  imposing 
pressure  distributions  with  gentle  gradients  (see  Fig.  7). 


Fig.  6  Isomach  contours  computed  on  airfoil 
designed  to  "shockless''  pressure 
distribution 
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This  solution,  however,  is  at  odds  with  the  other  goal  of 
trying  to  maximize  lift.  The  latter  objective  can  be 
achieved  by  having  the  llow  undergo  the  required 
recompression  to  trailing  edge  values  in  the  shortest 
distance  possible.  The  optimum  solution  is  to  achieve 
the  shortest  possible  distance  while  still  avoiding 
separation.  Liebeck9  addressed  this  problem,  and  the 
solution  was  found  in  the  use  of  pressure  distributions, 
proposed  by  Stratford,15  which  avoid  separation  by  a 
constant  specified  margin  (solid  line  in  Fig.  7).  Stratford 
developed  an  analytical  form  for  such  a  pressure 
distribution.  In  principle,  a  flow  described  by  a 
Stratford-type  pressure  distribution  achieves  a  given 
recompression  in  the  shortest  possible  distance  or, 
alternatively,  the  maximum  possible  pressure  recovery 
in  a  given  distance.  This  type  of  pressure  recovery 
distribution  was  checked  experimentally  by  Stratford16 
and  was  found  to  exhibit  a  ’good  margin  of  stability.” 

The  pressure  distributions  in  Fig.  7  have  been 
drawn  with  a  "rooftop"  region  preceding  the  Stratford 
recovery  region.  The  level  and  extent  of  the  rooftop 
region  are  clearly  designed  to  maximize  lift.  Liebeck9 
studied  this  class  of  pressure  distributions  at 
incompressible  speeds  and  showed  through  a 
variational  analysis  that  the  level  and  extent  of  such  a 
rooftop  can  be  combined  with  the  Stratford  canonical 
distribution  to  maximize  the  lift  on  an  airfoil.  H  is  to  be 
remembered  that  maximizing  lift  can  be  at  odds  with  the 
structural  requirements  of  an  airfoil.  The  airfoil  shown  in 
Fig.  8  may  exhibit  very  high  lift  characteristics  but  is 
hardly  practical.  Regarding  such  rooftop  pressure 
distributions,  it  is  worth  recalling  that  at  compressible 
speeds,  there  is  a  lower  limit  on  the  minimum  pressure 
that  one  can  specify  in  the  flow  field.  The  limit  is 
obviously  zero,  and  all  practical  airfoils  will  have  a 
pressure  minimum  well  above  this  limiting  value.  In  a 
Similar  vein,  lift  can  be  increased  by  increasing  the 
prescribed  pressure  levels  on  the  lower  surface  of  the 
airfoil  or  by  equivalently  decreasing  the  speed 
distribution  there.  Clearly,  the  maximum  amount  of  lift  is 
obtained  if  the  speed  is  identically  zero  everywhere  on 
the  lower  surface.  Obviously,  such  a  flow  is  impossible, 
and  all  practical  airfoils  will  have  values  of  the  speed  on 
the  lower  surface  well  above  the  stagnation  value. 

The  drag  of  an  airfoil  can  be  significantly  lowered 
by  delaying  the  transition  of  the  flow  from  laminar  to 
turbulent.  Considerable  effort  has  gone  into  the  design 
of  such  natural  laminar  flow  airfoils  over  the  past  half- 
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Fig.  7  Types  of  pressure  dletrtbutiora  with 
various  recovery  patterns  following 
"rooftop"  region 


Fig.  8  Maximum  Itft  pressure  distribution  and 
corresponding  contour 


century.  The  above-mentioned  designs  of  the  NACA  1  - 
to  7-series  airfoil  sections,  which  constituted  some  of 
the  earliest  efforts  of  generating  contours  corresponding 
to  prescribed  pressure  distributions,  all  had  as  a  goal 
the  achievement  of  extensive  runs  of  laminar  flow  on 
both  the  upper  and  lower  surfaces.  The  criterion  of 
lowering  drag  by  inducing  long  laminar  flow  runs 
through  appropriate  surface  pressure  distributions  was 
followed  by  Liebeck.  In  these  studies,  transition  was 
delayed  by  prescribing  a  continuously  favorable 
pressure  gradient  from  the  leading  edge  stagnation 
point  to  the  position  of  minimum  pressure.  This 
acceleration  region  modifies  the  ideal  rooftop  which 
tends  to  maximize  lift  (see  Fig.  9).  Similarly, 
Pfenninger17-18  used  careful  tailoring  of  the  surface 
pressure  distribution  to  control  the  growth  of  instabilities 
that  bring  about  transition  of  the  flow  to  design  a  number 
of  natural  laminar  flow  airfoils  for  transonic  applications. 
An  example  of  such  an  airfoil  is  given  in  Fig.  10. 

The  shape  of  a  pressure  distribution  to  which  an 
airfoil  contour  is  to  be  designed  depends  on  the 
particular  application.  In  this  section,  some  general 
characteristics  of  the  distribution  and  certain  possible 
features  to  design  for  have  been  described.  In  the 
previous  section,  the  characteristics  of  physically 
acceptable  -  and  practical  -  airfoils  were  indicated, 
and  certain  connections  between  the  geometry  and  the 
pressure  distribution  were  mentioned.  The  question  of 
the  existence  of  an  airfoil  for  an  arbitrarily  prescribed 
surface  pressure  distribution  (containing  some  or  all  of 
the  above-discussed  features),  whether  physically 
acceptable  or  not,  has  to  be  addressed  now.  This  will 
be  taken  up  in  the  following  sections,  along  with  the 
relationship  between  prescribed  pressures  and  the 
airfoil  geometry. 


4=_  FORMULATION  QF  THE  INVERSE  DESIGN 

PROBLEM 

The  problem  that  will  be  addressed  now  is  the 
construction  of  the  airfoil  profile,  which  has  a  surface 
speed  distribution,  qG,  equal  to  some  desired  function, 
F,  everywhere  along  its  arc  length,  s.  As  mentioned 
earlier,  this  is  to  be  measured  clockwise  around  the 
airfoil  contour,  starting  at  the  lower  surface  trailing  edge 
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Fig.  10  Designed  contour  and  pressure 

distribution;  case  lFCI  M„  =  0.766, 

a  =  0\  C,  =0.5166,  C  =0.0001 
L  D 


point.  The  airfoil's  coordinates,  x,y,  can  be 
parameterized  as  functions  of  s.  In  Section  2  it  was 
mentioned  that  a  feature  of  practical  airfoil  contours  is 
that  the  trailing  edge  be  either  closed  cr  have  a  very 
small  gap.  Thus,  a  requirement  on  the  to-be-determined 
airfoil  is  that  the  upper  and  lower  surface  trailing  edge 
points  be  separated  by  prescribed  distances  Ax  and  Ay. 
The  horizontal  gap,  Ax,  is  usually  set  to  zero,  while  the 
vertical  gap,  Ay,  is  set  to  zero  or  to  a  small  positive 
number.  The  free  stream  is  also  defined  by  prescribing 
values  tor  the  tree-stream  velocity  temperature,  and 
pressure  (or  density).  These  in  turn  determine  the  free 
stream  Mach  number,  M„.  In  incompressible  flow,  of 
course,  it  is  necessary  only  to  specify  the  velocity  in 
order  to  identify  the  free  stream  uniquely  Our 
formulation  applies  in  its  entirety  if  we  specify  a  surface- 
pressure  distribution  instead  of  a  surface  speed  since 
the  two  are  uniquely  related.  Formally,  then,  the 
problem  is  to  determine  the  airfoil  profile  of  a  specified 
trailing  edge  thickness  corresponding  to  the  speed 
distribution 
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Again,  without  loss  of  generality,  r^can  be  set  equal 
to  one;  q0  is  taken  as  positive  in  the  clockwise  direction 
around  the  airfoil.  As  shown  by  Theodorsen.3  any 
airfoil  contour  can  be  mapped  into  the  unit  circle  by  the 
unique  conformal  transformation 
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Fig.  9  Optimum  speed  distribution  and 
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where  z  =■  x  +  iy  and  C  .  re  “  are  the  coordinates  in  the 
physical  and  mapped  planes,  respectively,  and  cx  is 
the  included  trailing  edge  angle.  This  transformation 
leaves  the  far  field,  (  -» ~  ,  unchanged,  except  for  a 
possible  rotation  (see  Fig.  ft).  Equation  6  can  be 
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Obviously,  the  total  speed  in  the  two  planes  are 
similarly  related. 


a)  2  -  PLANE 


In  the  case  of  incompressible  flow,  the  complex 
potential,  h>,  for  the  incompressible  flow  past  the  circle 
is  given  by 


+  <T  log  { 


where  a  is  the  angle  of  attack  of  the  free  stream  and  r  is 
the  circulation  around  the  circle.  Since  the  far  field  is 
not  altered  by  the  transformation,  qm  is  also  the  value  of 
the  free  stream  in  the  physical  plane.  The  conjugate  of 


b)  f  -  PLANE 

Fig.  1 1  Mapping  of  airfoil  lo  circle 


separated  into  its  real  and  imaginary  parts.  Thus,  on 
r-1. 


the  velocity  is  given  by  — -,  and  the  value  of  r  is 
<*? 

obtained  by  requiring  that  this  be  zero  at  the  point 
di 

on  the  circle  corresponding  to  the  airfoil's  trailing  edge. 
The  velocity  in  the  physical  plane  (around  the  airfoil)  is 
then  given  by 


(7) 

dw  dw  f  a 

L  **  J 

dz  d£ 

tj 

»  =  ~(l  +  £)(*-oi)-|  +  Q 


where  0  is  the  local  slope  of  the  airfoil.  Q  is  the  Fourier 
series 


Thus,  the  calculation  of  the  flow  about  any  airfoil  can  be 
reduced  to  the  computation  of  the  two  factors  on  the 
right  hand  side  of  Eq.  (12),  which  can  be  computed  from 
Eq.  (6)  and  (It),  respectively.  Moreover,  Eq.  (12)  can 
be  used  to  generate  an  airfoil  profile  by  re-arranging  it  in 
the  form 


sin  no)  -  fl„  cos  no j) 

*=0 


and  P  is  its  conjugate  series.  Because  0  is  known  as  a 
function  of  s,  the  coefficients  of  the  series  can  be  found 
by  standard  Fourier  analysis  as  described  in  Ref.  10. 

With  this  mapping  procedure,  the  leading  terms  of  the 
series  are  related  to  the  trailing  edge  gap  (Ax.  Ay)  by 


Ms)cosMSsinv 


The  transformation  the  airfoil  profile  into  a  circle 
simplifies  the  problem  of  constructing  a  solution  for  the 
flow  about  the  airfoil.  Generating  a  solution  tor  the  flow 
about  a  circle  is  a  relatively  straightforward  process.  In 
fact,  for  incompressible  flow,  it  can  be  expressed 
analytically  For  transonic  flows,  it  can  be  computed 
numerically  by  a  number  of  methods  (see,  for  example, 
Ref  19).  The  velocity  components  at  any  point  on  the 
airfoil  or  in  the  flow  field  can  be  obtained  by  dividing  the 
respective  components  of  the  flow  at  the  corresponding 
point  in  the  circle  plane  by  the  metric  of  the 


transformation,  — ,  evaluated  at  the  point  in  question. 


dz_  _  dw  dw[~ 


If  one  now  assumes 


to  be  the  the  speed 


distribution  that  the  airfoil  profile  is  prescribed  to  have, 
the  expression  can  be  used  to  obtain  the  arc  length  and 
the  slope  of  the  airfoil  as  a  function  of  o>,  and  hence  the 
ordinates  of  the  airfoil.  Assuming  qo  is  prescribed  as  a 
function  of  the  o>,  then  the  right  hand  side  of  Eq.  (13)  is 
completely  known  as  a  function  of  to.  Using  Eq.  (7)  and 
(9),  the  coefficients  of  the  series  of  the  transformation 


can  be  evaluated.  Once  j~;j  has  been  expressed  as  a 

trigonometric  series  in  <o,  the  airfoil  coordinates,  z.  are 
found  by  integration. 

If  qo  is  prescribed  as  a  function  of  arc  length,  j, 

some  iteration  would  be  required  since  p^J.  which  is 

I  dz  t 

needed  in  Eq.  (13),  will  not  be  known  as  a  function  of  <o 
until  after  s(a>)  is  found.  However,  the  design  of  the 
airfoil  is  still  a  straightforward  process. 

For  compressible  flow  of  a  perfect  gas.  the  flow 
past  the  circle  cannot  be  expressed  in  closed  form.  It 
can  be  computed  numerically,  though,  and  a  similar 
iterative  procedure  can  be  formulated  for  compressible 
flow. 
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Specifically,  the  procedure  could  be  as  follows. 
An  initial  airfoil  contour  is  mapped  into  the  unit  circle, 
and  the  flow  around  the  circle  is  solved  subject  to  the 
conditions  on  the  circle  boundary  that  the  tangential 
speed  be  the  required  total  speed.  The  passage  from 
q0(s)  to  q0(<jj)  is  done  using  the  current  s(g>).  In  this 
flow,  the  circle  boundary  is  not  necessarily  a 
streamline,  and  the  departure  of  the  boundary  from  a 
streamline  can  be  used  to  find  a  correction  to  the  airfoil 
contour.  Using  the  new  metric,  the  process  can  then  be 
repeated. 


5.  CONSTRAINTS  IN  INCOMPRESSIBLE  FLOW 

The  question  that  must  be  asked  at  this  point  is 
whether  an  airfoil  solution  exists  for  an  arbitrarily 
prescribed  speed  distribution.  For  incompressible  flow, 
Mangier  and  Lighthill  showed  that,  in  fact,  a  solution 
exists  only  if  certain  integral  constraints  are  satisfied  by 
qQ,  and  this  can  be  demonstrated  as  follows. 

Since  a  lifting  flow  over  a  circle  can  be  reduced 
to  the  nonlifting,  symmetric  flow  as  shown  in  Ref.  5  and 
20,  it  is  sufficient  to  consider  the  nonlifting  case  in  order 
to  simplify  the  discussion.  The  mapping  between  the  2 
and  (J  planes  must  have  the  form 


n~  0 


if  the  flow  in  the  far  field  is  to  remain  unsealed.  Here,  the 
an's  are  complex  constants.  Therefore, 


-I >-r("+1). 


Differentiating  Eq.  (tt)  gives 


Hence,  by  combining  the  last  two  equations,  one 
obtains 


(14) 


Since  (dw  /  th)=q0c  ‘8,  it  follows  that 


=  IK  f- 


(16) 


As  pointed  out  by  Lighthill  and  Thwaites, 

log  \q„  /<7„|  is  an  analytic  function  in  the  domain  outside 
the  circle.  (It  tails  to  be  analytic  at  stagnation  points  on 
the  circle  where  qQ  ■  0 )  Therefore,  it  can  be  expanded 

in  a  Fourier  series  on  the  circle  itself.  However,  from 
Eq  (15)  it  ca-'  be  seen  that  the  series  cannot  have  terms 
of  zero  or  first  oroer  In  fact,  qQ  must  be  such  that 


2lt 

Jlog 


O 


SiL 

(  1 
(cos  ft) 

Qoo 

[sin  ft) 

(16) 


These  are  the  three  integral  constraints  that  the 
prescribed  speed  distribution  must  satisfy  for  an  airfoil 
solution  to  exist.  These  three  constraints  have  arisen 
from  the  requirements  that  the  airfoil  be  closed  and  from 
the  imposition  of  a  value  on  the  free  stream.  It  can  be 
safely  assumed  that  similar  constraints  exist  also  at 
supercritical  speeds.  The  above  discussion  indicates 
that  the  prescribed  speed  distribution  should  contain,  in 
general,  three  adjustable  parameters  to  guarantee  that 
the  constraints  may  be  satisfied.  Thus,  the  surface 
speed  distribution  should  be  prescribed  in  the  form 

=  (17) 


where  p\.pi,  and  P3  are  the  three  parameters  that  are 
found  as  part  of  the  solution. 

The  above  discussion  has  not  dealt  with  the 
possibility  of  the  contour  oeing  reentrant.  The  constraint 
that  the  thickness  of  the  airfoil  be  always  positive,  or 
even  always  greater  than  some  minimum  value  cannot 
be  expressed  in  a  simple  relation,  as  Eq.  (16).  It  could 
be  accounted  for,  and  satisfied,  through  a  numerical 
procedure  by  the  introduction  of  additional  parameters 
in  Eq.  (17).  Such  parameters  could  be  adjusted  to 
guarantee  that  the  thickness  at  selected  chord  locations 
have  values  above  specified  values.  The  particular 
functional  forms  chosen  to  introduce  the  parameters  in 
Eq  (17)  will,  of  course,  affect  the  class  of  airfoil 
solutions  that  can  be  obtained. 


6.  AN _ ALTERNATIVE _ LOOK _ AT  THE 

CONSTRAINTS 

For  compressible  flow  (M„* 0),  Eq.  (16)  is  no 
longer  valid.  In  order  to  formulate  a  well-posed  inverse 
design  procedure  which  would  be  valid  at  compressible 
speeds,  the  nature  of  the  constraints  must  be  re¬ 
examined,  and  they  must  be  expressed  in  a  form  useful 
for  a  design  procedure.  It  is  logical  to  do  this  in  the 
context  of  the  computational  method  that  has  been 
outlined.  The  two  constraints  that  arose  because  of  the 
required  trailing  edge  gap  are  of  a  geometrical  nature 
Hence,  one  can  set  up  a  procedure  in  which,  by 
monitoring  the  trailing  edge  gap  size,  the  target  speed 
can  be  modified  in  order  to  drive  the  gap's  dimensions 
to  its  specified  values.  The  first  constraint  creates  a 
problem  because  there  is  no  single,  physical  quantity 
that  reflects  the  constraint.  This  first  condition  is  a 
stateme"'  of  "compatibility'  between  the  prescribed 
surface  speed  and  the  free-stream  speed.  If  the  larier  is 
also  being  prescribed,  as  is  usually  the  case,  the 
surface  speed  prescription  has  to  be  modified  for  the 
constraint  to  be  satisfied.  If  the  free-stream  speed  is  not 
specified,  in  the  case  of  incompressible  flow  its  value 
can  be  found  from  Eq.  (16).  In  the  absence  of  a  closed- 
form  expression,  which  would  be  valid  at  compressible 
speeds,  the  problem  is  to  define  a  procedure  whereby 
either  the  surface  speed  or  the  free-stream  speed  might 
be  changed  to  bring  about  "compatibility." 

Consider  the  incompressible  How  over  a  circle 
again.  As  mentioned  earlier,  it  will  be  sufficient  to 
consider  the  nonlifting  symmetric  flow  The  general 
so'ution  tor  the  flow  on  the  outside  of  a  circle  of  unit 
radius  can  be  represented  in  the  form 
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G  =  ao  +  flircoslB  +  cos n0>< 


N  being  a  sufficiently  large  number.  Here  Q  represents 
the  potential  function  of  the  flow. 

This  is  the  most  general  solution  to  Laplace's 
equation  that  yields  a  uniform  free-stream  flow  in  the  far 
field  (r  -t  •»).  Hence 


Since  the  first  part  on  the  right-hand  side  of  this 
expression  represents  the  solution  for  the  flow  over  the 
unit  circle,  the  expression  in  brackets  formally  gives  the 

mapping  jrf(/dr|,  which  generates  the  airfoil 
corresponding  to  q-q0(to)  (assuming  qQ  satisfies  the 
constraints). 

It  is  also  obvious  that  an  integration  of  Eq.  (22) 
around  the  perimeter  of  the  circle  yields 


3G  (  hi')  £.  b. 

—  =  ^a,-^-Jc°s<»- ^n-jfj-cosnra  (18) 


1  dG  (  fci )  .  nbK  . 

7  ~  "  p-j  s,n  03  -  X  ^rr  sin  (19) 


It  follows  that  the  total  velocity 


must  be  of  the  form 


Q~a\-  r" 

«=2 


In  the  far  field,  as  £  ->°°.q  =  q„  Hence,  and  a,  =  and 


#i=2 


This  means  that  the  average  speed  on  the  surface  of  the 
circle  must  be  equal  to  the  free-stream  speed,  a 
conclusion  that  could  have  been  made  from  Eq.  (16) 
also.  This  interpretation  of  the  first  constraint  was  used 
by  McFadden2'  in  the  formulation  of  his  airfoil  design 
procedure. 

At  this  point  the  reader  should  be  reminded  from 
the  discussion  in  Section  2  that  a  proper  speed 
distribution  for  an  airfoil  should  contain  at  least  one  zero 
corresponding  to  the  leading  edge  stagnation  point,  and 
two  zeroes  if  the  trailing  edge  is  not  cusped.  A  result  of 
Eq.  (23)  is  that  a  design  procedure  utilizing  the  circle 
plane  must  ensure  that  the  zeroes  of  q  match  the  zeroes 
of  the  flow  over  the  arcle  if  the  metric  is  to  be  free  of 
singularities,  with  the  possible  exception  of  the  trailing 
edge. 

The  stagnation,  or  branch,  points  of  the 
prescribed  flow  must  necessarily  be  at  specific 
locations  on  the  circle.  It  can  be  shown  that  requiring 
that  the  branch  points  be  on  the  circle  forces  the  first 
constraint  to  be  satisfied.  In  fact,  as  with  q  in  Eq  (21), 
Eq.  (22)  can  be  factored  into 


N 

1  -  Xc» e~l 

*=l 


which  reflects  the  result  expressed  in  Eq.  (1 5).  Thus,  if 
the  flow  over  the  circle  is  determined  with  the  condition 
that  q  -  qo(co)  on  the  boundary  r »  1 ,  it  can  be  seen  that 
if  qo((o)  is  expanded  in  a  series 


‘70(<e)  =  c<,  +  £c„r_""“  (22) 

It— 1 


restrictions  on  qQ  immediately  arise,  echoing  the 
constraints  described  by  Lighthill  and  Mangier.  In 
particular,  one  sees  that  cQ  -  q„,  the  first  constraint 
Also,  c1  must  vanish,  implying  two  additional 
restrictions  on  the  speed,  since  c,  is  a  complex 
constant. 

It  is  interesting  to  note  thu*  Eq.  (21)  can  be 
factored  into  the  form 


For  simplicity,  the  expression  in  brackets  will  be  called 
h.  As  before,  this  represents  a  mapping  of  the  flow.  The 
other  factors. 


can  be  interpreted  as  the  flow  over  a  circle  imbedded  in 
a  stationary  fluid  and  moving  in  the  negative  x 
direction  with  a  speed  equal  to  Co  Adding  to  this  a  free 
stream  moving  in  the  positive  x  direction  with  a  speed 

equal  to  (?_  -ca)  gives  the  velocity  field 

»2  =  «--£*■  (25) 

This  represents  the  flow  over  a  unit  circle  moving  with  a 
speed  equal  to  Co  in  the  negative  x  direction  within  a 
stream  moving  at  a  speed  equal  to  in  the  opposite 
direction.  The  speed  of  this  flow  in  the  far  field  is  qm, 
naturally.  On  the  unit  circle  it  is 
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9j=  ^«„(<»)  +  («--<Y>)  (26) 


I*  q~  =  c0,  tha  speed  on  the  circle  is  exactly  the 
prescribed  speed.  Moreover,  the  stagnation  points  of 
the  flow  are  exactly  on  the  circle,  since  setting  =  0  in 
Eq,  (25)  gives 


requested  the  numerical  procedure  to  generate  the 
airfoil  corresponding  to  this  scaled  distribution.  A  one 
degree  of  freedom  was  introduced  in  the  form  of  a 
scaling  factor,  pi.  Thus,  Eq.  (17)  was  given  the  specific 
form 

je-  =  Pi  [P /(*)]■  '28) 


f2  = 


(27) 


Analogously,  requiring  that  the  stagnation  points  be  on 
the  circle  (5=1)  means  that  c0  =  q„,  and,  again,  the 
speed  on  the  circle  is  the  prescribed  speed.  The 
requirement  that  the  branch  points  of  the  flow  must  be  on 
the  circle  boundary  is  equivalent  to  the  requirement  that 
the  first  constraint  expressed  in  Eq.  (16)  be  satisfied. 
Either  condition  can  be  used  in  a  design  procedure  to 
find  the  value  of  the  appropriate  free  parameter  in 
Eq.  (17)  reflecting  this  requirement. 

The  equivalency  of  the  two  conditions  was 
proved  numerically  by  Volpe  and  Melnik.14  They 
described  a  procedure  to  generate  an  airfoil 
corresponding  to  a  given  speed  distribution  by 
successive  modifications  of  an  initial  airfoil  profile.  In 
the  procedure,  which  is  valid  at  compressible  speeds, 
the  initial  profile  is  mapped  into  a  circle,  and  the  flow 
around  the  circle  is  solved  subject  to  the  boundary 
conditions  that  the  tangential  speed  on  the  circle  be  the 
required  value.  Since  this  is  a  Dirichlet  problem,  the 
normal  speed  on  the  circle  boundary  is  not  necessarily 
zero  It  would  be  if  the  airfoil  contour  were  exactly  the 
required  airfoil.  The  normal  velocity  component  is  used 
to  modify  the  initial  contour  and  the  process  is  repeated. 
The  procedure  converges  rapidly  in  the  sense  that  the 
computed  normal  velocity  component  goes  to  zero  quite 
fast,  and  the  modifications  to  the  airfoil  contour  become 
progressively  smaller.  In  their  test,  Volpe  and  Melnik 
took  the  speed  distribution,  f(s),  computed  on  a  Korn 
airfoil  at  M„  =  0.100  and  an  angle  of  attack  of  1.7°  (see 
Fig.  12  for  the  corresponding  pressure  distribution)  and 
multiplied  it  by  an  arbitrary  factor,  p.  They  then 
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Fig.  12  Preuure  distribution  on  Korn  airfoil; 

0.100,  a  =  1.7". C  =0.5262, 

C  *0.0001  L 


Since  f(s)  was  computed  for  a  closed  airfoil,  the 
distribution  in  Eq.  (28)  satisfies  the  other  two  constraints 
automatically  and,  as  a  result,  P2  and  pa  can  be  set  to 
zero.  An  application  of  the  integral  relation  expressed 
in  Eq.  (16)  quickly  reveals  that  an  c.r^oil  solution  can 
exist  only  if  p,p  =  1 .  Of  course,  the  re sLlting  airfoil  is  in 
each  case  the  Korn  airfoil.  The  scheme  used  by  Volpe 
and  Melnik  found  a  value  for  pi  using  the  condition  that 
the  normal  velocity  component  vanish  at  the  leading 
edge  point  where  the  tangential  velocity  is  prescribed  to 
be  zero.  In  other  words,  the  stagnation  points  of  the  flow 
are  forced  to  be  on  the  circle  boundary.  (The 
introduction  of  a  mass  flow  term  is  used  in  the  procedure 
to  force  the  trailing  edge  stagnation  point  to  be  on  the 
circle.)  In  the  numerical  scheme,  regardless  of  the 
initial  value  of  o,  the  resulting  value  found  for  p1  was 
such  that  their  product  was  unity,  as  required  by  the 
integral  relation.  This  is  shown  in  Fig.  13.  The  total 
scaling  of  the  speed  distribution  (p.p)  is  driven  toward 
one  very  quickly.  Flere,  flow  field  sweeps  mean  the 
number  of  iterations  required  by  the  procedure  to 
compute  the  flow  field  over  the  initial  airfoil  contour,  and 
design  cycles  indicate  the  number  of  airfoil  updates 

The  advantage  of  using  the  stagnation  point 
condition  over  the  integral  relation  to  enforce  the  first 
constraint  lies  in  the  fact  that  the  former  can  in  principle 
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Fig.  13  Convergence  history  of  scale  factor  for 
Korn  airfoil  design;  =  0.100 
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be  used  at  transonic  speeds,  as  it  was,  in  fact,  done  in 
Ref.  22.  It  is  worth  mentioning  again  that  this  constraint 
arises  from  the  imposition  of  a  value  for  the  free  stream. 
If  this  were  to  be  left  free,  the  constraint  apparently 
disappears.  In  reality,  it  does  not.  The  removal  of  the 
need  for  a  pi  in  Eq.  (17)  is  obtained  at  the  cost  of 
making  a  free  parameter;  pi  has  now  really  become 
<7_.  In  incompressible  flow,  the  value  of  q„  is  found  by 
an  application  of  the  integral  constraint,  and  it  can  be 
found,  for  compressible  flows,  by  applying  the 
stagnation  point  condition.  Letting  q„  float  is  equivalent 
to  introducing  the  parameters  pi  in  the  form  of  a  scaling 
factor  as  in  Eq.  (28).  In  this  expression,  whether  q„  is 
fixed  and  pi  is  free  to  float,  or  vice  versa,  the  ratio 
(qo/<7->).  which  is  the  quantity  of  interest,  is  the  same. 
As  a  final  point,  it  must  be  noted  that  if  a  speed 
distribution  does  not  satisfy  the  first  constraint,  the 
incompatibility  between  the  surface  speed  and  the  free 
stream  renders  the  flow  mathematically  impossible,  and 
no  airfoil  solution,  no  matter  how  unrealistic  a  shape  it 
may  have,  is  possible.  Failure  to  satisfy  the  trailing 
edge  constraints,  however,  does  not  preclude  a 
solution,  but  the  resulting  shape  may  be  unrealistic  or 
unacceptable. 


7.  SENSITIVITIES  OF  GEOMETRIC 

CHARACTERISTICS  TO  PRESCRIBED  SURFACE 
DISTRIBUTIONS 

Families  of  airfoils  have  been  designed  by 
various  authors  by  varying  some  parameters  that 
characterize  an  otherwise  similar  surface  speed 
distribution  to  examine  the  effect  on  the  parameter  on 
the  resulting  geometrical  contour.  In  some  cases,  the 
pressure  distributions  were  chosen  and  the  airfoils  were 
designed  with  the  purpose  of  achieving  certain  lift  and 
drag  characteristics.  These  results  can  be  used  to 
perform  sensitivity  studies. 

Nonweiler8  designed  a  series  of  low  drag  airfoils 
using  Lighthill's  procedure.  The  prescribed  pressure 
distributions  were  systematically  altered,  and  the 
differences  in  the  resulting  shapes  can  be  observed.  In 
Fig.  14.  two  airfoils  designed  to  distributions  that  differ 
basically  in  the  trailing  edge  region  are  shown.  As  a 
result  of  the  differences  in  the  imposed  pressures,  the 
trailing  edge  angle  of  the  resulting  airfoils  increases  with 
increased  local  loading.  Slight  differences  in  the 
distributions  in  the  leading  edge  region  generate  airfoils 
of  dramatically  different  leading  edge  radii  and 
thickness,  as  can  be  seen  in  Fig.  15.  The  effect  of 
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Flg.  14  Effect  of  pressure  distribution  near 
trailing  edge  on  airfoil  shape;  In- 
comprasalble  flow;  CL  »  0.24 


Fig.  15  Effect  of  pressure  distribution  near 
leading  edge  on  airfoil  shape;  in¬ 
compressible  flow;  solid  line:  C.  =  1 .07; 
dashed  line:  CL  =  1.05 


exlending  the  region  of  favorable  pressure  gradients  on 
the  upper  surface  is  depicted  in  Fig.  16.  It  should  be 
noted  that  enforcement  of  the  constraints  alters  the 
ideally  prescribed  distributions.  As  a  result,  the 
modified  imposed  pressure  distributions  for  which  the 
airfoils  are  found  differ  by  more  than  the  changes  that 
would  be  expected  by  the  single  parametric  change. 
This  is  true  for  all  such  studies  regardless  of  the 
particular  procedure  to  generate  the  contours.  The 
additional  differences  in  the  pressure  distributions 
depend  on  the  particular  functional  form  chosen  for 
Eq.  (17). 

Liebeck9  also  performed  studies  which  examined 
the  relationships  between  airfoil  shapes  and  imposed 
pressure  distributions.  As  mentioned  earlier,  Liebeck 
concentrated  on  formulating  the  optimal  shape  for  a 
velocity  distribution  with  which  boundary  layer  could  be 
controlled  (e.g.,  transition  location  could  be  delayed, 
flow  separation  avoided)  in  addition  to  maximizing  the 
lift.  The  general  appaarance  of  the  Liebeck  velocity 
distribution  is  depicted  in  Fig.  9.  The  extent  of  the 
rooftop  region  and,  as  a  result,  that  of  the  Stratford 
recovery  region  depend  on  the  level  of  the  rooftop.  In 
Fig.  17,  various  airfoils  corresponding  to  different  levels 
(e.g.,  maximum  velocity)  are  depicted.  The  contours 
were  computed  using  a  numerical  procedure  due  to 


Fig.  18  Effect  of  extent  of  favorable  upper 
surface  pressure  gradient  on  airfoil 
shape;  solid  line:  C.  ■  1.28;  dashed 
line;  CL»  1.22;  Incompressible  flow 


a)  Vmx  =  1-8 .  t  =  0.12 


c)  VBAX  =  2.0  ,  t  =  0.25 


Fig.  17  Effect  of  maximum  rooftop  velocity  on 
airfoil  shape;  incompressible  flow 

James.23  The  effect  of  increasing  design  lift  on  airfoil 
thickness  is  demonstrated  in  Fig.  18  In  this  example, 
laminar  flow  over  the  entire  rooftop  region  was  assumed 
in  the  prescription  of  the  pressure  distribution. 


8.  EFFECTS  OF  PRESCRIBED  DISTRIBUTIONS 
ON  CONSTRAINTS  AT  TRANSONIC  SPEEDS 


A  study  which  indicates  how  Eq.  (17)  could  be 
formulated  at  transonic  velocities  was  performed  by 
Volpe.24  The  study  was  done  by  designing  airfoils  to 
pressure  distributions  which  were  systematically 
changed.  The  numerical  procedure  was  that  described 
in  Ref.  14.  In  the  study,  trailing  edge  closure  was  not 
enforced.  As  a  result,  the  airfoils  were  generally  open. 
Therefore,  the  designed  airfoils  present  a  view  of  the 
sensitivity  of  the  trailing  edge  closure  to  particular 
characteristics  in  the  pressure  distribution  and,  also, 
give  an  indication  of  the  changes  in  the  latter  needed  to 
bring  about  closure.  In  the  study,  the  parameter  p;  is 
identified  with  a  floating  value  of  </„  .  as  discussed 


earlier.  Thus,  the  effect  of  the  pressure  variations  on  <?„ 
can  also  be  examined. 


Fig.  18  Effect  of  design  lift  on  airfoil  shape; 
Incompressible  flow 


The  first  example  examines  the  sensitivity  ot  the 
solution  to  changes  in  the  target  pressures  in  the 
forward  portion  of  the  lower  surface,  as  shown  in  Fig. 
19.  In  this  figure,  the  pressures  are  plotted  as  a  function 
of  arc  length,  around  a  flat  plate  with  a  chord  length 
equal  to  0.5.  The  two  pressure  distributions  are  different 
only  between  23%  and  47%  of  the  arc  length. 
Otherwise  they  are  identical,  even  in  the  stagnation 
point  region.  As  in  all  the  other  examples  that  will  be 
shown  in  this  section,  the  angle  of  attack  is  chosen  to 
be  zero  and  the  free  stream  Mach  number  is  0.800.  The 
flow  is  thus  supercritical  on  both  the  upper  and  lower 

surfaces,  as  can  be  seen  in  Fig.  19  (C*  denotes  the 
value  of  the  critical  pressure  coefficient).  The  resulting 
airfoils  corresponding  to  these  two  target  distributions 
are  shown  in  Fig.  20,  along  with  the  pressure 
distributions  that  are  computed  by  a  direct  analysis  of 
the  contours.  It  should  be  pointed  out  that  in  each  case, 
the  result  of  the  analysis  is  identical  to  the  target  for  the 
inverse  problem.  The  target  distribution  is  scaled  from 
the  originally  defined  distribution  because  usually  <?_ 
turns  out  to  be  some  value  other  than  one,  as  in  this 
case.  The  abscissas  of  the  results  of  the  two  cases  are 
lined  up  in  such  a  way  that  the  lower  surface  trailing 
edge  points  coincide.  The  differences  in  pressure 
distributions  are  due  to  the  very  different  scaling  factors 
(<7„)  resulting  for  the  two  cases.  The  shapes  of  the 
original  targets  are  both  retained.  The  vertical  gap  size 
(Ay)  is  also  dramatically  different  for  the  two  examples, 
while  only  a  slight  difference  in  the  horizontal  gap  is 
present.  Note  also  the  different  chord  lengths  of  the  two 
airfoils. 

The  effect  of  changing  the  pressure  distribution  in 
the  aft  section  of  the  lower  surface  can  be  seen  for  the 
cases  shown  in  Fig.  21,  whose  results  are  shown  in  Fig. 
22.  Lowering  the  pressure  coefficient  in  this  area  again 
increases  <?„  substantially,  causing  the  different  levels 
in  computed  pressure.  Ay  is  now  greatly  increased 


Fig.  19  Target  pressure  distributions  to  study 
effect  of  forward  loading  on  design; 
cases  731,  A31;  0.800 
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while  the  change  in  Ax  is  small.  Figure  23  shows  two 
velocity  distributions  near  the  stagnation  point.  Except 
for  the  difference  shown  in  this  region,  they  are 
otherwise  identical  and,  in  fact,  correspond  to  the 
pressure  distribution  given  as  a  dashed  line  in  Fig.  19. 
The  location  of  the  stagnation  point  itself  is  unchanged. 
The  solutions  for  these  two  cases  are  shown  in  Fig.  24. 


Fig.  20  Effect  ot  forward  loading: 

designed  airfoil  contours  and  direct 
solutions;  cases  731,  A31;  M„  =  0.800 


Finally,  the  effect  of  the  location  of  the  stagnation 
point  on  the  solution  is  examined.  The  two  speed 
distributions  in  Fig.  25  are  identical  except  in  a  region 
extending  approximately  5%  on  either  side  of  the 
stagnation  point.  In  fact  the  dashed  line  is  only  a  lateral 
movement  of  the  curve  locally.  As  can  be  seen  in  Fig. 
26,  their  corresponding  solutions  differ  only  minutely  in 
qx  and  Ay,  but  substantially  in  Ax.  In  the  pressure  plot, 
the  dashed  pressure  distribution  represents  the  solution 
for  the  dashed  airfoil  which  is  drawn  by  makirg  the 
lower  surface  trailing  edge  points  line  up  with  the 
corresponding  points  on  the  other  airfoil.  This  accounts 
for  the  differences  in  the  pressures  seen  on  the  upper 
surface.  If  the  upper  surface  trailing  edge  points  are 
made  to  coincide,  such  differences  are  reduced.  The 
different  chord  lengths  of  the  airfoils,  which  are  the 
abscissas,  account  for  the  remaining  differences. 


Fig.  22  Effect  of  aft  loading: 

designed  airfoil  contours  and  direct 
solutions;  cases  A34,  034;  M„  =  0.800 
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Fig.  21  Target  pressure  distribution  to  study 
effect  of  aft  loading  on  design;  cases 
A34,  B34;  .  0.800 


i  Fig.  23  Target  speed  distribution  to  study  effect 
of  stagnation  point  region  on  design; 
esses  *34,  *33;  M_ -0.800 
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Fig.  24  Effect  of  stagnation  point  location: 

designed  airfoil  contours  and  direct 
solutions;  cases  A34,  A34A;  M  .  0.800 


sc 

Fig.  25  Target  speed  distribution  to  study  effect 
of  stagnation  point  location  on  design, 
cases  728,  731 ;  =0.800 

In  designing  airfoils  to  prescribed  pressure 
distributions,  the  contour  generated  is  highly  dependent 
on  the  particular  form  assumed  for  Eq.  (17)  if  the  ioeal 
dis'ribution  (the  one  tor  which  pi,  p2  and  P3  in  Eq.  (17) 
vanish).  The  results  of  studies  such  as  this,  as  well  as 
those  of  Liebeck,  Nonweiler  and  others,  can  be  used  as 
a  guide  to  select  proper  ways  of  altering  the  ideal 
distribution  in  order  to  satisfy  the  constraints. 


9.  CONCLUDING  REMARKS 

In  three  dimensions,  the  problems  associated 
with  designing  a  physically  acceptable  structure  are 
magnified.  The  earlier  discussion  associated  with  the 
2-U  airfoil  is  pertinent  to  the  cross  section  of  the  wing  at 
any  station  aiorg  its  span.  In  addition,  the  several  cross 


Fig.  26  Effect  of  stagnation  point  location: 
designed  airfoil  contours  and  direct 
solutions;  cases  728,  731 ;  M  =  0.800 


sections  must  "blend*  into  each  other.  Therefore,  the 
sections'  chord  lines  have  to  adhere  to  a  specific 
distribution,  which  is  at  least  piecewise  continuous. 
The  spanwise  thickness  distribution  and  the  location  of 
the  point  of  maximum  thickness  are  also  required  to  vary 
continuously  and  -  in  most  cases  --  monotonically.  The 
wing  should  also  close  at  the  tip,  of  course.  These 
physical  requirements  translate  into  restrictions  on  the 
pressure  distribution  to  be  specified  on  the  wing. 

It  is  safe  to  assume  that  a  constraint  expressing  a 
compatibility  condition  between  some  average  of  the 
surface  speed  and  the  free  stream  exists.  It  should  be 
possible  to  express  such  a  constraint  in  closed  form  for 
incompressible  flows.  It  is  yet  to  be  determined  if  any 
analytical  relationships  between  imposed  pressures 
and  wing  geometry  exist  in  three  dimensions.  It  is  not 
clear  if  even  a  general  description  of  such  relationships 
is  possible.  Because  of  this  difficulty,  3-D  wing  design 
at  present  is  limited  to  the  re-design  of  certain  portions  of 
it.  This  particular  re-design  usually  involves  the  use  of 

2- D  surface  modification  techniques  applied  in  each  of 
the  cross  sections  in  question.  The  imposed  target 
speed  distributions  are  perturbations  of  the  flow 
computed  over  the  wing  to  be  modified  using  an 
appropriate  3-D  analysis  program.  A  designer  must 
interact  with  the  design  procedure  in  order  to  guarantee 
an  acceptable  shape 

The  existence  of  the  various  restrictions  on 
geometry  and  the  associated  constraints  on  the 
imposed  pressure  distributions  have  made  airloil  design 
an  interesting  and  fertile  field  of  research.  Because  of 
the  practical  implications,  the  field  of  3-D  wing  design  is 
just  as  rewarding.  Because  of  the  inherent  difficulties  of 
the  problem,  it  is  unlikely  that  the  above-mentioned 
user-interactive  procedure  for  design  will  ever  be 
supplanted.  Probably,  it  is  not  even  desirable. 
Progress  in  understanding  the  relationships  between 

3- D  wing  flow  characteristics  and  geometric  features 
will  contribute  substantially  to  the  development  of 
numerical  tools  to  be  used  in  the  design  procedure. 
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SUMMARY 

The  problem  of  constructing  wing  profiles  that 
yield  specified  pressure  distributions  and/or 
performance  characteristics  is  discussed.  A  practical 
solution  to  the  problem,  which  consists  of  a  physically 
acceptable  profile,  exist  only  if  certain  constraints  are 
satisfied  by  the  prescribed  characteristics  and  by  the 
profile  itself.  These  constraints  are  addressed  in 
various  manners  by  the  several  methodologies  that 
have  been  proposed.  The  various  approaches  are 
discussed  along  with  the  relative  advantages  and 
disadvantages  of  each.  The  inverse  approach  is 
considered  in  detail  to  provide  a  link  to  the  classical 
incompressible  design  problem  and  to  establish  a  raison 
d'etre  for  the  other  methodologies. 


1.  INTRODUCTION 

The  design  of  wings  and  wing  sections  is  a 
problem  of  considerable  interest  not  only  to  the 
aerodynamic  configuration  engineer  but  also  to  the 
developer  of  methods  for  achieving  such  designs.  The 
reasons  are  obvious.  The  aerodynamic  and  economic 
efficiencies  of  an  aircraft  are  highly  dependent  on  the 
layout  of  the  wing  and  the  shape  of  its  profile.  The  best 
possible  aircraft  (whether  commercial  or  military)  is  the 
one  that  meets  its  design  goals  in  an  optimal  manner 
(assuming  one  has  established  a  definition  for 
optimality).  The  degree  to  which  a  design  team  will 
come  to  obtaining  the  best  possible  configuration  for  a 
given  set  of  design  parameters  (e  g.,  range,  speed, 
volume)  is.  of  course,  a  function  of  the  skills  of  its 
members  and  the  theoretical  tools  they  have  available. 
The  time  constraint  plays  a  major  role  in  the  design 
cycle,  also.  Missing  the  best  gives  rise  to  inferior 
performance  which  can  be  translated  into  lower  cruise 
speeds,  decreased  range,  insufficient  carrying 
capacity,  etc.  The  penalties  involved  in  missing  the 
best  design  have  always  been  well  known  facts.  As 
aircraft  started  operating  routinely  in  the  transonic  range 
the  penalties  became  larger  because  of  the  deleterious 
effects  of  the  shock  waves  on  the  flow  field  around  the 
aircraft.  As  a  consequence,  the  avoidance  of  these 
penalties  has  a  bigger  payoff  for  supercritical  designs. 
It  is  a  small  wonder,  then,  that  a  lot  of  effort  has  gone, 
and  is  still  being  put,  into  the  development  of  techniques 
for  designing  shockless  wings. 

The  design  of  a  wing  begins  with  the  selection  of 
its  section  profile  (or  profiles).  Some  deformation  of  the 
two-dimensional  section  may  occur  in  the  course  of 
performing  the  three  dimensional  design,  but  this  first 
step  is  currently  indispensablo.  Tailoring  of  the  airfoil 
profile  to  the  specific  requirements  of  the  wing  as 
opposed  to  selecting  one  from  a  stockpile  may  be  highly 
desirable.  This  paper  will  be  mainly  concerned  with 
airfoil  design,  since  theoretical  tools  are  most  highly 
developed  tor  such  a  problem.  In  addition  at  present, 
such  tools  are  the  most  easily  portable,  because  three- 
dimensional  methods,  in  large,  reflect  the  design 
philosophy  of  the  developer. 


The  various  algorithms  available  for  the  design  of 
airfoil  sections  can  be  placed  in  one  of  several  classes 
of  methodologies.  Whereas  In  the  case  of  subcritical 
flows  all  methods  developed  for  that  purpose  could  be 
categorized  as  inverse  methods,  a  number  of  "alternate" 
methods  have  been  developed  for  transonic  flows 
because  of  the  difficulty  of  extending  the  incompressible 
flow  approach  to  the  supercritical  regime.  Some  of 
these  alternate  methodologies  demonstrated  certain 
advantages  over  the  original  inverse  technique.  In 
practice, defining  a  section  for  a  particular  application 
entails  the  use  of  various  methods.  In  an  inverse-type 
method  of  airfoil  design,  the  speed  --  or,  equivalently, 
pressure  -  distribution  (throughout  the  paper  both  terms 
will  be  used  and  they  will  be  interchangeable)  one 
desires  on  the  surface  of  the  profile  is  specified  along 
with  the  magnitude  and  direction  of  the  free  stream. 
Mangier1  and  Lighthill2  discussed  this  "inverse" 
problem  of  airfoil  theory  for  the  case  of  incompressible 
flow  and  proposed  various  analytical  solutions.  Their 
methodology  was  refined  and  adapted  for  application 
on  large  and  small  computers  by  successive 
researchers.3-7  However,  the  difficulty  in  extending  the 
methodology  developed  for  incompressible  flow  to  the 
transonic  regime  eventually  gave  rise  to  a  number  of 
alternate  methods.  In  a  pure  inverse-type  method  of 
airfoil  design  -  such  as  those  of  Mangier  and  Lighthill  - 
the  speed  (or  pressure)  distributions  desired  on  the 
surface  of  the  profile  are  specified  along  with  the 
magnitude  and  direction  of  the  free  stream.  In  contrast 
to  the  direct  problem  in  which  the  shape  of  the  airfoil 
profile  is  specified  and  the  surface  speed  is  computed 
through  a  solution  of  a  Neumann-type  problem,  the 
inverse  problem  does  not  necessarily  have  a  solution. 
A  solution  to  the  inverse  problem  exists  only  if  a  certain 
constraint  between  the  free-stream  speed  and  the 
surface  speed  is  satisfied.  In  incompressible  flow, 
which  can  be  described  by  Laplace's  equation,  this 
can  easily  be  shown  and  the  constraint  can  be 
expressed  in  closed  form.  If,  in  addition,  it  is  required 
that  the  airfoil  profile  be  closed  (or  have  a  particular 
trailing  edge  thickness),  two  additional  constraints 
appear.  They  can  also  be  expressed  in  closed  form  for 
incompressible  flow.  The  existence  of  these  constraints 
has  been  known  since  the  work  of  Mangier  and 
Lighthill,  and  Woods  has  extended  the  analysis  to 
subcritical  compressible  flows  of  a  Karman-Tsien-type 
gas.  The  work  of  these  authors  indicated  that  a 
specified  surface  speed  distribution  had  to  be  altered  in 
such  a  manner  as  to  satisfy  the  three  constraints  in 
order  to  guarantee  a  solution.  In  their  methods,  as  in  the 
refinements  that  followed,4’7  the  approach  was  to 
prescribe  the  surface  speed  distributions  with  three  free 
parameters  whose  values  were  to  be  adjusted  to  satisfy 
the  three  constraints. 

The  formulation  of  an  inverse  method  at 
supercritical  speeds  has  been  problematic  because  of 
the  lack  of  closed-form  expressions  tor  the  three 
constraints.  The  existence  of  constraints  for  the 
transonic  design  problem  was  intuitively  true  because 
the  incompressible  design  problem  was  a  subset  of  the 
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more  general  compressible  problem.  The  lack  of  a  clear 
understanding  of  the  nature  of  the  first  constraint  was 
the  man  source  of  the  difficulties.  A  formulation  of  the 
inverse  problem  for  transonic  speeds  was  finally  given 
by  Volpe  and  Melnik,8  9  who  devised  a  numerical 
procedure  to  guarantee  satisfaction  of  the  three 
constraints.  The  procedure  is  based  on  the  discovery 
that  the  first  constraint  would  be  satisfied  if  the  branch 
points  of  the  flow  were  enforced  to  be  on  the  airfoil. 

An  obvious  advantage  of  inverse  methods  is  the 
control  the  designer  has  over  the  force  characteristics 
of  the  airfoil  profile  and  over  the  boundary  layer 
development  on  its  surface,  a  control  gained  through 
the  pressure  (speed)  distribution  that  is  specified.  This 
control  can  still  be  retained  when  making  the  changes 
that  might  be  necessary  to  satisfy  the  constraints.  The 
introduction  of  the  three  free  parameters  can  be 
arranged  such  that  an  'ideal'  speed  distribution  is 
modified  only  over  selected  segments  of  the  airfoil 
surface.  Desired  characteristics  of  a  speed  distribution 
(e.g.,  'rooftops,'  Stratford-type  pressure  recovery,  rear 
or  front  loading)  can  be  retained  with  little  or  no 
modifications.  Indeed,  the  satisfaction  of  three 
constraints  does  not  necessarily  guarantee  a  realistic 
airfoil.  Re-entrant  shapes,  where  the  upper  and  lower 
surfaces  cross  before  the  trailing  edge,  are  not  ruled  out 
by  this  formulation.  However,  additional  parameters 
could  be  introduced  in  an  inverse  design  procedure  to 
prevent  this  from  occurring. 

Th„  problems  created  by  the  constraints  can  be 
avoided  by  the  use  of  so-called  indirect  methods  of 
design,  such  as  those  of  Hicks  et  al.,’°  Davis,11 
McFadden12  and  others.  In  these  methods  the 
solutions  (pressure  and/or  force  characteristics)  for  the 
flow  over  some  arbitrary  initial  airfoil  contour  are 
compared  with  a  desired  set  of  values  for  the  pressure 
distribution  or  forces.  The  differences  between  the 
'target'  and  'current'  characteristics  are  used  in  some 
rational  way  to  modify  the  airfoil  profile  in  the  hope  of 
reduang  these  differences.  The  process  obviously  has 
to  be  iterated.  One  advantage  of  such  methods  is  that  a 
realistic  airfoil  profile  is  always  obtained  at  every  step  of 
the  iteration.  The  biggest  disadvantage,  however,  is  the 
lack  of  a  guarantee  that  the  iteration  will  converge  with 
the  differences  between  computed  and  target  values 
reduced  to  arbitrarily  small  levels.  The  question  of  the 
existence  of  an  airfoil  solution  for  a  particular  'target' 
pressure  distribution  is  skirted  in  these  methods  and,  in 
fact,  they  will  not  converge  for  arbitrarily  prescribed 
pressure  distributions  that  do  not  satisfy  the  three 
constraints.  This  approach  to  airfoil  design  is  best 
suited  to  applications  where  the  target  pressure 
distribution  is  a  'small'  modification  ot  the  one  computed 
over  the  initial  profile. 

Another  approach  pioneered  by  Sobieczky13  is 
built  around  the  concept  of  the  fictitious  gas  in  regions 
of  supercritical  flow.  This  approach  is  ideally  suited  to 
the  redesign  of  an  existing  contour  in  a  way  that  the  new 
contour  will  have  shock-free  flow.  This  technique  is 
much  easier  to  implement  than  hodograph  methods  for 
the  design  of  shock-free  airfoils  such  as  those  of 
Garabedian  and  Korn  (see  Ref.  14)  and  Boerstoel,15 
whose  mathematical  elegance  is  unfortunately  offset  by 
the  need  of  a  highly-skilled  user.  In  neither  of  these 
classes  of  methods  does  the  user  have  control  of  the 
pressure  distribution.  Such  control  can  be  exercised 
only  with  an  inverse  method. 

The  implementation  of  an  inverse,  or  even  an 
indirect,  method  of  design  involves  the  all-important  task 
of  defining  the  pressure  distribution.  This  is  not 
impossible  (see  Ref.  16  and  17,  for  example).  In 


addition,  in  many  applications  one  can  use  the 
distribution  over  a  known  profile  as  a  baseline  on  which 
desired  characteristics  are  injected.  This  'modification' 
approach  to  the  definition  of  surface  characteristics  is 
one  of  the  major  reasons  for  the  practical  success  of 
indirect  methods.  The  definition  of  a  surface  speed 
distribution  can  be  avoided  entirely  if  the  differences  in 
some  other  parameters  -  such  as  lift,  drag,  maximum 
thickness  and  combinations  thereof  -  are  used  as 
drivers  of  the  design  process.  In  fact,  by  assigning 
appropriate  weighting  factors  to  the  various  parameters 
being  taken  into  account  some  optimal  configuration 
could  be  attained.  This  is  the  idea  underlying  the 
method  described  by  Hicks  et  al.,18  in  which 
optimization  techniques  are  the  vehicles  for  performing 
the  design.  In  a  similar  vein  Jameson19  has  used 
control  theory  as  the  vehicle  for  the  design. 

Optimization  techniques  can  be  used  to  generate 
designs  that  satisfy  multiple  design  points.  A 
shortcoming  of  inverse  and  many  indirect  methods  is  the 
fact  that  the  resulting  shapes  are  'point'  designs,  whose 
off-design  performance  may  be  unsatisfactory.  At  times, 
this  shortcoming  is  of  little  consequence.  For  example, 
a  transport  aircraft  which  spends  most  of  its  time  at  a 
prescribed  speed  and  altitude  is  essentially  a  point 
design.  If  better  off-design  performance  is  desired, 
however,  it  could  be  attained  (at  the  expense  of  trading 
away  some  of  the  best  at  the  design  point)  by  defining 
additional  design  points  with  associated  weighting 
factors  in  the  optimization  process.  It  should  be 
realized,  however,  that  such  a  design  exercise 
becomes  progressively  longer  and  more  difficult  as  the 
number  of  design  parameters  grows.  Such  an 
approach,  while  possible  in  principle,  may  be 
unrealistic  in  practice.  The  use  of  an  optimization 
technique  used  to  refine  a  design  obtained  by  an 
inverse  technique  might  offer  the  most  efficient  solution 
in  such  a  case. 

The  paper  will  discuss  at  some  length  an  inverse 
approach  to  transonic  airfoil  design  because  of  its  roots 
in  the  classical  incompressible  problem,  and  because  it 
is  the  technique  by  which  desired  flow  characteristics 
can  be  attained  most  closely.  It  will  be  followed  by 
some  discussion  of  indirect  methods  and  optimization 
techniques. 


2.  THE  INVERSE  DESIGN _ PROBLEM 

EQBMULAT1QM 

The  problem  that  will  be  addressed  now  is  the 
construction  of  the  airfoil  profile,  which  has  a  surface 
speed  distribution,  q0,  equal  to  some  desired  function, 
F,  everywhere  along  its  arc  length, s.  This  is  to  be 
measured  clockwise  around  the  airfoil  contour  starting 
at  the  lower  surface  trailing  edge  point.  The  airfoil's 
coordinates,  x,y,  can  be  parameterized  as  functions  of 
s.  A  feature  of  practical  airfoil  contours  is  that  the 
trailing  edge  be  either  closed  or  have  a  very  small  gap. 
Thus,  a  requirement  on  the  to-be-determined  airfoil  is 
that  the  upper  and  lower  surface  trailing  edge  points  be 
separated  by  prescribed  distances  Ax  and  Ay.  The 
horizontal  gap,  Ax,  is  usually  set  to  zero,  while  the 
vertical  gap,  Ay,  is  set  to  zero  (a  closed  airfoil)  or  to  a 
small  positive  number.  The  free  stream  is  also  defined 
by  prescribing  values  for  the  free-stream  velocity  <y_, 
temperature,  and  pressure  (or  density).  These,  in  turn, 
determine  the  free-stream  Mach  number,  In 

incompressible  flow,  of  course,  it  is  only  necessary  to 
specify  the  velocity  in  order  to  identify  the  free  stream 
uniquely.  K  is  to  be  reminded  that  speed  and  pressure 
distributions  will  be  used  interchangeably.  Formally. 
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then,  the  problem  is  to  determine  the  airfoil  profile  of  a 
specified  trailing  edge  thickness  corresponding  to  the 
speed  distribution 


(1) 


Without  loss  of  generality,  smax  can  be  set  equal  to  one; 
qQ  is  taken  as  positive  in  the  clockwise  direction  around 
the  airfoil. 

As  shown  by  Mangier’  and  Lighthill,2  for 
incompressible  flow  and  by  Volpe  and  Melnik8  for 
supercritical  (lows  the  problem,  as  stated,  does  not 
have  a  solution  unless  the  function  F(s/smaX)  satisfies 
three  constraints.  Volpe20  discusses  these  constraints 
in  some  detail.  The  constraints  are  due  to  requirements 
that,  at  the  trailing  edge,  At  and  Ay  have  specified 
values  and,  that  the  specified  surface  flow  be 
compatible  with  the  flow  in  the  far  field  where  it 
approaches  a  uniform  free  stream  plus  a  circulatory 
component,  as  discussed  by  Ludford.21  In 
incompressible  flow,  these  three  constraints  can  be 
expressed  in  closed  form.  Unfortunately,  this  is  not 
possible  at  transonic  speeds. 

As  a  consequence  of  the  constraints,  an  airfoil 
solution  will  be  found  only  if  F  contains  three  free 
parameters.  The  most  general  speed  distribution  that 
can  be  specified  is,  therefore. 


•2a  =  F(y;  P[,  pi,  pi), 
<?«. 


where  pi,  P2,  P3  are  the  three  adjustable  parameters 
where  values  are  to  be  found  together  with  the  airfoil 
contour.  In  this  paper  it  will  be  assumed  that  the  target 
speed  is  of  the  form 


^e'  =  /i(siPi)(/0W  +  /2(r;Pi)  +  /3(s;P3)]  (2) 


where  fQ(s)  represents  the  ideal  target  speed  distribution 
that,  in  practice,  is  usually  a  tabulated  function.  The 
functions  f^ ,  fg,  and  fg  are  introduced  to  modify  the 
ideal  target  in  order  to  satisfy  the  three  constraints.  In 
general,  it  is  desirable  to  localize  the  effect  of  f1 ,  f2,  and 
f3  so  that  the  resulting  surface  speed  will  be  close  to  the 
ideal  speed  distribution,  fQ(s),  over  most  of  the  airfoil 

surface.  Since  in  transonic  flow  it  is  not  possible  to 
relate  p1 ,  p2,  and  Pg  to  the  three  constraints  in  closed 
form,  a  numerical  search  for  the  parameters  must  be 
made.  The  search  is  greatly  facilitated  by  choosing  f1 , 
f2,  and  lg  in  such  a  way  that  each  significantly  affects 
only  one  of  the  constraints.  We  would  then  have  three 
one-dimensional  searches  for  p(,  p2,  and  Pg.  In  Ref.  22 
the  sensitivity  of  a  designed  airfoil  contour  to  various 
changes  in  the  speed  distribution  is  reported.  This  and 
other  studies  (see  Ref.  16  and  23,  for  example)  can  be 
used  to  define  the  forms  for  ff ,  f2,  and  fg  in  Eq.  2.  Three 
separate  schemes  will  be  described  here. 


Satisfaction  of  the  first  constraint  is  guaranteed 
by  adjustment  of  p1 .  By  definition,  f1  causes  a  scaling 
of  surface  speed  (q0fq„,)-  'n  scheme  1,  f(  is  set  equal 
to  p1 .  This  results  in  a  scaling  that  is  uniform  along  the 
airfoil.  In  this  case  one  could  consider  p1  as  a  scaling 
on  either  qQ  or  qM.  In  the  latter  case,  is  essentially 
floating,  and  it  would  be  determined  as  part  of  the 
solution.  As  mentioned  above,  the  value  of  p^  is 
chosen  to  guarantee  that  the  specified  leading  edge 
stagnation  point  will  truly  be  a  branch  point  of  the  flow. 

Control  over  Ay,  the  vertical  separation  between 
the  upper  and  lower  surface  trailing  edge  points,  can  be 
exercised  by  defining 


h  =  P2  sin 


coS-t r 
4 


(3) 


Outside  this  range  f2  is  zero.  Here,  the  ordinate  is 
substituted  for  the  ordinate  to  in  the  computational  plane 
for  the  arc  length  s.  All  airfoil  flows  can  be  mapped  into 
flows  about  the  unit  circle.  The  ordinate  o>  (running  from 
0  to  2x),  then  identifies  the  length  along  the  airfoil 
surface  from  the  trailing  edge  point  along  the  lower 
surface  to  the  corresponding  point  on  the  upper  surface. 
It  is  more  convenient  to  use  to  rather  than  s,  and  the 
formulation  of  the  problem  is  not  affected  by  this 
substitution.  The  function  fg  is  the  hardest  to  define.  The 
horizontal  separation  between  the  two  trailing  edge 
points,  Ax,  is  affected  primarily  by  the  location  of  the 
leading  edge  stagnation  point.  As  shown  in  Ret.  22,  a 
small  shift  in  this  stagnation  point  along  the  surface  of 
the  airfoil,  on  the  order  of  2%  of  the  chord  length,  can 
alter  the  horizontal  gap  by  5-6%.  It  should  be  pointed 
out  that  a  2%  shift  in  the  stagnation  point  along  the 
surface  is  hardly  noticeable  when  viewed  as  a  shift 
along  the  chord.  In  order  to  maintain  a  loose  coupling 
among  p^,  p2,  and  Pg,  the  shift  must  be  accomplished 
without  altering  the  local  velocity  gradients.  This  can 
be  accomplished  by  shifting  the  functional  dependence 
of  qQ  on  s  locally,  near  the  leading  edge.  Thus,  one 
can  define 


h  (4  =  /<,(*') -/„(*) 

with 

j'  =  S-p3Mi) 

where 

*(*)  =  ~  COS&  ~ST+  2A^)  j 

,  s  j  -  2  As  i  s  £  st  -  As 

=  1 

,  Sj •  -  As  £s<Sj  +  As 

,  sj  +  As^s  £sT  +  2As 

Elsewhere,  h(s)  is  zero.  The  point  sT  denotes  the 
location  where  fQ(s)  is  zero  in  the  leading  edge  region 
and  As  is  some  appropriate  distance,  typically  2.5%  of 
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the  total  arc  length.  This  form  for  f3  shifts  the  leading 
edge  stagnation  point  smoothly  without  introducing  any 
'wiggles’  in  the  target  speed  distribution  and.  in 
addition,  has  hardly  any  efiect  on  the  values  ot  p1  and 
p2.  This  form  for  fg  is  common  to  all  the  three  schemes 
described  here. 

A  second  scheme  for  modifying  the  target 
distribution  uses  a  different  definition  for  fg  in  Eq.  (2). 
The  expression  given  in  Eq.  (3)  alters  the  target  speed 
distribution  only  on  the  lower  surface  of  the  airfoil.  It 
would,  therefore,  be  unsatisfactory  if  one  were  trying  to 
design  a  symmetric  airfoil.  An  alternative  form  for  fg  is 


/2  =  P2 


,  os  ah 


=  P2 


2k-o> 


oh 


e22Jt-Ui 


This  function  alters  the  magnitude  of  the  speed  in  the 
neighborhood  of  the  trailing  edge  symmetrically.  In  this 
computational  scheme,  the  speed  takes  on  opposite 
signs  on  the  upper  and  lower  surfaces,  accounting  for 
the  sign  difference  between  the  two  parts  of  Eq.  (4);  co1 
is  typically  taken  as  it/3.  A  third  scheme  can  be 
formulated  by  substituting  for  f.|  =  p^  in  scheme  1  the 

function 


/t  = 


which  concentrates  the  scaling  in  the  front  half  of  the 
airfoil. 


As  discussed  by  Volpe,20  the  first  constraint  of 
the  inverse  airfoil  design  problem  is  a  statement  of 
compatibility  between  the  prescribed  surface  speed  and 
the  prescribed  free-stream  speed.  The  constraint  can 
be  satisfied  if  the  surface  speed  is  prescribed  with  an 
adjustable  parameter  (pi  in  this  case)  or  if  is  allowed 
to  float.  If  pi  is  introduced  as  a  scaling  parameter,  as  in 
schemes  1  and  2,  one  could  interpret  pi  as  being  <?_ 
and  use  the  latter  as  the  free  parameter.  can  at  any 
time  be  scaled  to  any  desired  value  without  altering  the 
formulation  of  the  problem  by  simply  scaling  q0  by  an 
equal  amount.  This  operation  would  leave  the  pertinent 
ratio,  qo/?_,  unchanged. 


2. 1  Airfoil  Design  Scheme 

The  shape  of  the  airfoil  which  gives  rise  to  the 
speed  distribution  represented  by  Eq.  2  can  be  obtained 
by  iteratively  modifying  some  initial  contour,  as  shown 
by  Volpe  and  Melnik.9  This  initial  contour  need  not  be 
close  to  the  sought-after  profile  for  the  iteration  to 
converge.  As  described  in  Ref.  9,  this  initial  contour  is 
mapped  into  the  unit  circle  by  the  unique  conformal 
transformation 

M-T'-  si 


where  z  »  x  +  iy  and  5  =  re  “  are  the  coordinates  in  the 
physical  and  mapped  planes,  respectively,  and  ex  is 
the  included  trailing  edge  angle.  This  equation  can  be 
separated  into  its  real  and  imaginary  parts.  Thus,  on  r  = 
1, 


(6) 


e  =  I(l+e)(rr-a))-|  +  0  (7) 


where  6  is  the  local  slope  of  the  airfoil-  Q  is  the  Fourier 
series 


N 

2  =  £  (A„  sin  no)  -  II,  cos  no))  (8) 

■-0 


and  P  is  its  conjugate  series.  Because  6  is  known  as  a 
function  of  s,  the  coefficients  of  the  series  can  be  found 
by  standard  Fourier  analysis  as  described  in  Ref.  4. 
With  this  mapping  procedure,  the  leading  terms  of  the 

series  are  related  to  the  trailing  edge  gap  (Ax,  Ay)  by 


A>  =  ”(fx)Sin  B°  “  (f^)  cosB«  +  <’  -  £) 

Bi=-(Scos8«-(SsinBo 


For  convenience  the  infinite  flow  field  around  a  unit 
circle  can,  in  turn,  be  transformed  into  the  finite  region 
inside  the  circle.  The  modulus  of  the  transformation  of 
the  physical  plane,  z,  to  the  inside  of  ihe  circle  is  then 
written  as 


W  = 


I 

7 


dz 


In  the  inverse  design  problem  dz/dlj  is,  of  course,  the 
quantity  to  be  found  since  it  describes  the 
transformation  ot  the  unknown  airfoil  profile  into  the 
circle.  It  should  be  recalled  that  the  transformation  is 
conformal  everywhere  except  at  the  airfoil's  trailing 
edge  where  the  metric  h=|dz/dQ  vanishes. 

The  mapping  of  the  airfoil  into  a  circle  simplifies 
the  computation  of  the  flow  field  around  the  contour.  In 
an  analysis  problem,  where  the  shape  of  the  contour  is 
given,  ?«,  is  usually  set  to  unity  and  the  flow  is 
computed  subject  to  the  boundary  conditions  that  the 
velocity  component  normal  to  the  surface,  v,  be  zej  . 
For  incompressible  tlow,  which  can  be  described  oy 
Laplace's  equation,  this  solution  can  actual/  be 
expressed  in  closed  form.  For  transonic  flow,  the 
solution  must  be  determined  numerically.  Whether  one 
assumes  the  potential  equation  or  the  Euler  equations  to 
be  descriptive  of  the  flow,  the  flow  field  can  be 
computed  by  a  number  of  numerical  schemes.  The 
schemes  described  by  Jameson,24 '4  for  example,  are 
widely  used  for  these  classes  of  computations. 

Flow  fields  with  no  shocks,  or  only  weak  ones, 
(and  inviscid,  of  course)  con  be  described  adequately 


Jbi 


by  the  potential  equation.  In  such  a  case  the  flow  in  the 
circle  plane  is  described  by  the  continuity  equation 

±(pU)  +  r-f(pV)  =  0  (10) 


U  and  V  are  the  transformed  circle  plane  velocity 
components  in  the  r  and  m  directions,  respectively.  For 
irrotational  flow  they  can  be  expressed  as  gradients  of  a 
potential  function  <p  ;thus 


0  =  9*.  V  =  r<t>r  (11) 


Using  the  energy  equation  the  density  p  is 
evaluated  from  u  and  u,  the  velocity  components  in  the 
physical  plane.  These  are  related  to  the  components  in 
the  circle  plane  by 


Clearly  the  flow  within  the  circle  cannot  be  computed  if 
h  is  not  known;  the  assumed  initial  shape  for  the  airfoil 
provides  the  initial  estimate  for  h.  In  the  limit  of 
going  to  zero,  Eq.  (10)  reduces  to  Laplace's  equation. 

The  mapping  introduces  singularities  at  infinity, 
but  they  can  be  removed  by  subtracting  from  the 
potential  its  behavior  in  the  far  field.  As  discussed  by 
Ludford,21  the  solution  in  the  far  field  is  made  up  of  a 
uniform  stream  plus  a  circulatory  component.  The 
potential  functions  describing  these  terms  are  known. 
Thus,  one  can  define  a  reduced  potential  function. 


G-  0-<7_^i-  +  ijcos(<u  +  a)-  £  tan  1  1  -  )  tan(<0  +  a) 


where  a  is  the  flow  incidence  and  E  is  a  circulation 
constant.  This  reduced  potential  is  continuous  and 
single  valued  everywhere. 

At  infinity  (r  =  o)G  =  G„,  a  constant  that  can  be 
set  at  zero  in  direct  (Neumann)  problems,  but  which 
must  be  determined  as  part  of  the  solution  in  inverse 
(Dirichlet)  problems  by  extrapolating  from  the  interior  of 
the  flow  field. 

For  the  direct  (analysis)  problem,  is  usually 
set  to  unity  and  the  boundary  conditions  demand  that 
v»0  at  the  surface.  The  solution  for  the  flow  field  is 
computed  numerically  by  discretizing  the  flow  field  in 
conservation  form  along  a  polar  coc  -mate  mesh.  The 
set  of  difference  equations  that  approximates  Eq.  (10)  is 
solved  tor  the  discrete  values  of  the  reduced  potential, 
G.  at  the  nodes  of  the  computational  mesh  by  an 
approximate  factorization  multigrid  scheme  similar  to  the 
one  described  by  Jameson.24  The  value  of  the 
circulation  constant,  E,  is  determined  from  the  Kutta 
condition,  which  requires  that  g  be  finite  at  the  trailing 
edge.  Since  h»0  at  the  trailing  edge,  U  must  be  made  to 
vanish  at  this  point.  In  this  direct  problem  the  surface 
speed  qQ(s)*u(s)  is  computed  from  the  potential 
function  G. 


For  the  inverse  design  problem  the  boundary 
conditions  at  r=1  are  imposed  on  u  rather  than  v.  Using 
the  known  functional  relation  between  s  and  o>  for  the 
current  contour,  the  target  speed  distribution  qQ  can 
then  be  expressed  as  a  function  of  o>.  Then,  at  the 
boundary  in  the  circle  plane  one  can  set  uQ=u(co)  equal 

to  q0(s(<B)J.  Of  course,  this  would  be  true  if  h  were  the 
true  mapping  metric;  in  general,  it  is  not.  Hence,  the 
boundary  is  not  necessarily  a  streamline  of  the  flow.  In 
other  words,  v  is  not  necessarily  zero  at  the  boundary. 
The  flow  field  is  computed  subject  to  the  boundary 
condition  uQ=q0(s(a>))  at  r=1  by  a  numerical  scheme 

identical  to  the  one  used  for  the  direct  problem.  The 
Dirichlet  boundary  conditions  are  implemented  by 
integrating  qQ  around  the  airfoil  to  find  the  reduced 

potential  G  at  the  boundary  points.  A  constant  of 
integration  GQ  can  be  prescribed  arbitrarily.  The 
numerical  problem  that  has  boundaries  at  both  r=0  and 
r=1  is  well  posed  since  the  value  at  the  inner  boundary, 
G„,  is  determined  as  part  of  the  solution.  The 
circulation  constant  is  determined  by  integrating  uQ 
around  the  full  boundary.  In  general,  in  the  Dirichlet 
problem  there  is  a  net  mass  flow  emitted  from  the 
boundary.  To  allow  for  this,  a  source  term  o  log  r  is 
subtracted  from  the  potential  leading  to  a  new  reduced 
potential,  G  defined  by 


G  =  G  -  olog  r 


The  far-field  boundary  condition  will  then  have  the 
additional  term 


ylog [l-Af_2  sin2(w  +  a)j 


In  this  Dirichlet  problem  the  normal  velocity 
component,  V,  computed  on  the  circle  boundary  will  not 
be  zero,  in  general.  There  is  also  no  guarantee,  at  this 
point,  that  an  airfoil-like  shape  corresponding  to  q0(e>) 
exists.  The  above  mentioned  constraints  on  F(s)  have 
not  been  satisfied.  The  constraints  are  satisfied  by 
adjusting  pi,  P2,  and  P3  in  Eq.  2.  Two  of  the 
parameters,  P2  and  P3,  can  be  reset  by  monitoring  the 
trailing  edge  gap  values,  Ax  and  Ay,  p,  is  reset  by 
monitoring  the  value  of  As  shown  in  Ref.  8  and  20 
the  first  constraint  can  be  satisfied  if  the  branch  points  of 
the  flow  are  forced  to  be  on  the  circle  itself.  This  can  be 
accomplished  if  V  can  be  made  to  vanish  at  points 
where  U  vanishes.  U  is  zero  at  the  leading  edge 
stagnation  point  where  q0  is  zero,  and  at  the  trailing 
edge  where  the  metric,  h,  and  possibly,  q0,  are  zero.  V 
can  be  set  to  zero  at  these  two  points  by  adjusting  two 
parameters.  One  parameter  is  the  source  flow  term,  o, 
which  has  a  role  similar  to  that  of  the  circulation  term  fro 
the  Neumann  problem.  The  other  parameter  is  the 
free-stream  speed.  As  discussed  earlier  this  can  be 
allowed  to  float  to  satisfy  the  first  constraint.  It  can  be 
returned  to  its  original  value  by  subsequently  adjusting 
Pi 

Because  of  the  definition  of  the  reduced  potential 
V  Is  directly  proportional  to  o  and  to  -</„  cos  (co+a). 
New  values  of  a  and  q„  can  then  be  found  by  solving 
simultaneously  two  equations  of  the  type 


r 


bq.  cos  (a>,  +  a)  -  a<t  =  v, 


where  «oi  are  the  two  branch  points  where  U=0  and  Vi 
are  the  computed  values  of  the  normal  velocity 

components.  The  corrections  ~q-M  and 

\a=  a  -  a  are  the  values  that  are  required  to 
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drive  Vi  ,2  to  zero. 


2.2  Contour  Modification 

The  solution  to  the  Dirichlet  problem,  in  general, 
will  give  a  non-zero  normal  velocity  at  the  circle 
boundary  except  at  the  enforced  branch  points. 

A  non-zero  normal  velocity  V  implies  that  the 
actual  streamline  is  (to  first  order)  rotated  from  the 
boundary  by  an  angle  of  magnitude 


80  =  tan'<Ql)  (13) 


This  equation  is  used  to  modify  the  initial  slope 
distribution  expressed  by  Eq.  7.  New  Fourier  series  for 


Q  and  P  can  then  be  computed,  as  well  as 
from  Eq.  6,  and  finally 
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The  value  of  the  normal  component  of  velocity  at  the 
leading  edge  stagnation  point,  v,  goes  to  zero  quite  fast 
(due  to  the  continuous  resetting  of  p.,).  When  v  is  below 

c  e 

a  given  tolerance  (typically  10  -  10  ),  estimates  are 

made  of  the  values  that  A,  and  B1 ,  the  first-order  terms 

of  the  series  in  Eq.  (8),  would  have  if  the  airfoil  were 
modified  at  that  stage.  These  values  are  compared  with 
the  values  they  should  have  for  the  airfoil  to  have  the 
desired  trailing  edge  gap  dimensions,  as  given  by  Eq. 
(9).  The  differences  between  the  current  and  desired 
values,  8A^  and  88^ ,  are  then  used  to  change  p2  and 
P3,  respectively.  The  change  in  p2  is  made 
proportional  to  8A1  and  the  change  in  p3  is  proportional 
to  (-50 1 ).  Since  p1  is  introduced  as  a  multiplier,  a 
change  in  the  surface  boundary  conditions  due  to  a 
new  p^  can  be  transmitted  through  the  entire  flow  field 
by  scaling  the  entire  potential  field.  Using  this 
procedure  p1  can  be  updated  after  each  multigrid 
sweep  of  the  flow  field  without  seriously  affecting  the 
convergence  rate  of  the  numerical  scheme.  This 
procedure  is  not  possible  with  p2  and  p3;  therefore, 
they  are  updated  infrequently.  However,  the  method  of 
false  position  can  be  used  to  accelerate  convergence 
of  p2  and  p3-  The  flow  field  is  assumed  to  be  converged 

when  alt  the  residuals  at  all  the  flow  field  node  points 
are  below  a  specified  tolerance,  and  v  at  the  leading 
edge  stagnation  point  together  with  8A1  and  SB^  are 

below  their  respective  tolerances.  At  this  point  the 
airfoil  contour  is  modified  and  another  Dirichlet  problem 
is  set  up.  There  is  no  need  to  analyze  the  new  airfoil 
contour  with  this  procedure.  A  direct  analysis  can  be 
made  at  the  very  end  of  the  calculation  just  to  check  the 
results. 


The  actual  ordinates  of  the  new  airfoil  contour  are 
then  obtained  by  integration.  This  new  airfoil  provides  a 
new  approximation  for  the  metric  h  and  a  new  relation 
s(oj).  which  are  needed  to  set  up  a  new  Dirichlet 
problem  in  the  circle  plane.  This  process  can  be 
repeated  until  a  desired  tolerance  in  the  maximum  value 
of  V/U  is  reached.  It  should  be  noted  that  the  ratio 
expressed  in  Eq.  13  is  finite  at  all  times  since  V=0  where 
U-0. 


2.3  Iteration  Procedure 

The  procedure  for  iteratively  modifying  some 
initial  airfoil  into  the  shape  that  generates  the  surface 
speed  distribution  expressed  by  Eq.  2  can  be  made  to 
converge  regardless  of  the  assumed  initial  shape  by 
under-relaxing  the  changes  suggested  by  Eq.  13.  The 
values  of  pi,  P2,  and  pa  are  found  as  part  of  the 
solution.  A  convergent  iteration  process  is  described 
as  follows.  A  Dirichlet  problem  for  the  flow  inside  the 
circle  is  set  up  using  the  metric  of  the  initial  assumed 
contour,  and.  as  boundary  condition  the  requirement 
that  the  tangential  velocity  u  be  equal  to  the  total  speed 
distribution,  q0.  (This  is  actually  true  only  at 
convergence.)  The  Dirichlet  problem  is  solved 
numerically  through  sequential  sweeps  of  the  flow  field 
computational  mesh,  as  In  the  technique  described  In 
Ref.  24. 

At  the  end  of  every  sweep  of  the  flow  field,  qw 
and  o  are  determined  by  forcing  v  to  be  zero  both  at  the 
leading  edge  point  where  u  is  zero  and  at  the  trailing 
edge.  The  factor  p1  is  then  adjusted  to  scale  q^  back 
to  its  specified  value,  and  the  flow  field  is  swept  again. 


To  ensure  convergence  of  the  design  process 
only  a  fraction  of  the  changes  suggested  by  Eq.  (13)  is 
actually  taken  in  the  early  design  cycles.  After  several 
contour  modifications  the  factor  can  be  increased.  The 
tangential  velocity  u(o>)  at  the  boundary,  which  is 
interpolated  from  the  desired  qQ  =  F(s),  is  also  under¬ 
relaxed  when  a  new  design  cycle  is  started. 

At  convergence,  the  mass  flow  term  a  goes  to 
zero,  as  it  should,  since  there  cannot  be  any  sources  in 
the  flow  field.  As  a  final  note,  the  angle  of  incidence,  a, 
of  the  free  stream  is  free  to  be  specified.  The  final  airfoil 
shape  is  independent  of  a,  however;  only  its  orientation 
will  vary  according  to  the  value  of  a.  As  a  result,  the 
incidence  can  simply  be  set  at  zero. 


3.  EXAMPLES  OF  INVERSE  DESIGN 

In  this  section  airfoil  design  using  the  procedure 
described  above  is  illustrated.  All  the  examples  that  will 
be  presented  have  been  computed  on  a  mesh 
containing  192  points  in  the  circumferential  direction 
and  32  points  in  the  radial  direction. 

At  supercritical  speeds,  "shockless"  airfoils  are 
usually  the  goal.  A  reasonable  target  speed  distribution 
might  be  the  distribution  depicted  by  the  symbols  in  Fig. 
1.  This  distribution  represents  the  function  f0(s)  in  Eq.  2. 
The  free-stream  Mach  number  is  0.800.  In  order  to 
satisfy  the  three  constraints,  the  target  distribution  must 
be  modified  into  the  distribution  depicted  by  the  solid 
line.  This  modification  was  achieved  automatically 
using  the  above-mentioned  scheme  1. 

The  shift  In  the  location  of  the  stagnation  point 
should  be  noticed  in  this  figure.  The  shift  is  achieved 
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Fig.  t  Original  and  modified  target  speed 

distributions;  "shockless"  case,  =  0.800, 

a  =  0° 


smoothly  and  makes  it  possible  to  close  the  x-gap  in  the 
airfoil.  The  designed  airfoil  is  depicted  in  Fig.  2  along 
with  the  computed  pressure  distribution.  This  pressure 
distribution  is  the  result  of  a  direct  solution  ot  the  flow 
field  over  the  designed  airfoil  contour,  and  it  agrees  to 
three  decimal  places  with  the  pressure  distribution  that 
corresponds  to  the  target  speed  distribution  (the  solid 
line  in  Fig.  1).  This  airfoil  solution  is  obtained  regardless 
of  the  airfoil  contour  initially  prescr  jed  to  start  the 
iteration  procedure.  In  Fig.  3  the  designed  airfoil 
contour  is  compared  with  four  different  starting  shapes: 
the  Korn  airfoil,  the  NACA  0012,  the  NACA  0002,  and, 
finally,  a  "needle"  -  two  straight  lines  joined  at  the 
trailing  edge  and  at  the  leading  edge  tangent  to  a 
semicircle  of  radius  equal  to  0.25%  of  the  chord. 

It  is  satisfying  to  note  that  the  values  of  p,,  p2, 
and  p3  are  identical  regardless  of  the  starting  shape 
(i.e..  the  modified  target  speed  distribution  is  the  same  in 
all  cases).  Apparently,  by  decoupling  the  three 
parameters,  it  can  be  ensured  that  only  a  single  set  of 
values  exists  that  satisfies  the  three  constraints.  It  is 
possible  that,  if  the  three  parameters  had  been  coupled, 
more  than  one  set  of  values  might  exist  that  would 
satisfy  the  constraints.  Even  though  there  is  no  formal 
proof  of  this,  decoupling  appears  to  guarantee  a  unique 
solution  as  well  as  making  the  search  simpler  and  faster. 
The  convergence  rate  of  the  method  for  the  various 
"starter"  profiles  is  given  in  Fig.  4,  which  depicts  the 
maximum  value  of  |v/u|  as  a  function  ot  design  cycles. 
Again,  after  10-12  cycles  it  is  difficult  to  distinguish  any 
changes  in  the  airfoil  shape.  Typically,  the  code  is  run 
to  a  level  where  the  maximum  |v/u|  is  0.001  or  smaller 
A  converged  solution  generally  requires  4-5  min.  on  a 
Cray-IM  computer  and  about  20  min.  on  the  IBM  3081 
machine. 
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Fig.  2  Designed  contour,  original  target  and 

computed  pressure  distribution;  “shockless" 
case,  Mo,  =  0.800,  t»  =  0°,  CL  =  0.4801, 
Cp  =  0.0232 
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c)  FINAL  PROFILE  AND  NACA  0002 


eO  FINAL  PROFILE  AND  NEEDLE' 


Fig.  3  Final  airfoil  profile  (solid  line)  compared  with 
starting  profiles  (dashed  fine) 


The  pressure  distribution  depicted  in  Fig.  2 
appears  to  have  very  desirable  features;  in  particular, 
the  "plateau"  region  on  the  upper  surface  suggests  the 
absence  of  a  shock.  However,  a  very  large  drag  (CD  = 
0.0232)  is  present  even  at  the  design  point.  A  look  at 
the  Mach  number  contours  in  Fig.  5,  reveals  that,  while 
there  is  no  shock  at  the  airfoil  surface  itself,  a  very 
strong  shock  is  present  oft  the  surface.  The  contours 
represent  increments  of  0.01  in  Mach  number,  and  only 
contours  for  values  greater  than  the  free  stream  are 
shown.  At  off-design  conditions,  the  shock  reaches  the 
surface.  Several  authors  have  observed  this  feature.  A 
smooth  recompression  along  the  surface  does  not 
necessarily  mean  that  the  flow  field  is  shockless.  Thus, 
the  airfoil  shown  in  Fig.  2  is  impractical  because  of  its 
high  drag. 

A  truly  shockless  closed  airfoil  is  depicted  in  Fig. 
6,  along  with  fhe  computed  pressure  distribution  (i.e., 
modified  target)  and  the  original,  unmodified  target. 
Note  the  low  computed  drag  (CD  =  0.0005)  of  this  airfoil. 
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Fig.  6  Designed  contour,  original  target  and 

computed  pressure  distribution;  case  2.  M„ 
=  0.800,  u  =  0°,  CL  =  0.2673,  CD  = 
0.0005 


Fig.  4  Convergence  history  of  maximum  surface 
velocity  ratio  for  various  starter  profiles; 

"shockless"  case,  Hol  =  0.800,  <*  =  0°  /  ' 


Fig.  5  Design  point  I  sumachs;  “shockless"  case, 
Moo  =  0.800,  n  =  0°;  contours  shown  at 
0.01  intervals  beginning  with  M  =  0.810 


The  computed  isomach  pattern  in  Fig.  7  shows  that  the 
flow  over  this  airfoil  is  truly  shock  free,  and  at  off-design 
points  only  a  weak  shock  develops.  This  case  was 
computed  using  scheme  2  described  above.  It  should 
also  be  noted  that  in  this  case  the  modifications  made  to 
the  ideal  target  pressure  distribution  are  considerably 
larger  than  those  that  resulted  in  the  previous  case.  The 
changes  on  the  lower  surface  reflect  mostly  the  effect  of 
fj.  as  given  by  Eq.  (4).  An  example  of  an  airfoil 

designed  using  scheme  3  is  shown  in  Fig.  8.  Note,  in 
this  case  again,  the  very  low  value  for  the  drag  and  the 
considerable  lift  coefficient.  The  modifications  to  the 
ideal  target  that  should  be  noticed  apart  from  the  scaling 
are  concentrated  near  the  trailing  edge. 


Fig.  7  Design  point  isomachs;  case  2,  M,  s  0.800, 
a  =  0°;  contours  shown  at  0.01  Intervals 
beginning  will.  V  =  0.810 


A  very  interesting  profile  designed  to  an  unusual 
pressure  distribution  is  depicted  in  Fig.  9.  The  airfoil 
was  designed  for  laminar  flow  (remember  that  this 
method  is  purely  inviscid)  to  a  distribution  devised  by 
Pfenninger’7  for  =  0  /bb.  It  is  only  one  of  a  series 
of  airfoils  designed  for  such  purposes.  The  scheme 
used  was  scheme  f.  Since  the  ideal  pressure 
distribution  was  based  on  the  considerable  personal 
experience  of  its  designer,  minor  modifications  were 
needed  to  generate  the  airfoil  solution.  The  computed 
Mach  number  contours  are  depicted  in  Fig.  10.  Notice 
the  shallowness  of  the  supersonic  region  as  compared 
to  its  length.  This  airfoil  exhibits  very  low  drag  for  a 
considerable  range  of  flow  conditions  around  its  design 
point.  As  mentioned  earlier,  the  method  will  generate 
airfoil  contours  of  arbitrary  trailing  edge  thickness.  The 
contour  shown  in  Fig.  1 1  has  a  trailing  edge  thickness 
equal  to  2%  of  its  chord.  Like  the  previous  example,  this 
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Fig.  8  Designed  contour,  original  target  and 

computed  pressure  distribution;  case  3, 
=  0.800,  r*  =  0°,  CL  =  0.4972,  CD  = 
0.0002 


Fig.  9  Designed  contour,  original  target  and 

computed  pressure  distribution;  case  LFC1, 
Mqo  =  0.766,  a  =  0°,  CL  =  0.5166,  Cq  = 
0.0001 


represents  an  interesting  design  that,  in  addition  to  front 
loading,  has  a  long  and  shallow  supersonic  flow  region. 


L  INDIRECT  METHPPS 


The  design  of  wi:ig  sections  can  be 
accomplished  by  a  procedure  in  which  the  changes  to 
some  initial  contour  are  driven  by  the  difference 
between  the  pressure  distribution  computed  over  the 
given  profile  and  the  target  pressure  distribution.  The 
shape  changes  are  made  according  to  some  specified 
set  of  rules  and  the  procedure  is  iterated  in  order  to 
drive  the  differences  between  computed  and  target 
distributions  toward  zero.  Such  methods  are  often 
referred  to  as  direct  methods  since  they  involve 
repeated  calculations  of  the  flow  field  over  a  known 
contour  -■  a  direct,  or  Neumann  problem,  as  opposed  to 
the  inverse,  or  Dirichlet  problem.  It  should  be 


Fig.  10  Design  point  Isomschs;  case  LFC1,  M*  = 
0.766,  a  =  0°;  contours  shown  at  0.01 
Intervals  beginning  with  M  =  0.770 
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Fig.  tl  Designed  contour,  original  target,  and 

computed  pressure  distribution;  case  LFC2, 
2%  trailing  edge  thickness;  M„  =  0.775,  a 
=  0°,  C|_  =  0.4805,  Co  =  0.0001 


mentioned  that  in  such  an  approach  to  design,  the 
procedure  for  computing  the  flow  field  is  completely 
divorced  from  the  shape  modification  step. 

In  this  class  of  methods  the  issue  of  constraints  is 
avoided.  The  set  of  rules  controlling  the  shape  changes 
can  always  be  defined  in  such  a  way  as  to  yield  a 
realistic  airfoil.  It  is  also  true,  however,  that  by  such  a 
technique  the  differences  between  computed  and  target 
distributions  will  not  necessarily  be  driven  to  an 
arbitrarily  low  value,  and,  in  fact,  the  obtainable 
minimum  value  may  be  quite  high.  Nonetheless, 
methods  in  this  class  are  quite  useful,  especially  when 
'small"  design  changes  are  involved.  It  is  not 
uncommon  in  practice  to  specify  the  target  pressure 
distribution  to  be  a  modification  of  the  distribution 
computed  over  a  known  airfoil  profile.  In  such  a  case 
(injdirect  methods  work  quite  well.  A  pair  of  techniques 
illustrating  this  type  of  approach  will  be  described 
briefly. 


5- III 


4.1  Wavv-Wall  Method 

Within  the  context  of  small  disturbance  theory 
(see  Ref.  26)  the  value  of  the  pressure  coefficient  (Cp) 
over  a  wavy-wall  is  given  by  an  expression  of  the  type 


CP=*  <14> 

if  is  greater  than  1 ,  and  by 

c/>  =  £2  (f5) 


if  M«,  is  less  than  one.  Davis' 1  suggested  that 
expressions  of  this  type  could  be  used  to  guide  the 
shape  changes  needed  to  achieve  a  target  pressure 
distribution.  This  could  be  done  by  interpreting  Eq.  14 
and  15  as  being  expressive  of  the  sensitivity  of  the 
"local"  pressure  coefficient  to  the  "local"  surface  shape, 
and  vice  versa.  Based  on  the  work  of  Spreiter  and 
Alksne,27  who  used  local  linearizations  of  the  transonic 
equation  to  develop  separate  expressions  for  the 
supersonic  and  subsonic  regions  of  flow  over  an  airfoil, 
Davis  proposed  variations  of  Eq.  14  and  15  above, 
which  are  more  accurate  and  are  compatible  with  a 
potential  assumption  for  the  flow  field.  While  the  forms  of 
the  expressions  are  changed,  their  basic  nature  is  not, 
however.  Thus,  at  supersonic  points  the  local  pressure 
coefficient  is  still  related  to  the  local  slope  of  the  surface 
by  an  expression  of  the  type 


descriptive  of  the  relationship  between  the  two 
quantities.  Similarly  at  subsonic  points  a  new  curvature 
is  proposed  by 


The  gradient  of  the  curvature  with  respect  to  Cp  is  to  be 
computed  from  Eq.  17.  With  these  new  distributions  of 
slope  and  curvature  a  new  airfoil  contour  can  be 
constructed  by  integration  and  the  procedure  can  be 
repeated.  It  should  be  noted  that  the  changes 
suggested  by  Eq.  18  and  19  are  under-relaxed  since 
Eq.  16  and  17  are  only  approximations. 

This  technique  can  be  used  to  re-design  only 
part  of  an  airfoil  contour.  This  is  actually  the  preferred 
mode  of  operation.  The  accuracy  of  the  technique  in 
the  leading  edge  region  is  low  since  the  integration  for 
the  new  shape  is  performed  in  the  physical  plane  where 
the  curvature  is  very  high.  An  example  of  an  airfoil 
design  using  this  method  is  given  in  Fig.  12.  Here  an 
airfoil  contour  is  iteratively  modified  on  the  upper 
surface  starting  from  a  location  0.6%  of  the  chord  away 
from  the  leading  edge.  The  lower  surface  was  kept 
fixed.  The  target  pressure  distribution  represented  by 
the  symbols  in  Fig.  12  was  a  modification  of  the 
distribution  computed  on  the  initial  contour  (the  dashed 
line).  The  latter  distribution  featured  a  shock  which  was 
to  be  weakened  by  the  prescribed  target.  The  final 
modified  section,  which  is  pictured  in  Fig.  12,  differed 
only  slightly  from  the  initial  contour,  but  the  target 
pressure  distribution  was  in  large  part  achieved,  as  can 
be  seen.  Slight  differences  between  the  target  and  the 
final  achieved  result  can  be  noticed,  especially  in  the 
trailing  edge  region,  it  is  to  be  recalled  that  this 
technique  does  not  necessarily  drive  these  differences 
to  zero. 


where  M  is  the  local  Mach  number. 

At  subsonic  points  it  is  related  to  the  local 
curvature  of  the  surface  by 


where  M‘  is  a  reference  value  that  ensures  smooth 
switching  between  subsonic  and  supersonic  regions. 

In  the  "wavy-wall"  method  of  design  the  flow  over 
some  initial  airfoil  is  first  computed  (by  the  method 
proposed  in  Ref.  24,  for  example).  At  points  on  the 
airfoil  where  the  flow  is  locally  supersonic  a  new  slope 
is  proposed.  This  new  slope  is  computed  by 


Here  Cp  is  the  pressure  distribution  computed  over  the 

airfoil  and  cj  is  the  target  distribution.  The  gradient  of 
the  slope  with  respect  to  the  pressure  coefficient  is 
computed  from  Eq.  16,  which  is  interpreted  as  being 
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Fig.  12  Airfoil  re-design  with  wavy-wall  technique; 
=  0.680 


An  approach  similar  to  the  one  described  above 
has  been  developed  by  Fray  et  al.28  who  combined  the 
wavy-watl  concept  in  supersonic  zones  with  the 
subsonic  thin  wing  inverse  code  of  Fray  and  Sloof.29  In 
the  formulation  ot  Ref.  29  the  design  of  entire  airfoil  can 
be  tackled  in  a  practical  manner,  since  better  control 
over  the  design  of  the  leading  edge  region  -  which  can 
be  safely  assumed  to  be  subsonic  -  is  obtained  through 
the  use  of  an  inverse  approach  there.  Through  the 
inverse  approach  trailing  edge  closure  is  also 
addressed  by  Fray  et  al.,  a  goal  that  can  be  achieved 
only  through  a  trial-and-error  process  of  modification  of 
the  target  distribution  in  the  Davis  technique. 


4.2  Modified  Mapping  Technique 


Taverna31  in  designing  propellers  for  general  aviation 
applications.  Jameson  also  interprets  the  left-hand  side 

of  Eq.  21  as  the  new  metric.  ipu  on  the  right-hand  side  is 
the  product  of  the  speed  computed  over  the  starting 
airfoil,  qo,  and  the  old  metric.  Thus,  one  can  write 


do 

and  finally 

l°8  (VJ  =  log (Aom)  +  log  \^~  j  >22) 


It  was  mentioned  earlier  that  the  flow  over  any 

airfoil  and  the  flow  over  the  unit  circle  are  related  by  the  The  second  term  on  the  right-hand  side  in  Eq.  22 

transformation,  h,  that  maps  the  airfoil  into  the  circle.  provides  the  sought-after  airfoil  modification.  In  practice 

Specifically  one  car  write  it  is  multiplied  by  an  under-relaxation  factor. 


h  = 


ds 

do) 


dw  dw  * 


(20) 


Itiwi 

and,  in  the  physical  plane,  — =  g0.  the  speed  on  the 
Idi  I 

airfoil  surface.  For  incompressible  llow  the  solution  for 
the  flow  over  the  circle  can  be  expressed  analytically 
as  a  function  of  C.  In  this  case  the  metric,  and  thus  the 
airfoil,  can  be  constructed  immediately.  In  fact,  this  is 
the  basis  of  all  inverse  methods  for  incompressible 
design.  For  compressible  flows,  where  the  solution  in 
the  circle  plane  is  not  known  a  priori  and  can  be 
computed  numerically  only  if  some  value  of  the  metric 
(i.e.,  an  initial  contour)  is  provided,  this  is  not  possible. 
Equation  20  can  be  used  to  provide  the  mear=  by 
which  an  airfoil  profile  can  be  iteratively  altere„  ,o 
achieve  a  desired  speed  distribution,  q0.  This  was  the 
approach  proposed  by  McFadden.12  In  this  method  Eq. 
20  on  the  unit  circle  is  written  as 
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Here,  q0  is  the  prescribed  speed  distribution  expressed 
as  a  function  of  to.  The  mapping  of  the  starting  airfoil 
contour  into  the  circle  is  used  to  provide  a  functional 
relationship  between  s  and  to  as  was  done  above  in  the 

case  of  the  inverse  method.  is  the  speed  on  the 
circle  computed  numerically  using,  again,  this  same 
mapping  function.  The  solution  for  the  flow  is  obtained 
subject  to  the  boundary  condition  that  the  velocity 
normal  to  the  circle  is  zero  (the  Neumann  problem),  so 

that  is  the  total  speed.  Equation  21  is  basically  a  re¬ 
writing  of  the  first  of  Eq.  12.  The  new  twist  is  to  interpret 
(he  left-hand  side  of  Eq.  21  as  the  new  metric.  Then,  as 
shown  in  Section  2,  the  ordinates  of  the  airfoil,  x  and  y, 
can  be  generated  by  integration.  In  practice  the  metric 
changes  are  under-relaxed.  As  in  the  Davis  approach 
the  procedure  for  computing  the  flow  over  the  circle  can 
be  used  as  a  “black  box,"  and  the  design  process 
involves  the  sequential  analyses  of  airfoil  profiles 
iteratively  modified  by  the  rule  provided  by  Eq.  21 . 

An  approach  similar  to  McFadden's  was 
developed  by  Jameson38  and  has  been  used  by 


In  this  type  ot  technique  special  care  has  to  be 
taken  to  ensure  that  the  zeroes  (i.e.,  stagnation  points) 

in  the  computed  speed  distribution  or  qc)  and  the 
target  distribution  match  in  order  to  avoid  unwanted 
singularities  in  the  new  metric.  McFadden  and 
Jameson  apply  modifications  to  the  target  distribution  to 
bring  this  about.  In  addition,  at  any  step  in  the  iteration 
process  q0  may  develop  shock  waves  even  though  qc 
may  be  shockless.  Seme  smoothing  of  the  gradients 
near  these  shocks  must  be  provided  to  prevent  the 
airfoil  from  developing  corners.  The  issue  of  constrrmis 
(which  is  ignored  in  the  Davis  method)  is  addressed 
indirectly  in  these  methods.  Specifically,  the  issue  of 
compatibility  between  free  stream  and  surface  speed 
(the  first  constraint)  is  resolved  by  letting  </„  float.  The 
value  of  is  obtained  by  first  calculating  the  average 
value  of  qc(<N«  over  the  airfoil  (or  circle  to  which  it  is 
mapped).  For  incompressible  flow  this  value  is  zero,  as 
shown  by  Mangier,1  Lighthill,2  and  Volpe.14  For  the 
target  distribution,  q0/r/«,  the  average  should  be  zero  if 
a  solution  is  to  exist.  McFadden  chooses  for  a  value 
that  minimizes  a  functional  expressing  the  difference  (in 
a  mean-square  sense)  between  these  two  average 
values.  In  the  Jameson  method  q„  is  chosen  to 
equalize  the  averages.  In  either  case  the  rp'ionale  is 
based  on  the  fact  that  since  the  direct  solution  over  the 
starting  airfoil  necessarily  satisfies  fhe  first  constraint, 
keeping  the  average  value  of  the  target  speed  "close" 
to  the  initial  average  will  modify  the  target  distribution  in 
such  a  way  that  it  always  satisfies  the  constraint.  The 
re-setting  of  <?„  results  in  a  scaling  of  q0/y„  which  is 
analogous  to  the  scaling  introduced  in  schemes  1  and  2 
,  f  Volpe's  method  discussed  earlier. 


In  the  McFadden  and  Jameson  methods  trailing 
edge  closure  is  not  addressed  explicitly.  As  in  the 
wavy-wall  method,  if  an  airfoil  has  an  undesirable 
trailing  edge,  a  new  design  problem  can  be  set  up  with 
a  modified  distribution.  Trailing  edge  closure  can  also 
be  brought  about  by  an  a-posteriori  resetting  of  the 
Fourier  coefficients  of  the  new  metric.  Choosing  the  first 
order  terms,  Ai  and  Bi,  according  to  Eq  9  instead  ot 
assigning  to  them  the  values  suggested  by  Eq.  21  or  22, 
will  result  in  a  contour  which  always  has  the  correct 
trailing  edge  gap,  Ax  and  Ay.  1  he  speed  computed 
over  this  airfoil  is  no  longer  the  target  speed,  however, 
and  the  differences  from  the  target  are  not  necessarily 
small. 


5.  OPTIMIZATION 

In  another  class  ol  design  techniques,  which  has 
been  proposed,  successive  modifications  to  some 
initially  prescribed  contour  are  performed  in  such  a  way 
as  to  minimize  the  value  of  some  chosen  object 
function,  or  of  a  combination  of  several  such  functions. 
The  object  function  might  be  the  difference  between  the 
pressure  distribution  over  the  initial  profile  and  a 
prescribed  target  distribution.  It  could  also  be  the  value 
of  the  total  drag.  Multi-point  design  can  be  addressed 
by  such  methods  by  defining  several  functions 
encompassing  different  flow  conditions.  As  in  the  case 
of  indirect  methods,  this  class  of  techniques  uses  a 
series  of  direct  analyses  of  the  current  airfoil  shape  to 
determine  the  necessary  modifications.  Most  methods 
use  classical  optimization  techniques  (see  Ref.  32,  for 
example)  to  determine  the  changes,  and  the  procedure 
for  analyzing  the  airfoil  is  truly  a  'black  box.'  A  more 
recent  approach,  proposed  by  Jameson, '9  borrows 
ideas  from  control  theory  to  formulate  an  adjoint 
equation,  which  embodies  the  object  function,  and 
whose  structure  reflects  the  nature  of  the  direct  solver. 

£.-l._  Design  via  Numerical  Optimization 

The  technique  described  by  Hicks  and 
Vanderplaats’8  is  typical  of  an  optimization  approach 
and  wilf  be  described  briefly  since  it  contains  the 
concepts  common  to  all  such  techniques.  In  this 
technique  fhe  ordinates,  z,  of  the  airfoil  are  expressed 
parametrically  in  the  form 
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i= t 
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where  z0  denotes  the  shape  of  the  initial  contour,  fj 
some  specified  shape  functions  (typically  polynomials 
m  x,  the  abscissa),  and  at  are  coefficients  to  be  found 
whose  values  will  determine  the  new  airfoil  contour' 
The  design  problem  consists  of  defining  an  object 
function,  /,  Whose  value  is  to  be  minimized  (or,  in 
certain  cases,  maximized)  subject  -  possibly  -  to  a 
number  of  constraints,  Gj,  on  desired  quantities.  The 
object  function,  /,  might  be  the  drag  of  the  airfoil,  or  the 
lift,  or  the  pitching  moment.  The  design  problem  may  try 
to  achieve  a  specified  speed  distribution,  qT,  in  which 
case  the  object  function  could  be  described  by 


*  (24) 


where  q  is  the  speed  over  the  initial  contour  and  the 
integral  is  performed  over  this  contour.  Regardless  ol 
how  it  is  defined,  /  is  assumed  to  be  a  function  of  the 
design  variables,  aj. 

The  constraints  may  be  of  a  geometric  or  an 
aerodynamic  nature  and  they  are  assumed  to  be 
functions  of  the  design  variables,  also.  A  constraint 
might  be  the  requirement  that  the  enclosed  volume  of 
the  airfoil,  V,  be  greater  than  or  equal  to  a  specified 
value  Vmi0,  in  which  case,  the  constraint  could  be 
expressed  as 


G(ai )  =  I  -  £  0 


It  should  be  mentioned  that  trailing  edge  closure  could 
be  satisfied  at  all  times  by  appropriate  choices  of  the 
polynomials  fj  in  Eq.  23.  independently  of  the  value  of 
the  aj's.  Other  constraints  to  be  imposed  might  include 
minimum  values  of  thickness  and  curvature  at  various 
stations  along  the  airfoil,  maximum  pressure  coefficient, 
off-design  drag  rise  limits  and  minimum  (or  maximum) 
values  of  force  and  moment  coefficient  at  various  flow 
conditions. 

The  design  process  begins  by  perturbing 
separately  e:  oh  of  the  N  design  variables,  ai,  in  Eq.  23, 
and  analyzing  the  corresponding  N  different  contours.' 
The  flow  solutions  will  yield  N  separate  values  for  the 
object  function,  / n ,  and  for  each  of  the  constraints 
®jN-  These  values  together  with  the  values  for  the 
object  and  the  constraint  functions  pertinent  to  the 
original  configuration  (a;=0)  are  used  to  estimate  values 
of  the  derivatives  of  the  functions  with  respect  to  the 


design  variables 


The  critical  step,  which 


follows  and  is  to  be  performed  by  the  selected 
optimization  procedure,  is  to  determine,  now,  the 
direction  of  steepest  descent  of  l  in  the  N-dimensional 
space.  In  other  words,  the  optimization  procedure  is  to 
assign  new  values  to  the  a/s  such  that  the  resulting 
contour  will  have  an  object  function  closer  to  the 
sought-after  minimum.  In  the  N-dimensional  space  each 
of  the  constraints  is  represented  by  a  surface  and  the 
space  on  one  side  of  this  surface  denotes  the  region 
where  the  particular  constraint  is  satisfied  and  the  other 
side  the  region  where  it  is  not.  When  all  constraints  are 
considered  there  will  be  —  hopefully  -  a  region  where 
all  the  constraints  are  satisfied.  Such  a  region  is  termed 
the  feasible  region.  Care  has  to  be  taken  to  begin  the 
design  process  in  the  feasible  region  and  to  remain 
there.  CONMIN,  the  optimization  program  developed 
by  Vanderplaats33  is  used  in  the  design  procedure  of 
Ref.  18  and  in  others. 


Having  found  the  direction  of  steepest  descent 


from  the  estimates  of  the 


(usually  through  one¬ 


sided  differences)  all  the  a,'s  are  modified  along  that 
direction  in  an  amount  proportional  to  some  given 
factor,  X,.  Then,  the  flow  at  various  points,  typically 
three,  along  this  direction,  corresponding  to  various 
values  of  X,  is  computed  and  the  object  and  constraint 
functions  are  obtained  at  each  point.  Movement  (i.e., 
variation  of  the  aj's)  along  that  direction  is  continued 
until  the  object  function  starts  to  increase  or  until  one  or 
more  of  the  constraints  should  be  violated.  The  former 
case  might  occur  because  of  non-linearities  in  the 
design  space.  In  either  case  the  procedure  for 
determining  a  direction  for  minimizing  /  is  repeated,  by 
sequentially  and  separately  varying  the  aj's  to  obtain 


new  derivatives. 


In  the  case  where  a  constraint 


surface  is  crossed,  a  "feasible"  direction,  which  keeps 
the  design  variables  within  the  feasible  region,  is 


dG 

determined  using  the  gradients  — -c.  If  no  constraint 

da, 

surfaces  are  crossed  the  direction  of  steepest  descent 
is  again  used.  The  design  process  is  terminated  when 
movement  along  the  gradient  (or  the  feasible)  direction 
leads  to  an  increase  in  the  object  function. 
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By  appropriate  choice  of  the  shape  functions  in 
Eq.  23  the  procedure  can  be  used  to  re-design  only  a 
portion  of  an  airfoil,  as  it  is  done  in  the  example  shown 
in  Fig,  13.  Here,  the  upper  surface  of  a  13  percent  thick 
NACA  6-series  airfoil  -  the  initial  contour  -  is  to  be 
reshaped  to  weaken  the  shock  it  exhibits  at  0.7, 
a=0°.  The  object  function  is  defined  by  a  minimum  of 
the  (drag/as  computed  by  an  inviscid  potential  flow 
program)  which  in  this  case  is  entirely  due  to  shock 
losses.  The  design  was  performed  subject  to  a  lower 
limit  on  the  value  of  the  cross-sectional  area  (or  volume) 
of  the  airfoil  (a  constraint).  The  design  objective  was 
attained  in  this  case.  It  is  not  certain,  however,  that  this 
might  be  the  best  possible  design,  even  if  subject  to  the 
given  constraint.  An  optimization  procedure  will  drive 
the  design  toward  a  local  minimum  ot  the  object  function 
with  no  assurance  that  the  local  minimum  will  be  an 
absolute  one.  It  is  even  possible  that  a  different  local 
minimum  is  obtained  when  the  design  process  is  started 
from  different  initial  conditions. 

Design  by  optimization  is  a  costly  process. 
Typically,  10  to  15  cycles  involving  new  estimates  of 
the  gradient  directions  are  needed  to  attain  the 
minimum.  Each  cycle  in  turn  requires  N  analyses  of  the 
flow  field  corresponding  to  the  N  separate  variations  of 
the  aj's,  plus  --  usually  -  three  analyses  of  the  flow 
along  the  newly-estimated  direction.  Thus,  the  total 
number  of  flow  analyses  grows  linearly  with  the  number 
of  design  variables.  One  would  have  to  keep  the 
number  of  design  variables  low  to  keep  program  running 
times  within  desirable  limits.  However,  the  number  of 
attainable  designs  will  be  limited  by  the  number  of 
design  variables.  This  number  should  be  as  large  as 
possible,  regardless  of  the  choice  of  shape  functions,  in 
order  to  make  available  a  wide  design  space.  The  need 
to  express  the  airfoil  in  terms  of  parameters  (design 
variables)  appears  to  be  the  most  serious  limitation  of 
this  technique. 


5.2  Design  via  Control  Theory 

An  interesting  technique  recently  proposed  by 
Jameson19  obviates  the  need  for  a  parametric 
representation  of  the  shape  of  the  airfoil,  and  cuts  down 
substantially  the  number  of  flow  solutions  needed  to 
estimate  the  direction  of  the  changes  to  the  contour 
needed  to  drive  the  object  function  toward  the  minimum. 
The  technique  regards  the  design  problem  as  a  control 
problem  in  which  the  airfoil  profile  is  the  control. 

The  process,  again,  begins  with  a  definition  of  an 
object,  or  cost  function,  /.  This  might  be  given  as  in  Eq. 
24,  for  example.  In  the  procedure,  the  variation  in  the 
cost  function,  SI.  is  expressed  as  a  product  of  the 
variation  in  the  shape,  Sz,  and  some  appropriately 
chosen  function,  g.  The  choice  of  g  is  dependent  on 
the  particular  equations  assumed  to  govern  the  physics 
and  geometry  of  the  flow.  In  the  illustration  of  the 
method  given  in  Ref.  19,  the  two-dimensional  flow  about 
the  airfoil  is  analyzed  in  the  circle  plane  and  is 
described  by  the  potential  equation,  as  in  Section  2, 
The  metric  h  is  descriptive  of  the  airfoil  shape  in  this 
case  and  Sh  can  be  substituted  for  Sz.  A  variation  in 
the  metric  results  in  a  variation  in  the  potential,  the 
speed  on  the  surface,  etc.  In  turn,  it  will  cause  a 
variation  in  the  cost  function,  which,  when  defined  as  in 
Eq.  24,  can  be  expressed  as 
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Fig.  13  Inviscid  drag  minimization;  M  =  0.70,  u  =  0 


Here,  the  integral  over  the  circle  boundary  is 
substituted  for  the  integral  over  the  airfoil  surface. 
Jameson19  shows  that  this  integral  can  be  put  in  the 
form 
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8l=jgSfdio  (25) 


where  Sf  =  Sh/h  and  g  is  a  gradient  function 


or  ,  , 

*  =  (26) 


P  is  obtained  by  solving  a  Poisson  equation  whose 
forcing  term  is  the  product  of  the  gradient  of  the  potential 
and  the  gradient  of  an  auxiliary  function  yr . 


AP  =  pM^V  <p  ■  V  y/ 


The  function  y/  is  calculated  by  solving  an  adjoint 
equation 

Ly=0  (28) 

whose  operator  L  is  the  same  operator  which  would  be 
obtained  for  the  potential  if  Eq.  10  were  to  be  expanded 
for  <p  and  terms  containing  derivatives  of  the  mapping 
functions  were  to  be  dropped. 

The  key  element  in  this  design  procedure  is  to 
make  modifications  to  the  airfoil  through  changes  in  the 
mapping  function.  These  changes  are  given  by 


=  <29> 


where  \  is  a  small  positive  number.  If  this  expression  is 
substituted  in  Eq.  25  one  notes  that  the  change  in  the 
cost  function  resulting  from  the  selected  modifications  to 
the  airfoil  is  necessarily  negative.  This  means  that  the 
new  airfoil  has  a  cost  function  which  is  smaller  than  that 
corresponding  to  the  previous  contour.  The  airfoil 
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modification  process  converges  in  a  direction  which 
tends  to  minimize  the  cost,  as  desired. 

The  design  cycle  begins  by  first  solving  for  the 
flow  field.  This  yields  the  potential,  <p,  the  velocity 
components  and  the  density.  The  adjoint  Eq.  28  is  then 
solved  for  yr,  and  P  is  subsequently  obtained  by 
solving  Eq.  27.  The  function  g  is  computed  from  Eq.  25, 
and  the  mapping  function  is  corrected  according  to  Eq. 
29. 

The  constraints,  which  concern  compatibility  of 
surface  speed  and  the  free  stream  and  trailing  edge 
closure,  and  which  were  discussed  earlier,  can  be 
accommodated  in  this  procedure  by  using  on  the  right- 
hand  side  of  Eq.  29  a  modified  function  g  which  is 
obtained  by  subtracting  from  g  terms  that  force  the 
constraints  to  be  satisfied.  As  in  the  case  of  methods 
using  the  modified  mapping  modulus  approach,  the 
appearance  of  shock  waves  might  cause  numerical 
problems,  since  in  such  a  case  (q-qr)  would  not  be 
differentiable  and,  consequently,  8h  might  develop 
"spikes."  This  can  be  avoided  by  a  more  sophisticated 
choice  of  the  cost  function,  a  choice  which  in  effect 
entails  using  a  smoothed  distribution  of  (q-qr).  The  cost 
function  could  be  defined  in  a  way  that  could  account 
for  additional  design  constraints  These  constraints 
could  call  for  specific  lift  values  at  several  flow 
conditions,  and  a  minimization  of  the  drag.  This  could 
be  done  by  taking  as  the  cost  function  the  sum  of  the 
cost  functions  separately  defined  for  each  design  goal. 
It  should  be  noted  that  the  second  part  of  the  gradient 
function  g  in  Eq.  26  reflects  the  variation  of  the  cost 
function  and  thus  changes  with  the  definition  of  the 
latter. 

The  example  in  Fig.  14  illustrates  the  method  in 
the  drag  minimization  mode.  In  this  case  the  target 
speed  is  taken  to  be  the  speed  actually  computed  over 
the  RAE  2822  airfoil  at  Mm  =  0.730,  a  =  2°.  A  target 
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a)  Initial  profile,  C|_=  1.0468,  Cq  =  0.0170 


speed  distribution  has  to  be  imposed  in  addition  to  the 
zero  drag  requirement  to  prevent  the  procedure  from 
generating  a  flat  plate  at  zero  angle  of  attack.  The 
imposed  distribution  forces  the  lift  of  the  designed  profile 
to  be  close  to  the  prescribed  one.  After  six  cycles  the 
design  is  essentially  frozen.  The  final  airfoil  has  a  drag 
coefficient  of  0.0016,  as  compared  to  a  value  of  0.0170 
for  the  initial  profile.  In  the  drag  minimization  mode  the 
technique  converges  faster  than  it  does  in  the  "design 
to  pressure"  mode,  in  which  case  it  requires  15  to  25 
cycles,  typically. 

The  procedure  can  be  formulated  in  a  similar 
fashion  for  the  case  where  the  flow  is  to  be  described  by 
a  different  set  of  governing  equations.  A  set  of  adjoint 
and  auxiliary  equations  can  be  found  by  a  similar 
analysis.  The  basic  idea,  as  before,  is  to  express  the 
variation  in  the  cost  function  as  a  product  of  a  gradient 
function,  g,  and  the  variation  of  the  shape,  Sf,  as  in  Eq. 
25. 

This  technique  avoids  the  need  for,  and  the 
restrictions  accompanying,  a  parametric  representation 
of  the  shape. In  addition  it  offers  considerable  savings  in 
computing  costs  over  the  classical  constrained 
optimization  approach.  Each  iteration  cycle  basically 
involves  the  solution  of  the  equivalent  of  two  flow  fields, 
one  for  <p  and  one  for  yr,  since  the  adjoint  equation  is 
"close"  to  the  potential  equation.  The  solution  of  the 
auxiliary  equations,  and  in  particular  Eq.  27,  is 
relatively  fast.  As  a  result,  the  cost  per  cycle  is  slightly 
more  than  two  flow  field  solutions  as  opposed  to  the 
approximately  (N+3)  solutions  required  for  the 
optimization  methods.  The  technique  does  suffer  from 
some  of  the  same  problems  as  the  latter  method, 
however.  In  particular,  if  more  than  one  local  minimum 
exist  in  the  solution  space,  the  method  will  not 
necessarily  converge  to  the  absolute  minimum,  and 
might,  in  fact,  reach  different  minima  from  different  initial 
conditions.  Also,  as  in  the  optimization  methods,  the 
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b)  Profile  after  six  design  cycles;  Cl  =  1 .0368, 
Cq  =  0.0016 


Rg.  14  Re-design  of  RAE  2822  airfoil  to  reduce  drag;  H„  =  0.730 
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success  of  the  technique  is  dependant  on  the  accuracy 
of  the  numerical  procedures.  If  the  gradients  which 
determine  the  direction  in  which  the  shape  is  to  be 
changed  are  not  computed  accurately  enough, 
convergence  might  be  impaired  or  prevented. 


6.  CONCLUDING  REMARKS 

The  preceding  discussion  of  various 
methodologies  available  for  wing  design  has  been 
restricted  to  inviscid,  two-dimensional  ttows  for  several 
reasons.  The  most  obvious  is  that  the  presentation  of  a 
method  is  most  easily  done  under  these  conditions. 
Another  reason  comes  from  the  fact  that  design  methods 
-  just  as  analysis  methods  -  are  more  fully  developed  for 
such  flow  conditions.  Viscous  effects  could  be 
incorporated  in  the  above-mentioned  approaches  in  a 
straight-forward  manner.  For  example,  indirect  methods 
and  optimization  procedures,  which  use  direct  solvers 
as  'black  boxes'  could  use  Navier-Stokes  codes 
Instead  of  potential  or  Euler  codes.  A  purely  inverse 
code,  such  as  the  one  described  in  Section  2,  could 
similarly  be  formulated  using  the  Navier-Stokes 
equations  instead  of  the  potential  flow  equation.  A 
simpler  approach  in  that  inverse  method  would  be  to 
compute  a  boundary  layer  on  the  contour  using  the 
prescribed  pressure  distributions  as  a  boundary 
condition.  As  shown  by  Ughthill34  the  displacement 
thickness  of  the  boundary  layer  can  be  represented  by 
a  transpiration  velocity  normal  to  the  surface.  This 
could  be  added  to  the  normal  velocity  computed  by  the 
solution  to  the  Dirichlet  problem  to  give  a  total  normal 
velocity  which  is  to  be  used  to  make  the  contour 
modifications. 

Extension  of  the  various  methodologies  to  three 
dimensions  has  been  difficult  and  has  met  with  varying 
degrees  of  success  due  to  the  obvious  difficulties 
introduced  by  the  third  dimension.  All  3-D  methods 
have  concentrated  on  re-designing  portions  of  a  wing. 
Basically  they  used  the  2-D  approaches  to  modify 
cross-sections  at  one  or  more  stations  along  the  span  of 
a  large  aspect  ratio  wing.  Henna35  formulated  a  method 
which  can  be  categorized  as  an  indirect  approach 
rather  than  an  inverse  one  because  it  does  not  design 
strictly  to  a  pressure  distribution  containing  the  various 
parameters  needed  to  satisfy  constraints,  but  to  a 
distribution  that  is  periodically  re-adjusted  by  the  user  to 
yield  a  satisfactory  surface.  Henne  and  Hicks36  used 
an  optimization  procedure  in  3-D  analogous  to  that 
formulated  by  Hicks  for  2-D.  A  procedure  that 
incorporates  ideas  from  the  inverse  approach  as  well  as 
the  wavy-wall  method  has  been  proposed  by  Brandsma 
and  Fray37 

As  discussed  above  each  of  the  various 
approaches  to  wing  design  has  its  merits  and  ertails 
particular  disadvantages.  In  practice,  it  is  not  likely  that 
a  single  method  (l.e.,  computer  program)  can  be 
formulated  to  satisfy  the  design  needs  of  even  a 
particular  organization.  A  pure  inverse  code  with 
enough  constraints  to  yield  a  structurally-satisfactory 
shape  can  be  set  up,  but  the  result  is  a  point  design. 
This  may  not  be  always  satisfactory.  A  successful  wing 
design  will  most  likely  rely  on  a  procedure,  that  utilizes 
several  techniques,  rather  than  a  single  approach.  The 
procedure  will  be  iterative  and  will  contain  a  man  in  the 
loop.  The  user  will  interact  with  and  will  be  an  essential 
element  of  the  procedure.  He  will  decide  at  any  one 
step  of  the  iteration  if  the  design  exercise  is  headed 
toward  a  satisfactory  result  or  if  the  design  targets  need 
to  be  altered.  The  procedure  provides  the  steps  to  be 
followed  in  order  to  achieve  the  prescribed  targets  and 
guidelines  for  changing  these  targets.  It  will  also  reflect 


the  design  philosophy  of  the  designer(s).  The  various 
design  techniques  described  above  provide  the  tools 
with  which  the  procedure  will  perform  its  task. 
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1.  SUMMARY 

A  new  approach  to  the  inverse  design  of  two- 
dimensional  aerodynamic  shapes  has  been  developed.  This 
formulation  is  based  on  a  Stream-Function-Coordinate 
(SFC)  concept  for  steady,  irrotational,  compressible, 
inviscid,  planar  flows.  It  differs  from  the  classical  stream 
function  formulation  in  that  it  treats  the  y-coordinate  of 
each  point  on  a  streamline  as  a  function  of  the  x-coordinate 
and  the  stream  function  V.  that  is,  Y  =  Y (x,^).  This  new 
formulation  is  especially  suitable  for  the  computation  of 
stream  line  shapes,  and  therefore,  for  determination  of 
aerodynamic  shapes  subject  to  specified  surface  pressure 
distributions.  An  additional  advantage  of  this  new 
formulation  is  that  it  requires  the  generation  of  only  a  one¬ 
dimensional  grid  in  the  x-direction.  The  grid  in  the  y- 
direction  is  computed  as  a  part  of  the  solution  since  y- 
coordinates  of  the  streamlines  are  treated  as  the  unknowns 
in  the  SFC  formulation.  In  addition,  the  SFC  method  is 
equally  suitable  for  the  analysis  of  the  flowfields  around 
given  shapes.  A  computer  code  has  been  developed  on  the 
basis  of  SFC  formulation.  It  is  capable  of  performing 
flowfield  analysis  and  inverse  design  of  airfoil  cascade 
shapes  by  changing  a  single  input  parameter. 


In  a  recently  published  article,  Huang  and 
Dulikravich  [1]  gave  detailed  derivations  of  the  new  Stream 
Function  Coordinate  (SFC)  concept  for  inviscid,  steady, 
two-dimensional  and  three-dimensional  compressible  flows. 
The  SFC  concept  reflects  the  main  objective  of  the  inverse 
design  where  the  ultimate  goal  is  to  determine  the  shape, 
that  is,  the  coordinates  of  a  surface  contour  which  is 
compatible  with  the  desired  surface  pressure  distribution. 
Thus,  it  is  logical  to  solve  for  the  coordinates  directly. 
Recently,  Chen  and  Zhang  [2]  have  published  a  paper  on 
inverse  design  of  multiple  cascade  shapes.  They  used  a 
special  form  of  the  SFC  formulation  suitable  for 
axisymmetric  surfaces  of  turbomachinery  and  they  have 
successfully  computed  shapes  of  simple  cascades  as  well  as 
shapes  of  multiple  cascades  with  splitter  blades  inside  the 
flow  passages.  Oven  and  Pearson  [3]  have  developed  a 
complete  threedimensional  formulation  based  on  a  general 
concept  by  solving  directly  for  the  coordinates.  They  have 
applied  their  formulation  to  different  duct  flows  and  to  free 
jet  flows  [4], 

3  ANALYSIS 


Instead  of  using  the  standard  formulation  where  the 
stream  function  4  is  a  function  of  the  x  and  y  coordinates 
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Huang  and  Dulikravich  (1)  performed  a  transformation 
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which  transforms  (1)  into  the  SFC  equation 
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where  the  Y-coordinate  of  each  streamline  is  treated  as  an 
unknown  and  x  and  v  are  known.  Here,  the  compressibility 
coefficient  K2  is  defined  as 


where  p  is  the  local  density  and  a  is  the  local  speed  of 
sound.  Details  of  the  derivation  and  evaluation  of  K2  are 
given  in  Appendix  A.  The  SFC  formulation  has  significant 
advantages  over  the  classical  stream  function  formulation 
where  *  =  *(x,y).  For  two-dimensional  problems  SFC 
requires  only  a  one-dimensional  grid  in  the  x-direction.  The 
other  family  of  grid  lines  is  determined  as  a  part  of  the 
solution  where  Y  are  the  unknown  coordinates  of  the 
streamlines  *  =  constant.  Because  of  the  SFC 
formualation,  true  upwind  differencing  could  be  achieved 
without  the  complexity  of  determining  the  direction  of  the 
local  velocity  vectors  since  one  family  of  the  grid  lines 
corresponds  to  the  streamlines.  This  simplifies  the 
extension  of  the  code  to  transonic  flows  [2].  Huang  and 
Dulikravich  [1 J  clearly  pointed  out  that  the  SFC  formulation 
where  Y  =  Y(x,*)  is  singular  at  all  locations  where  the  x- 
component  of  the  velocity  vector  becomes  zero.  These 
singularities  are  nonphysical  since  they  are  created  by  the 
transformation  and  cannot  be  eliminated  simply  by  using 
grid  clustering  within  the  regions  of  singular  points  (1). 

Thus,  strictly  speaking,  the  SFC  formulation  is  suitable  for 
the  flow  field  analysis  and  shape  inverse  design  of  objects 
having  cusped  leading  and  trailing  edge  points  where  there 
are  no  stagnation  points.  In  practice,  leading  and  trailing 
edges  are  often  [5]  modified  when  using  the  SFC 
formulation  by  adding  artificial  cusps  to  them. 

When  the  SFC  method  is  used  in  the  forward 
(analysis)  mode,  solid  portions  of  the  upper  and  lower 
airfoil  boundary  from  the  leading  to  the  trailing  edge 
remain  fixed  since  they  represent  the  given  airfoil  surface. 
Since  these  Y  coordinates  are  prescribed,  the  SFC  equation 
is  not  solved  on  the  solid  boundaries  in  the  analysis  mode. 
In  the  inverse  (design)  mode,  the  input  geometry  of  the 
airfoil  surface  is  used  only  as  an  initial  guess.  The 
evolution  of  the  upper  and  lower  boundary  shape  is  driven 
by  the  specified  surface  Mach  number,  critical  Mach 
number,  or  coefficient  of  pressure  distribution  which 
uniquely  determines  the  local  value  of  the  compressibility 
coefficient  K  on  the  surface  (Appendix  A).  Second  order 
central  difference  expressions  with  variable  grid  size  were 
used  throughout  the  domain  (Appendix  B).  Rather  than 
transforming  the  SFC  equation  to  a  uniform  grid,  all 
computations  were  performed  in  the  actual  physical  (♦a) 
plane.  The  resulting  algebraic  finite  difference  equations 
were  solved  using  artifically  time-dependent  SLOR  in 
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conjunction  with  the  Generalized  Non-Linear  Minimal 
Residual  Method  (GNLMR)  [6]  which  significantly 
accelerates  the  convergence  rate.  Details  of  the  GNLMR 
methodology  as  applied  to  SFC  equation  are  provided  in 
the  Appendix  C  and  Appendix  D. 

In  both  analysis  and  the  inverse  design  case,  the 
periodic  boundaries  are  free  to  move  vertically  since  they 
represent  stagnation  streamlines  and  their  shape  is  not 
known  in  advance.  They  are  subject  only  to  the  periodicity 
constraint  that  the  gap  between  the  upper  and  the  lower 
stagnation  streamline  remains  constant  (Appendix  E).  In 
the  design  mode,  the  leading  edge  point  of  the  airfoil  must 
remain  fixed  in  order  to  keep  the  entire  cascade  from 
moving  within  the  domain.  Due  to  the  similarity  of  the 
boundary  conditions  for  the  two  modes  of  operation, 
switching  between  the  analysis  mode  and  the  design  mode 
is  accomplished  by  means  of  a  single  input  parameter. 

4  RESULTS 

Based  on  the  formulations  presented  in  this  paper, 
a  computer  code  was  developed  on  VAX  3550  computer. 
The  code  was  exercised  in  both  forward  (analysis)  and 
inverse  mode  on  periodic  channel  flows.  Each  domain  was 
discretized  with  a  fixed  clustered  grid  having  20  grid  cells 
on  the  bottom  and  on  the  top  surface,  20  cells  upstream, 
and  20  cells  downstream  of  the  object,  with  20  streamtubes 
across  the  channel.  First  objective  was  to  evaluate  the  error 
resulting  from  the  SFC  transformation  singularity  at 
stagnation  points.  Steady,  incompressible,  irrotational, 
inviscid  flow  through  a  cascade  of  dipoles  has  a  known 
analytic  solution  [7]  and  was  chosen  to  be  the  first  test 
geometry.  When  using  the  SFC  code  in  an  analysis  mode 
the  initial  streamlines  (Fig.  1)  converged  within  50  iterations 
to  their  correct  shapes  (Fig.  2).  The  resulting  pressure  field 
(Fig.  3)  compares  well  with  the  analytical  solution  (Fig.  4). 
The  computed  surface  Cp  distribution  indicates  very  narrow 
regions  of  locally  high  error  (Fig.  5)  due  to  the  the 
singularity  arising  from  the  SFC  transformation.  Since  this 
is  an  extreme  example  of  a  blunt  leading  edge,  it  can  be 
concluded  that  the  singularities  generate  only  very  local 
errors.  Consequently,  by  using  grid  clustering,  no  need  is 
perceived  for  the  use  of  artificial  extensions  (cusps)  at  the 
leading  and  trailing  edges.  When  the  SFC  code  was 
exercised  in  its  inverse  design  mode,  free  stream  coefficient 
of  pressure  distribution  was  specified  along  the  top  and 
bottom  surface  of  the  circle.  Evolution  history  of  the  entire 
lower  boundary  is  depicted  in  Fig.  6.  The  corresponding 
convergence  history  (Fig.  7)  indicates  that  only  200 
iterations  were  needed  to  achieve  the  correct  shape  (Fig.  8) 
of  the  channel.  When  running  a  high  subsonic  test  case 
(M.  =  0.62)  with  a  non-staggered  cascade  of  12%  biconvex 
airfoils  having  sharp  edges  (Fig.  9),  practically  no  error  at 
the  stagnation  points  could  be  detected  (Fig.  10  and  Fig. 
11).  By  specifying  the  wall  Cp-distribution  to  be  the  same 
as  that  of  the  freestream,  a  straight  channel  was  obtained 
(Fig.  12)  very  rapidly  (Fig.  13).  The  iterative  process  can 
be  further  enhanced  by  using  our  GNLMR  method  (Fig.  14) 
explained  in  the  Appendix  C. 


5  CONCLUSIONS 

The  SFC  formulation  is  straightforward  to  perform 
analytically  and  simple  to  implement  computationally.  It  is 
very  fast  and  could  be  formulated  for  multidimensional  and 
multiply  connected  domains.  It  is  equally  applicable  to  the 
analysis  of  the  flow  around  the  existing  configurations  and 
to  the  inverse  shape  design. 
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Derivation  of  the  Compressibility 
Coefficient  K 


Notice  that 

T-  -  <-*--)  T_ 

T  'Y  ♦  r  T* 


where  T  is  the  absolute  temperature,  T0  is  stagnation 
temperature  and  T.  is  the  critical  temperature.  In  terms  of 
local  Mach  numbers  this  becomes 

- - .  i  i>  i  -  i  „  2, 

[]  .  „2j  lr  ♦  1<  1  2  '  2  M*  1  <*-2> 

This  can  be  rewritten  as 
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Nevertheless 
M  2 


2.2  | Y  ♦  1  V  -  1  2, 

•  '•*  I  2 - 2~  M*  1 

Hence.  A.3  can  be  rewritten  as 
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Thus,  at  every  point  in  the  flow  field  for  the  given 
instantaneous  values  of  Y,  and  Y,,  we  can  iteratively 
determine  the  corresponding  instantaneous  local  values  of 
the  compressibility  coefficient  K.  Second  order  (modified) 
Newton's  iteration  yields 


S  -  2  l*Y 
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P*  1  2  2  I 

it  follows  that  A.5  becomes 
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Notice  now  that 

«2  -  (f->*  H.2  (  21  2>  -  V  M*2 
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P.  ** 

Since  the  compressibility  coefficient  K  is  defined  as 
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it  follows  that  A.7  divided  with  (t-1)  becomes 
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where  the  superscript  n  is  the  iteration  counter. 

An  approximate  relation  between  the  mass  flow  rate  and 
the  local  Mach  number  is  given  by  Ives  [8]  and  can  be  used 
instead  of  the  iterative  procedure. 


Second  order  accurate  central  differencing  for  x 
derivatives  was  used  throughout  the  domain. 

The  central  differences  for  the  derivatives  in  1 S  direction 
have  an  entirely  analogous  form.  The  difference 
expressions  were  substituted  into  the  SFC  equation  (3). 


Let  the  non-linear  operator  governing  SFC  formulation  be 
designated  as  N,  that  is, 

N  -  (V*2  -  K2)  y  -  2Y  Y.Y  .  ♦  (  1  *  Y  2>  Y„  -  0 

¥  XX  X  V  X?  X  ff 


At  the  same  time  notice  that 
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Finally,  A.10  becomes 
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A  one  step  iterative  algorithm  for  solving  (C.1)  can  be 
defined  by  calculating  the  new  value  of  the  Y  coordinate  of 
a  streamline  from  a  simple  relaxation  algorithm 

y'1*1’  .  Y(t)  .  .  (C-2) 

where  superscript  t  designates  the  iteration  level,  «  is  the 
relaxation  factor  and  s'1’  is  the  correction  at  the  t-th 
iteration  level  based  on  some  basic  iteration  method. 

An  M-step  method  can  be  defined  for  advancing  the 
iterative  algorithm  from  iteration  level  t  to  iteration  level 
t+ 1  with  M  steps  combined.  That  is. 


Y<‘*l)  .  yU> 
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where  s'*’  are  the  corrections  evaluated  at  intermediate 
steps.  They  are  obtained  by  successively  applying  M  simple 
relaxation  (w  *  1)  iterations  to  the  solution  of  Cl. 


Since  Y,  and  Y^,  will  be  changing  during  the  iterative 
process,  this  means  that 


The  optimal  values  of  «'*’  can  be  found  [6]  by 
solving  a  matrix  problem 
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PSI(ijmin-l)  =  PSI(ijmax-l)  -  PSITOT  (E.6) 
PSI(ijmax+ 1)  =  PSI(ijmin+  1)  +  PSITOT  (E.7) 


where  the  residual  at  iteration  level  t  is 
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Thus,  for  example, 
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where  the  values  for  3(K2)/aY,  and  a(K2)/dY ^  are  given  in 
Appendix  D. 
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where 

PSITOT  =  PSI(ijmax)  -  PSI(ijmin) 

=  (  t  M  .)  GAP/CHORD  (E.8) 

*  *x  -O’ 

Here,  is  the  x-componem  of  the  critical  Mach  number 
and  CHORD  is  the  chord  length  of  the  airfoil. 

Inlet  and  exit  boundary  conditions  were  enforced  by 
specifying  the  vertical  variation  of  i>  between  the  lower  and 
the  upper  stagnation  streamline  and  enforcing  the  inlet  flow 
angle  <*i  and  the  exit  flow  angle  a2  in  design  mode.  In  the 
analysis  mode,  the  Kutta-Zhukovskii  condition  was  enforced 
at  the  trailing  edge  instead  of  the  angle  a2  at  the  exit.  Solid 
wall  tangency  boundary  conditions  were  enforced  by 
evaluating  Y  at  the  wall  points  via  one-sided  second  order 
differencing  and  then  deducing  the  appropriate  values  at  the 
imaginary  points  (jmin-1  and  jmax+1)  from  the  second 
order  central  difference  formula  for  Y  at  the  wall. 


APPENDIX  D.  Derivatives  of  the  Compressibility 
Coefficient  K 

When  evaluating  derivatives  dN/aY,  and  3N/3Y  it 
is  important  to  notice  that  the  compressibliity  coefficient  K 
is  a  function  of  Yx  and  Yj,  This  can  be  shown  by 
combining  A.13,  A.  11  and  A.7.  The  result  is  that 
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Taking  a  partial  derivative  of  both  sides  of  D.l  with  respect 
to  Y*  gives 
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Similarly,  partial  derivative  of  D.l  with  respect  to  Y  gives 
(after  making  an  additional  use  of  D.l)  the  following 
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Fig.  1  Initial  Y-x  grid  consisting  of  (20+20+20] 
x  20  cells  for  the  flow  through  a  cascade 
of  dipoles 


Fig.  2  Final  streamline  shapes  for  the  flow 
through  a  cascade  of  dipoles 


appendix  E:  Boundary  -Conditions 

The  periodic  boundary  conditions  were  enforced 
upstream  and  downstream  of  the  airfoil  as  follows 

Y(ijmax  +  1)  *  Y(ijmin+1)  +  GAP  (E.l) 

Y(ijmin-t)  *  Y(ijmax-l)  -  GAP  (E.2) 

YMID  *  (Y(ijmin)  +  (Y(ijmax))/2  (E 3) 

Y(ijmin)  »  YMID  +  GAP/2  (E.4) 

Y(ijmax)  =  YMID  -  GAP/2  (E.5) 

where  GAP  is  the  y-distance  between  the  leading  edges  of 
two  airfoils. 

The  values  of  1>  at  the  overlapping  layers  of  points 
(jmin-1)  and  (jmax+  1)  were  set  according  to  the  similar 
expressions 


Fig.  3  Computed  isobars  for  the  0.05  flow 
through  a  cascade  of  dipoles 


Analytic  values  for  isobars  for  an 
incompressible  flow  through  a  cascade  of 
dipoles 
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Superimposed  analytic  and  computed  surface 
Cp  values  for  the  0.0  and  M*=  0.05 

flow  through  a  cascade  of  dipoles 


Intermediate  shapes  of  the  bottom  wall 
during  the  inverse  design  from  a  cascade 
of  dipoles  to  a  straight  channel 


Fig.  8  Streamlines  for  the  inversely  designed 
straight  channel  when  starting  from  a 
cascade  of  dipoles 


Fig.  9  Streamlines  for  the  converged  analysis 
of  the  cascade  of  12%  thicV  biconvex 
airfoils  at  %f  0.62. 
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ABSTRACT 

Two  iterative  methods  for  blade  design,  using  direct  flow 
solvers  and  a  blade  geometry  modification  algorithm,  are 
presented.  Both  procedures  start  with  the  analysis  of  a 
given  cascade  geometry  using  an  existing  flow  solver.  The 
difference  between  the  calculated  velocity  distribution  and 
the  required  one  is  used  to  calculate  a  flow  distorsion.  In 
the  first  method,  this  flow  distorsion  is  produced  by  sin¬ 
gularities  while  in  the  second  method  the  distorsion  is  de¬ 
rived  by  imposing  the  required  velocity  distribution  as  a 
boundary  condition.  This  flow  distorsion  is  used  by  the 
modification  algorithm  a  nd  results  in  a  new  blade  shape 
for  wich  the  calculated  velocity  is  closer  to  the  desired  one. 

Examples  for  both  subsonic  and  transonic  flows  are  pre¬ 
sented  and  show  a  rapid  convergence  to  the  geometry  re¬ 
quired  for  the  desired  velocity  distribution.  The  main  ad¬ 
vantage  of  the  proposed  method  is  that  existing  analysis 
codes  can  be  used,  for  the  design  and  for  the  off-design 
analysis. 

Some  restrictions  which  have  to  be  imposed  on  the  required 
velocity  distribution  are  also  discussed. 


LIST  OF  SYMBOLS 

a 

speed  of  sound 

c 

chord  length 

H 

coupling  factor 

l 

left  eigenvector 

M 

isentropic  Mach  number 

n 

normal  coordinate 

n»,  ny 

normal  vector  components 

JV 

number  of  vortices 

P° 

total  pressure 

P 

static  pressure 

s 

curvilinear  coordinate 

t 

time  coordinate 

T® 

total  temperature 

U 

vector  of  unknowns 

ti,  V 

velocity  components 

V 

velocity 

*>v 

geometry  coordinates 

greek 

symbols 

0 

slope  of  the  blade  contour 

0\ 

inlet  flow  angle  (with  resp.  5?) 

01 

outlet  flow  angle  (with  resp.  oaT) 

7 

vortex  strength 

r 

circulation 

A 

eigenvalue 

p 

density 

<r 

cascade  solidity 

vortex  coordinates 

subscripts 

n  normal  component 

t  tangential  component 

ti  tangential  component,  inside 

to  tangential  component,  outside 

1  cascade  inlet 

2  cascade  outlet 

superscript 

a  equation  number 

new  value  at  the  time  n-fl 

old  value  at  the  time  n 

req  required  value 

*  intermediate  value 


1.  A  CLASSIFICATION  OF  INVERSE  METH¬ 
ODS. 


In  a  Direct  Method,  the  computing  task  consists  in  de¬ 
termining  the  aerodynamic  performances  of  a  given  blade 
section  shape.  A  designer  specifies  an  arbitrary  cascade 
geometry  which  is  then  analysed  with  a  computer  code 
to  define  its  performances.  Based  on  the  results,  the  de¬ 
signer  modifies  the  blade  shape  in  accordance  with  his  ex¬ 
perience  This  is  essentially  equivalent  to  the  wind  tunnel 
design  method  of  ” trial  and  error”,  but  with  a  computer 
instead  of  the  wind  tunnel. 

An  alternative  way  to  achieve  an  aerodynamic  design  is 
the  Inverse  Method,  where  the  geometry  of  the  blade 
results  from  the  calculation  and  is  supposed  to  give  the  re¬ 
quired  performances.  Inverse  methods  can  be  categorized 
according  to  various  criteria,  for  example  the  flow  regime 
(subsonic,  transonic  or  supersonic)  for  which  the  methods 
are  valid,  the  way  the  problem  is  solved  (analytical  or  nu¬ 
merical),  the  modification  method,  the  assumptions  made. 

Two  main  families  of  inverse  methods  can  be  distinguished: 
the  methods  in  which  the  problem  can  be  solved  analyti¬ 
cally,  resulting  directly  in  the  geometry  of  the  blade,  and 
these  for  which  a  numerical  procedure  is  necessary. 

Methods  of  the  first  class  have  been  widely  developed  be¬ 
fore  computer  facilities  were  available,  in  order  to  find  a 
solution  to  the  inverse  problem  that  could  be  calculated 
manually.  They  therefore  need  severe  assumptions  to  for¬ 
mulate  the  equations  in  a  simple  enough  form  to  allow 
an  analytical  solution.  Although  they  are  very  restrictive, 
they  permit  to  develop  a  complete  theory  for  the  inverse 
problem,  including  the  constraints  that  the  required  veloc¬ 
ity  distribution  has  to  verify  in  order  to  obtain  a  physical 
solution  (Lighthill,  1945,  Woods,  1955) 
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Analytical  methods  make  use  of  the  conformal  mapping 
of  the  cascade  plane  into  a  circle  (or  a  row  of  circles)  and 
solve  the  incompressible  potential  flow  equations  (Lighthill, 
1945,  Schwering,  1970,  Murugesan  and  Railly,  !  969,  Ubaldi, 
1984).  With  the  need  of  higher  performances,  resulting  in 
transonic  flow  regimes,  their  limits  have  been  exceeded  and 
other  less  restrictive  methods  have  been  sought,  resulting 
in  the  second  family. 

The  second  class  of  methods  has  been  developed  in  parallel 
with  the  classical  direct  solvers  which  calculate  the  flow  for 
a  given  geometry.  A  numerical  scheme  is  used  to  solve  the 
non  linear  equations.  Some  of  these  methods  make  use  of 
a  tr&nformation  to  uncouple  the  calculation  domain  from 
the  initially  unknown  blade  geometry.  No  first  guess  of 
the  blade  geometry  is  necessary  if  the  potential  equation 
is  solved;  the  potential  stream  function  plane  may  be  used 
for  the  calculation  (Stanitz,  1953,  Schmidt,  1980).  Another 
possibility  is  to  solve  the  potential  equation  in  the  hodo- 
graph  plane  which  also  allows  to  lineraize  the  equations 
(Bauer,  Garabedian  and  Korn,  1972,  1795  and  1977,  Sanz, 
1983,  1984,  1988) 

If  non  potential  flow  fields  are  considered,  the  Euler  equa¬ 
tions  must  be  integrated.  Since  the  flow  is  computed  in 
the  physical  plane,  a  first  guess  of  the  geometry  is  neces¬ 
sary  to  start  the  calculation.  This  initial  geometry  may 
be  modified  during  the  flow  calculation,  adapting  it  step 
by  step  to  achieve  the  imposed  pressure  or  velocity  dis¬ 
tribution  (Meauze,  1980  and  1982,  Giles  and  Drela,  1985 
and  1987,  Zannetti,  1984  and  1988)  and  at  the  same  time 
verifying  the  slip  condition  on  the  blade  wall. 

At  the  other  hand,  the  initial  geometry  can  be  modified 
after  convergence  of  the  flow  calculation  which  has  been 
performed  by  the  solver.  The  blade  is  then  modified  to  sat¬ 
isfy  the  boundary  condition  which  has  not  been  respected 
during  the  flow  calculation.  ThiB  procedure  results  in  the 
so-called  Iterative  Inverse  Methods. 

The  blade  modification  can  be  performed  using  a  physical 
model  which  relates  the  displacement  of  each  point  of  the 
geometry  to  the  difference  between  the  current  pressure  dis¬ 
tribution  and  the  required  one,  or  by  means  of  a  mathemat¬ 
ical  algorithm  minimizing  an  object  function  defined  by  the 
user,  and  subject  to  some  constrains.  Although  these  lat¬ 
ter  methods  should  lead  to  a  solution,  even  if  the  required 
pressure  or  velocity  distribution  does  not  correspond  to  a 
physical  geometry,  they  still  have  the  disadvantage  to  be 
very  expensive  in  terms  of  CPU  time  (Vanderplaats,  1979 
and  1984,  Hicks,  1981). 

This  paper  deals  with  iterative  inverse  methods  using  a 
physical  algorithm  to  modify  the  blades.  The  main  feature 
of  these  iterative  inverse  methods  is  the  modification  of  the 
blade  geometry  based  on  a  velocity  field  which  verifies  the 
prescribed  velocity  or  pressure  distribution  but  does  not 
respect  any  more  the  slip  condition  on  the  blade  wall.  By 
resetting  the  blade  wall  parallel  to  the  flow  or  by  using  the 
concept  of  transpiration,  the  blade  is  modified  and  a  new 
direct  calculation  is  performed  by  the  flow  solver.  This 
procedure  is  repeated  until  the  difference  between  required 
and  calculated  velocity  is  small  enough  (see  the  flow  chart 
on  figure  1). 

These  methods  may  differ  by  the  way  the  velocity  field 
around  the  blades  is  derived  from  the  prescribed  distribu¬ 
tion,  and  two  different  approaches  will  be  discussed  here. 

Since  the  main  advantage  of  these  methods  is  that  they 
make  use  of  direct  solvers,  whose  accuracy  and  reliability 


have  been  proven  many  times,  the  first  idea  is  therefore 
to  use  these  solvers  just  as  a  black  box.  The  boundary 
conditions  implemented  in  these  direct  solvers  provide  a 
velocity  field  tangent  to  the  blade  wall.  A  supplementary 
algorithm  is  required  to  provide  a  correction  of  the  veloc¬ 
ity  field  from  the  difference  between  the  imposed  and  the 
calculated  velocity  distributions. 

Another  idea  is  to  modify  the  boundary  conditions  inside 
the  solver  in  order  to  impose  directly  the  prescribed  pres¬ 
sure  distribution.  The  converged  velocity  field  resulting 
from  the  iterative  calculation  will  therefore  include  the  dis¬ 
tortion  with  respect  to  the  tangential  situation,  and  the 
blade  geometry  can  be  directly  modified. 


2.  MODIFICATION  OF  THE  GEOMETRY. 


As  said  previously,  the  choice  has  been  made  to  imple¬ 
ment  the  concept  of  iterative  inverse  methods,  starting 
from  classical  direct  solvers  Any  modification  of  the  pres¬ 
sure  distribution  on  the  blade  wall  will  induce  a  distorsion 
of  the  complete  flow  field  and  therefore  a  displacement  of 
the  streamlines. 

The  geometry  modification  algorithm  that  is  used  is  there¬ 
fore  based  on  the  calculation  of  the  new  streamlines  po¬ 
sition,  starting  from  the  initial  blade  wall  which  is  not  a 
streamline  any  more.  This  calculation  makes  use  of  the 
velocity  component  normal  to  the  initial  blaHe,  produced 
from  the  difference  between  the  initial  and  the  required 
pressure  distributions.  The  calculation  of  the  normal  ve¬ 
locity  component  will  be  discussed  in  details  in  the  next 
chapter. 

As  the  new  streamlines  can  intersect  with  the  old  blade 
shape,  wherein  the  flow  quantities  are  not  defined,  the  po¬ 
sition  of  the  new  streamlines  must  be  calculated  from  the 
old  ones,  namely  from  the  old  blade  wall. 

In  the  transpiration  model,  the  old  blade  wall  is  consid¬ 
ered  as  porous  with  a  normal  velocity  going  trough  it.  The 
mass  balance  is  applied  in  the  cell  defined  by  the  points 
(O'",  (*  -  1)°*,  (*)n~'  and  (t  -  1)"~  as  shown  in  fig.  2. 

This  results  in: 

d(pVtAn)  =  pVnd»  (1) 

or  in  discretized  form: 

Anpl/,1..,  +  ■*  =  AnpV'.l,  (2) 


The  ingoing  velocity  Vj|*_i  is  taken  as  the  mean  value  of 
the  tangential  velocity  along  the  normal  direction  at  the 
point  »-l,  namely 

v.ii-, + vrv. 

-  2 

The  outgoing  velocity  Vi|,  is  calculated  in  the  same  way. 

Expression  (2)  allows  the  calculation  of  the  shift  An^  if 
An,.]  is  known.  The  modification  starts  at  the  stagnation 
point,  where  the  value  Atij  is  set  to  zero.  The  modifica¬ 
tion  of  the  pressure  side  and  the  suction  side  are  calculated 
separately  and  it  is  hoped  that  both  contours  do  not  cross, 
which  would  result  in  an  unphysical  blade  shape.  This 
depends  on  the  accuracy  of  the  numerical  integration  pro¬ 
cedure  and  on  the  accuracy  of  the  normal  velocities  calcu¬ 
lation. 


The  streamline  model  calculates  the  position  of  the  new 
blade  wall  by  setting  this  wall  parallel  to  the  local  velocity 
+  Vn  as  illustrated  in  fig.  3. 


This  results  in: 


f‘dn  (•  Vn  , 

An(,)  =  I  T,ia  =  L  V,ds 


(4) 


The  discretized  form  of  (4)  is: 

I 

. .  niA  As  ( dn  dn  \ 

yr-y??  -  *  -Vi-i  +  “2"\S<-»  + «C’i)nv 


(5) 


The  closer  the  new  blade  contour  follows  a  real  streamline, 
the  smaller  are  the  chances  that  pressure  and  suction  sides 
cross  each  other. 


as  vortices,  on  the  blade  contour,  in  order  to  increase  or 
to  decrease  locally  the  velocity  on  the  blade  and  to  set  it 
equal  to  the  required  value  (Murugesan  and  Railly,  1969, 
Van  den  Bcaembussche  et  ai.,  1989). 

The  first  effect  of  a  vortex  distribution  is  to  create  a  differ¬ 
ence  between  the  tangential  velocity  at  the  outer  and  the 
inner  part  of  the  contour: 

7  =  Vu,  -  Vt%  (6) 

this  difference  being  equal  to  the  local  vortex  strength. 
Moreover,  the  flow  field  induced  by  the  vortices  must  be 
defined  in  such  a  way  that  zero  tangential  velocity  inside 
the  contour  is  obtained  as  a  kinematic  condition.  Therefore 
we  have: 

7  =  Vu,  (7) 

If  we  want  to  increase  or  decrease  locally  an  already  exist¬ 
ing  velocity  at  the  outer  side  of  the  blade,  a  vortex  can  be 
placed  on  the  blade  contour  with  its  strength  defined  as: 

7  =  AVJ  (8) 


Both  models  have  given  good  results;  they  reduce  to  the 
same  expression  for  incompressible  flow  fields.  After  the 
modification,  a  new  discretization  of  the  flow  field  must  be 
done  for  the  new  blade  geometry,  and  another  flow  calcu¬ 
lation  is  performed. 

The  modification  algorithms  that  are  proposed  imply  that 
the  velocity  at  the  blade  wall  has  a  component  normal  to 
the  blade  wall  due  to  the  fact  that  the  required  pressure 
or  velocity  does  not  correspond  to  the  current  geometry. 
However,  any  direct  solver  (potential  or  Euler)  provides 
a  velocity  field  which  is  tangent  to  the  actual  blade  wall, 
due  to  the  slip  condition  that  is  imposed  as  the  boundary 
condition  on  the  blade  wall,  and  which  does  not  necessarily 
satisfy  the  required  pressure  distribution. 

Moreover,  the  well-posed  problem  theory  prohibits  that 
both  boundary  conditions  (slip  condition  and  required  pres¬ 
sure)  could  be  imposed  together  on  the  blade  wadi.  Two 
possibilities  are  then  offered: 


•  either  the  direct  solver  is  kept  with  the  classical  slip 
condition,  and  a  supplementary  algorithm  is  imple¬ 
mented  in  order  to  calculate  the  distorsion  of  the  flow 
field  due  to  the  required  pressure;  the  method  pre¬ 
sented  here  makes  use  of  vortices  to  modify  the  flow 
field; 

•  or  the  boundary  condition  imposed  at  the  blade  wall  is 
modified  inside  the  flow  solver  (that  cannot  be  called 
direct  solver  any  more!)  and  the  resulting  flow  field 
will  respect  the  required  pressure  but  not  the  slip  con¬ 
dition;  the  walls  are  supposed  to  be  permeable. 


The  first  option  has  the  advantage  that  existing  direct 
solvers  can  be  used  as  black  boxes,  but  the  second  option 
may  be  theoretically  more  correct,  as  will  be  shown  later 
Both  ideas  have  been  developped  and  will  be  discussed  in 
the  next  chapters. 


3.  NORMAL  VELOCITIES  CALCULATED  BY 
VORTICES. 


The  velocity  field  resulting  from  the  direct  solver  repects 
the  slip  condition  but  does  not  agree  with  the  required 
velocity  The  basic  idea  is  to  distribute  singularities,  such 


or 

7  =  vj  -  vr  (9) 


A  second  effect  of  this  vortex  distribution  is  the  creation  of 
a  velocity  normal  to  the  blade  contour,  which  for  a  cascade 
of  blades  at  a  pitch  t  is  given  by: 


1  r  sinh  X  cos  0  +  sin  Y  sin  0 
K  =  2 it - cosh X  -  coTv - 


(10) 


with: 


X  =  y(x  -  0 
>'=  y(y  - v) 


(11) 


where  r;  are  the  vortex  coordinates  and  x,y  is  the  location 
where  the  value  of  Vn  is  calculated. 


The  discretization  of  (10)  for  N  intervals  results  in: 


j= i 


with 


sinh  X  cos  0  +  sin  Y  sin  0 
cosh  X  -  cos  Y 


(12) 

(13) 


Calculation  of  the  norma]  velocities  Vn  at  the  N  positions 
where  the  vortices  are  located  results  in  the  following  linear 
system  of  N  equations: 


K(i)  \ 

f  0 

77(1.  N)  \ 

7'(1)  \ 

K(2) 

= 

77(2.  1) 

7/(2,  N) 

7'(2) 

,  v.(W) ) 

,  //(TV,  1) 

0  , 

V(V)  j 

(14) 

with 

l'(j)  =  7(;)A»(7)  (15) 


Unfortunately  the  matrix  H  has  a  zero  diagonal  since  a 
vortex  has  no  contribution  to  the  local  normal  velocity. 
This  system  of  equations  is  ill-conditioned  and  can  give  rise 
to  a  wavy  velocity  distribution  since  two  adjacent  vortices 
7(*  -  1)  and  7 (i  +  1)  of  the  same  sign  and  equal  strength 
induce  zero  normal  velocity  at  the  point  i. 
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Since  a  vortex  cannot  create  flow,  the  total  mass  flux  in¬ 
duced  by  each  vortex  across  the  closed  profile  must  be  equal 
to  zero.  Therefore  we  have: 

Vnds  =  0  for  each  vortex  (16) 

or 

£>(.,  jbO')A*(.)  =  0  j=l,..,N  (17) 

«=l 

In  order  to  correct  the  numerical  error  introduced  by  the 
discretization,  a  normal  velocity  ib  calculated  by  (17)  for 
each  vortex  and  added,  at  the  point  where  the  vortex  is 
located,  to  the  one  calculated  using  (12).  This  correction 
reduces  the  chances  that  the  new  suction  and  pressure  sides 
intersect  or  diverge  from  each  other. 

As  this  method  is  based  on  the  superposition  principle,  it 
is  therefore  correct  only  for  incompressible  potential  flows; 
however,  also  for  a  compressible  flow,  it  gives  a  blade  cor¬ 
rection  which  is  in  the  right  direction,  and  which  anyway 
vanishes  as  the  velocity  distribution  converges  to  the  re¬ 
quired  one.  Another  weakness  of  the  method  is  that  the 
correction  calculated  using  the  vortices  is  incorrect  if  a  su¬ 
personic  pocket  is  present  in  the  flow  field,  since  a  vortex 
from  this  zone  induces  a  normal  velocity  upstream,  which 
is  not  in  agrement  with  the  hyperbolic  character  of  the 
flow  However,  experience  has  shown  that  it  can  also  be 
efficiently  used  for  transonic  flows. 

The  method  has  the  great  advantage  of  simplicity,  allowing 
the  use  of  accurate  and  efficient  direct  solvers  which  have 
been  developed  in  the  past  and  are  well  documented  in  the 
literature.  Another  advantage  of  the  use  of  a  direct  solver 
is  that,  once  the  blade  geometry  has  been  determined,  the 
off- design  analysis  can  be  carried  out  using  the  same  flow 
solver  and  input  file. 


the  flow  acceleration  around  the  thick  circular  trailing  edge 
and  cannot  be  avoided  with  potential  flow  calculations. 

The  second  example  demonstrates  the  procedure  in  the  re¬ 
design  of  a  turbine  rotor  hub  section.  The  velocity  dis¬ 
tribution  on  the  initial  blade  is  compared  to  the  desired 
one  in  figure  5a.  The  last  one  has  a  considerably  larger 
loading  than  the  initial  blade  and  the  pitch-chord  ratio  has 
been  increased  proportionally  to  obtain  the  same  outlet 
flow  conditions. 

The  new  blade  shape,  obtained  after  only  10  modifications, 
is  compared  to  the  initial  shape  on  figure  5b.  Also  shown 
are  the  initial  and  new  cascade  parameters.  Figure  5c 
shows  the  comparison  between  the  required  velocity  dis¬ 
tribution  and  that  corresponding  to  the  final  blade  shape. 
Discrepencies  are  observed  at  the  leading  edge  pressure  side 
where  the  calculated  velocity  is  higher  than  the  required 
one,  because  the  mean  value  of  the  required  pressure  and 
suction  side  velocity  at  the  leading  edge  is  lower  than  the 
inlet  velocity.  This  would  imply  a  negative  blade  thickness 
(negative  blockage).  The  discrepency  does  not  disappear 
when  the  number  of  modifications  is  increased. 

A  code  solving  the  Euler  equations  has  been  developped 
in  order  to  serve  as  a  basis  of  the  different  steps  of  the 
development  of  the  inverse  method.  The  code  is  based  on 
a  Time  Marching  procedure,  a  finite  volume  approach,  and 
on  a  scheme  investigated  by  Arts  (1982). 

The  numerical  domain  is  represented  on  fig.  6.  It  is  made 
up  of  several  pseudo  streamlines  and  pitchwise  lines.  The 
control  surfaces  used  in  the  finite  volume  approach  are  bi- 
trapezoidal. 

The  time  derivative  is  discretized  by  means  of  a  corrected 
viscosity  scheme: 


This  method  has  been  used  together  with  two  different 
direct  solvers,  an  incompressible  potential  code  (Van  den 
Braembussche,  1984)  and  a  Time  Marching  procedure  solv¬ 
ing  the  Euler  equations  (Arts,  1982).  Two  examples  will 
illustrate  each  code. 

The  first  example  demonstrates  the  procedure  in  the  de¬ 
sign  of  a  compressor  blade  for  incompressible  flow  with  the 
required  velocity  distribution  shown  in  figure  4a.  The  cal¬ 
culations  use  as  a  first  guess  a  NACA-65(18Aio)10  blade 
at  zero  stagger  (fig.  4b).  The  ratio  of  local  velocity  over 
inlet  velocity  obtained  from  a  first  analysis  at  0\  =  30  deg. 
and  a  pitch-chord  ratio  of  0.9,  is  shown  in  figure  4c. 


f/,5*  -  ^(transport  terms) 


The  terms  superscripted  by  an  asterisk  are  updated  every 
20  iterations;  a  is  a  numerical  viscosity  coefficient  which  is 
function  of  the  density  gradient. 


a  =  VC  1  - 


.  ft-u  +  p-.j- 1 


pi* i,.  *  pij*i  4p.V 

4 


(19) 


For  the  same  inlet  air  angle  and  pitch-chord  ratio  a  new 
blade  shape,  shown  in  figure  4d,  is  obtained  after  40  mod¬ 
ifications.  With  a  blade  definition  of  40  points,  the  CPU 
time  on  a  VAX  780  for  this  example  is  55  sec.  This  new  ge¬ 
ometry  is  very  different  from  the  first  guess  (fig.  4b).  The 
stagger  angle  has  increased  from  0  to  4.6  deg.  and  the  new 
blade  is  much  thicker.  This  large  trailing  edge  thickness  re¬ 
sults  from  the  required  velocity  distribution  and  accounts 
for  both  the  geometrical  blade  thickness  and  the  boundary 
layer  displacement  thickness  on  the  pressure  and  suction 
side 

The  potential  flow  calculation  method  does  not  account 
for  wakes  and  the  blade  contour  16  therefore  closed  by 
rounding-off  at  the  trailing  edge.  The  blade  velocity  dis¬ 
tribution  agrees  very  well  with  the  required  one  as  shown 
in  figure  4e.  Discrepencies  are  observed  only  at  the  last 
two  points  on  the  pressure  and  suction  side,  at  the  trailing 
edge  round-off.  The  local  overshoot  of  the  velocity  is  due  to 


where  VC  is  an  empirical  coefficient  (typically  0.98) 

Using  this  flow  solver,  the  iterative  method  was  first  demon¬ 
strated  with  a  required  velocity  distribution  calculated  from 
a  classical  NACA-65  (12AjIs*)10  blade.  The  first  guess 
was  a  NACA-65  (12Ato)10  blade  The  geometries  of  both 
blades  are  compared  in  figure  7a.  The  velocity  distribution 
on  the  initial  blade  and  the  required  velocity  distribution 
are  shown  on  fig.  7b. 

The  flow  conditions  are:  p°  -  1.33  bar,  T,°  -- 34 1  5  K,  &\  - 
45  deg,  p7  =.  1.173  bar.  The  cascade  geometry  is  defined 
by  a  stagger  angle  of  31  deg  and  a  solidity  of  1  for  both 
blades. 

Figures  7c  and  7d  show  the  convergence  of  the  calculated 
velocity  Good  agreement  with  the  prescribed  velocity  dis¬ 
tribution  is  evident  in  fig.  7d,  except  for  the  leading  edge 
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and  the  trailing  edge  regions.  This  can  be  due  to  the  fact 
that  the  discretization  with  a  H-type  grid  is  not  suited  to 
describe  accurately  the  flow  field  in  these  regions.  The  com¬ 
parison  between  the  final  blade  geometry  and  the  NACA- 
65  (12AjUs)10  is  shown  in  figure  7e.  The  calculations  are 
made  with  71  stations  in  the  streamwise  direction  and  21 
points  in  the  pitchwiae  direction.  The  CPU  time  on  a  VAX 
780  was  about  5  hours  for  12  modifications. 

The  fourth  example  demonstrates  the  procedure  in  the  de¬ 
sign  of  a  turbine  blade.  The  starting  geometry  is  that  of 
the  workshop  VKI-LS  82-05  (Arts,  1982).  The  flow  condi¬ 
tions  are.  p°  =  1  bar,  Tf  ~  278  K,  &\  =  0  deg,  Mi  =  1.2. 
The  cascade  geometry  is  defined  by  a  stagger  angle  of  -60 
deg  and  a  solidity  of  125. 

Problems  have  been  encountered  modifying  the  suction  and 
pressure  surfaces  at  the  same  time,  since  there  is  a  strong 
interaction  between  both  surfaces  in  the  throat  region.  The 
expansion  waves  starting  from  the  pressure  side  trailing 
edge  interact  with  the  suction  side. 

To  work  around  this  problem,  only  the  pressure  side  ve¬ 
locity  was  imposed  during  the  first  modifications.  This 
reduces  the  expansion  in  the  trailing  edge  region.  Figures 
8a  shows  the  starting  velocity  distribution  and  the  required 
velocity  distribution,  while  figure  8b  shows  the  velocity  dis¬ 
tribution  after  2  modifications. 

Once  the  required  velocity  distribution  has  been  obtained 
on  the  pressure  side,  a  similar  procedure  has  been  applied 
on  the  suction  side,  in  which  we  impose  simultaneously 
the  suction  and  pressure  side  velocity  distributions.  Six 
modifications  were  needed  to  obtain  the  required  suction 
side  velocity  distribution.  Figure  8c  shows  the  final  velocity 
distribution  while  the  comparison  between  the  initial  and 
the  final  blade  geometry  can  be  seen  in  figure  8d. 

Using  the  same  Time  Marching  solver,  an  off-design  anal¬ 
ysis  has  been  made  for  this  final  blade.  Results  are  shown 
on  figures  9a  for  Afj  =  1  and  9b  for  M3  =  0.8  One  can 
see  that  a  blade  which  has  been  optimized  for  one  out¬ 
let  Mach  number  does  not  necessarily  give  a  good  velocity 
distribution  at  other  outlet  Mach  numbers. 


4.  PERMEABLE  WALL. 


The  problems  encountered  using  the  vortices  for  transonic 
blade  designs  have  led  to  the  idea  of  developing  a  theoret¬ 
ically  more  correct  modification  method,  which  would  ac¬ 
count  for  compressibility  and  respect  the  hyperbolic  char¬ 
acter  of  the  unsteady  Euler  equations.  This  can  be  achieved 
by  imposing  directly  the  required  pressure  distribution  on 
the  blade  wall,  inside  the  Time  Marching  calculation. 

Imposing  simultaneously  the  pressure  and  the  slip  condi¬ 
tion  on  a  wall  leads  to  a  ill-posed  problem  in  a  mathemati¬ 
cal  point  of  view  since  the  problem  is  over-determined;  this 
means  that  the  inverse  problem  has  no  solution  in  general. 
If  the  required  performances  correspond  to  a  physical  ge¬ 
ometry,  one  of  the  two  boundary  conditions  drops  out  and 
the  design  is  possible. 

Since  it  was  chosen  to  impose  the  required  pressure  as  the 
boundary  condition  on  the  wall,  the  velocity  is  allowed  to 
have  a  component  normal  to  the  blade  wall  which  therefore 
has  to  be  considered  as  permeable.  This  normal  velocity 
component  will  be  used  for  the  geometry  modification  after 
convergence  of  the  Time  Marching  calculation. 


4.1.  Characteristic  Surfaces  and  Wave-iike  Solu¬ 
tions. 


Boundary  conditions  connect  the  calculation  domain  with 
the  surrounding  flow  field  and  should  express  correctly  the 
propagation  of  the  information  which  is  described  by  the 
equations.  Especially  the  boundary  conditions  and  the  cal¬ 
culation  of  the  unknowns  at  the  blade  wall  have  to  be  dis¬ 
cussed  in  more  detail,  since  the  information  propagating 
along  the  streamlines  doesn’t  propagate  any  more  along 
the  blade  wall.  The  way  the  information  is  propagated  is 
discussed  here  for  first  order  systems  of  equations. 


A  system  of  two  first-order  equations  can  be  written  in 
the  form: 


du 

S9z 


or  in  the  matrix  form: 

with 

U  =  1 


*>  = 


.du  dv 

bVy+%  =  ° 

dv  du 
dx  dy 

(20) 

J  dU 

(21) 

■  dy 

a  0  ]  .  f  2b  c  I 

0  lj  *=[-!  oj 

(22) 

Since  these  equations  describe  a  convection  process,  infor¬ 
mation  may  propagate  like  waves  under  some  conditions  - 
If  a  simple  wave  solution  is  sought,  propagating  in  the  di 
rection  n,  it  has  the  form: 

U  =  f/e,(o**+n»v)  (23) 


This  solution  for  U  can  be  substituded  in  equation  (21), 
and  the  condition  to  obtain  such  solutions  is  that  the  de¬ 
terminant  of  the  matrix  (Ajn*  -f  Ajnv)  vanishes: 


an*  +  26ny  cnv  I  _  ^ 

-nv  n*  J  y  ' 

Hence  from  the  roots  of 

atef+2tte)+c^  <25) 

the  conditions  defining  the  type  of  the  quasi-linear  differen¬ 
tial  system  of  equations  are  obtained.  If  (6J-4ac)  >  0  there 
are  two  wave-like  solutions  and  the  system  is  hyperbolic, 
while  for  (6*  -  4ac)  <  0  the  two  solutions  are  complex  con¬ 
jugate  and  the  equation  is  elliptic.  When  ( b 7  -  4ac)  =  0  the 
two  solutions  are  reduced  to  one  single  direction  of  propa¬ 
gation  and  the  equation  is  parabolic. 

A  wave  front  surface  may  be  defined,  which  separates  the 
points  already  influenced  by  the  propagating  disturbance 
from  the  points  not  yet  reached  by  the  information.  If 
S(*,y)  =  S0  (where  S0  is  a  constant)  is  such  a  surface,  the 
propagation  direction  rf  is  normal  to  the  surface  S: 

n  =  VS  (26) 

The  surfaces  S(t,y)  which  satisfy  equation  (25)  for  real 
values  of  n.  and  nv  sire  called  characteristic  surfaces,  which 
transport  certain  properties  of  the  flow. 
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The  general  definition  for  a  system  of  n  partial  differ¬ 
ential  equations,  containing  n  unknowns  u;  in  the  Tri¬ 
dimensional  space  xh,  written  in  the  quasi-linear  form,  is: 

4’fj£=°  k=l,..,m  (27) 

or  in  the  matrix  form: 

Ah  —  0  k  =  l,..,m  (28) 

ox* 

The  (n  x  n)  matrices  A k  can  depend  on  xk  and  U  but  not 
of  the  derivatives  of  U.  A  plane  wave  solution  will  exist  if 
the  system 

[Aknk]U  =  0  (29) 

has  non- trivial  solutions.  This  will  be  the  case  if  the  deter¬ 
minant  of  the  system  vanishes,  that  is,  if 

=  0  (30) 


There  are,  at  most,  n  solutions  and  therefore,  at  most,  n 
characteristic  surfaces.  The  system  is  said  to  be  hyperbolic 
if  all  the  n  normals  are  real  and  if  the  solutions  of  the  n 
associated  systems  of  equations  are  linearly  independent. 
If  all  the  characteristics  are  complex,  the  system  is  said  to 
be  elliptic  and  if  some  are  real  and  some  are  complex,  the 
system  is  considered  as  hybrid.  If  the  matrix  (.4*nfc]  is  not 
of  rank  n,  then  the  system  is  said  to  be  parabolic. 


If  one  space  variable,  say  xm,  is  singled  out  and  the  cor¬ 
responding  Jacobian  matrix  Am  is  the  unit  matrix,  this 
variable  is  called  a  time-ltke  variable.  The  system  (28)  is 

wntlen“  eo  .  Aiou 


m+A 


8z ‘ 


=  0 


(31) 


This  matrix  has  real  eigenvalues  and  a  complete  set  of 
eigenvectors. 

Eigenvalues  of  C„  are:  Vn ,  Vn,  Vn  +  a  and  Vn  -  a 


4.2.  Boundary  Conditions. 

The  information  necessary  for  the  initial  and  boundary 
conditions  to  be  imposed  with  a  given  system  of  differen¬ 
tial  equations,  in  order  to  have  a  well- posed  problem,  can 
be  gained  from  the  preceding  considerations.  A  solution  of 
the  system  of  first-order  partial  differential  equations  can 
be  written  as  a  superposition  of  wave-like  solutions  cor¬ 
responding  to  the  n  eigenvalues  of  the  matrix  K.  For  an 
hyperbolic  problem,  all  the  eigenvalues  are  real  and  expres¬ 
sion  (23)  shows  that  no  amplified  mode  are  generated  (an 
amplified  mode  is  not  physically  acceptable).  Therefore  n 
boundary  conditions  have  to  be  given  to  determine  com¬ 
pletely  the  solution.  These  boundary  conditions  have  to  be 
distributed  along  the  boundaries  at  all  values  of  t,  accord¬ 
ing  to  the  direction  of  propagation  of  the  corresponding 
waves. 

If  the  information  propagated  by  one  wave  front  is  imping¬ 
ing  a  boundary  point,  coming  from  the  inside  of  the  calcu¬ 
lation  domain  (positive  eigenvalue  if  n  is  the  outgoing  nor¬ 
mal  vector),  the  value  of  the  corresponding  unknown  must 
be  calculated  from  this  information  and  not  from  a  bound¬ 
ary  condition.  At  the  other  hand,  if  the  the  information 
comes  from  the  outside  of  the  calculation  domain  (nega¬ 
tive  eigenvalue),  the  value  of  the  unknown  at  this  bound¬ 
ary  point  must  be  imposed  by  a  boundary  condition.  These 
considerations  have  to  be  applied  in  the  different  boundary 
problems  of  a  blade- to- blade  calculation. 


The  charateristic  condition,  equation  (30),  becomes 

\niI  +  Aknk\=0  k  =  1, ..,m  -  1  (32) 


Equation  (32)  is  therefore  an  eigenvalue  problem  where  the 
characteristic  normals  are  obtained  as  the  eigenvalues  of 
the  matrix 

Kij  =  A^nk  k  —  1,  ..,m  —  1  (33) 

If  the  n  eigenvalues  are  real  there  are  n  characteristic  sur¬ 
faces  which  transport  information  in  the  n  direction. 


If  the  unsteady  two-dimensional  Euler  equations  are 
considered,  their  quasi- linear  form  can  be  written  as: 


dU  dU 

dt  +  A  8z 


+ 


(34) 


If  the  primitive  variables  p,V  and  p  are  used,  we  have 


p  " 

up  0  0 

V  = 

u 

V 

A  = 

0  u  0  1/p 

0  0  u  0 

.  P  . 

0  pa2  0  u 

v  0  p  0 

0  v  0  0 

00  v  1/p 

0  0  pa 2  v 


For  the  inlet  boundary  (and  if  a  subsonic  axial  velocity 
is  considered),  only  Vn  +  a  is  positive  and  three  boundary 
conditions  must  be  imposed,  usually  the  total  conditions 
(p°  and  T°)  and  the  inlet  flow  angle. 

If  the  slip  condition  is  imposed  on  the  blade  wall,  only 
the  eigenvalue  Vn  -  o  is  negative  and  therefore  only  one 
boundary  condition  must  be  imposed,  i.e.  the  velocity  di¬ 
rection  at  that  point. 

At  the  other  hand,  if  the  static  pressure  p  is  imposed 
on  the  blade  wall,  a  component  of  velocity  normal  to 
the  blade  will  appear  and  depending  upon  its  sign,  2  or 
0  additional  conditions  must  be  imposed.  Three  problems 
have  to  be  solved: 


•  how  to  calculate  the  sign  of  the  normal  velocity  com¬ 
ponent  ? 

•  which  boundary  conditions  to  apply  in  addition  to  the 
static  pressure  ? 

•  how  to  calculate  the  value  of  the  unknowns  that  are 
not  imposed  by  the  boundary  conditions  ? 


These  problems  can  be  solved  by  introducing  the  compat¬ 
ibility  relations. 


4.3.  Compatibility  Relations. 


Since  the  system  is  hyperbolic,  a  matrix 

as 


C*  =  Anm  +  Bn9 


Ck  may  be  defined 
VrT  (35) 


An  alternative  definition  of  characteristic  surfaces  and  hy- 
perbolirity  can  be  obtained  from  the  fact  that  wave  front 
surfaces  carry  certain  properties  and  that  a  complete  de- 
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.scription  of  the  physical  system  is  obtained  when  all  these 
properties  are  known.  This  implies  that  the  original  system 
of  equations,  if  hyperbolic,  can  be  reformulated  as  differen¬ 
tial  relations  written  along  the  wave  fronts  (characteristic 
surfaces)  only.  The  original  system  of  equations  can  be 
transformed,  through  a  linear  combination,  into  an  equiva¬ 
lent  system  of  equations  containing  only  derivatives  along 
the  characteristic  surfaces  5.  For  any  equation  of  the  sys¬ 
tem  (31)  we  have: 


du'  a  k  du} 


’dx> 


=  0 


L'. 

i=i 

t  \p,4+P'A^h 


u.,  -  «  ’»**) 

where  the  are  n  arbitrary  coefficients. 


(36) 

(37) 

(38) 


For  a  two-dimensional  system  (k=l,2),  we  can  define  a  set 
of  n  vectors  Z  }  such  as 

z,  =  h  I.  +  E  '•  +  BA)  (39) 

»=l 


and  the  linear  combination  (36)  can  be  written  as 

E^Vui  =  0  (40) 

>=» 


This  expression  can  be  interpreted  as  a  sum  of  derivatives 
along  curves  which  are  tangential  to  vectors  Zj.  The  coef¬ 
ficients  lx  are  chosen  such  that  equation  (36)  contains  only 
derivatives  in  a  two-dimensional  subspace  of  the  (x,y,t) 
space,  namely  the  characteristic  surface  5  whose  normal  is 
n.  The  condition  for  that  is  given  by 

n  =  0  V>  (41) 

or 

n 

hn>  +  ('4«n«  +  Bant)  =  9  (42) 


The  relation  can  be  written  using  the  definition  of  the  ma¬ 
trix  Cn  (35): 

<>".  +£'.  [(?«)«  =  0  V>  (43) 

i=l 

which  expresses  that  l  is  an  eigenvector  of  the  matrix  C„, 
with  -n,  =  A  the  corresponding  eigenvalue. 

If  the  unsteady  two-dimensional  Euler  equations  are  con¬ 
sidered,  the  discretized  form  of  the  compatibility  relations 
(36)  is,  for  the  equation  a. 


The  terms  T***  denote  numerical  approximations  of  the 
divergence  terms;  they  can  be  estimated  from  the  Euler 
equations.  For  the  density  we  have: 

P“  ~  P***  .j.i 

+  ■??  =  0  (45) 


The  compatibility  relations  become: 

(If  )•"(*■“-/>-)  + 

+  (/;)°','(p"~-p-)  =  0  (46) 

where  the  superscript  asterisk  means  the  this  variable  is 
estimated  from  the  discretization  of  the  Euler  equations; 
then  the  new  value  of  the  unknown  is  computed  using  the 
compatibility  relation,  if  the  corresponding  eigenvalue  is 
positive.  The  four  compatibility  relations  and  the  corre¬ 
sponding  eigenvalues  are: 


eigenvalue 

compatibility  relation 

v; 

-as(p~”  -  p‘)  +  (p~“  -  P")  =  0 

vn 

_y-  =  0 

Vn~  a 

-  v;-)  +  (p— -  p-)-o 

V4  +  a 

-i;-)  +  (p-~-p)  =  o 

where  the  values  of  the  density  p  »nu  the  speed  of  sound  a 
are  taken  at  the  old  time  level. 

The  first  problem  evoked  in  the  section  4.2.  can  be  solved 
by  the  fact  that  the  eigenvalue  14  +  a  is  always  positive,  if 
the  assumption  is  made  of  a  subsonic  normal  component. 
This  means  that  the  corresponding  compatibility  relation 
may  be  used  to  calculate  the  value  and  the  sign  of  V'„,  since 
the  information  propagating  with  this  wave  comes  from  the 
interior  of  the  calculation  domain.  The  pressure  pnew  in  the 
relation  is  obviously  the  required  pressure. 

If  the  normal  velocity  is  positive,  one  boundary  condition 
(the  required  static  pressure)  must  be  imposed,  since  only 
one  eigenvalue  Vn  -  a  is  negative.  If  the  normal  velocity 
is  negative,  two  additional  boundary  conditions  must  be 
imposed,  since  Vn  is  negative  as  well.  It  has  been  found 
that  the  best  solution  is  to  impose  the  total  pressure  and 
total  temperatures  at  that  point. 

A  summary  of  the  different  cases  at  the  blade  wall  is  pro¬ 
posed  now.  In  the  following  examples,  CR  means  that 
the  compatibility  relation  is  used,  and  BC  that  a  bound¬ 
ary  condition  is  imposed.  The  corapatibiliy  relation  corre¬ 
sponding  with  V„  -  a  is  never  used  since  this  eigenvalue  is 
always  negative. 

example:  impermeable  wall 

1  BC:  0 

3  CR:  =  pm  +  (pa)  14* 

p~“  =  p~  +  (p"*”  -  p')/“3 

vr~=  v- 

example:  subsonic  inlet 

1  CR:  V„"~=  V„‘  +  (p~»  -  p-)Hpa) 

3  BC:  p"*"  =  p 

p"~  =  F(7’o,Po.P"”') 

vr*=  Hr„,po.p~“) 

example:  subsonic  outlet 

3  CR:  14"  +  (p™  -  p’)/{pa) 

=  p'  +■  (pn~  -  p’)/a! 

v: 

1  BC:  =  p,€» 

From  the  four  variables  p"**' and  Vj"**'  the  new 
value  of  the  primitive  variables  or  of  the  conservative  vari¬ 
ables  can  be  calculated 
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4.4.  The  Euler  Flow  Solver. 

A  code  solving  the  Euler  equations  has  been  developped 
in  order  to  serve  as  a  basis  of  the  different  steps  of  the 
development  of  the  inverse  method.  The  code  is  based  on 
a  Time  Marching  procedure,  a  finite  volume  approach,  and 
on  a  scheme  investigated  by  Jameson  (1981). 

For  the  space  discretization,  non-intersecting  finite  volumes 
are  used  together  with  a  cell-vertex  approach.  The  physical 
domain  is  shown  in  figure  10.  C-grids  are  used  for  a  better 
leading  edge  moderation. 

For  the  time  discretization,  both  second  order  and  fourth 
order  Jameson  viscosities  are  used  In  order  to  preserve  the 
conservation  form  of  the  scheme,  the  artificial  dissipative 
terms  are  introduced  by  adding  dissipative  fluxes.  For  the 
cell  i,j  the  equilibrium  is  written: 

+  =  (47) 

The  dissipative  operator  is  defined  by. 

D‘i  =  di+\J  ~  di-)j  +  di.i*k  -  d>j-\  (48> 

where  the  dissipative  flux  is  given  as 

d»lJ  =  (49) 

"  QiHjti+Jj(^i+>j  “  +  Wi,,  -  Ui- 1 ,y) 


Here  e?+^.  and  are  adaptative  coefficients  designed 

to  switch  on  enough  dissipation  where  it  is  needed: 

~  *’  (50) 

e?+lj  =  m“(0’*4 -*?+*.>)  <51) 

where  i/ij  is  defined  as 

=  ~2Pij 

,J  IPi+lj  +  2PiJ  +  Pi+ljl 
and  ka,k 4  are  constants  (typically  0.5  and  0.015). 

The  coefficient  €a  is  proportional  to  the  second  derivative 
of  the  pressure  and  therefore  in  smooth  regions  of  the  flow 
proportional  to  the  square  of  the  mesh  size,  while  e 4  is  of 
the  order  one.  The  dissipative  fluxes  in  the  smooth  regions 
are  then  of  third  order  in  comparison  to  the  convective 
fluxes.  However,  in  the  regions  where  the  pressure  changes 
rapidly,  the  sensor  i/*j  is  of  order  one  and  with  the  help  of 
formula  (51)  the  third  order  difference  operator  is  switched 
off.  The  dissipation  is  then  of  second  order  and  the  finite 
volume  scheme  behaves  like  a  first  order  accurate  scheme. 


The  coefficient  ai+^  is  chosen  to  give  the  dissipative  term 
the  proper  weight: 


a 


1  (  +  Ai+lJ  \ 

2  \tolj  btUtj) 


(53) 


where  AfV  is  an  estimate  of  the  time  step  for  a  unit  CFL 
number. 

A  fourth  order  Runge-Kutta  scheme  is  used  for  the  time¬ 
stepping,  requiring  a  minimum  of  computer  storage: 


U°  =  UM 

Ul  =  (fM  -  At  RHS°/4 
U 2  =  C^-AtRHS1/^  (54) 

U3  =  UM  -  At  RHSa/2 
U 4  =  UM  -  At  RHS3 
u™  =  u* 

This  four-stage  scheme  is  second  order  accurate  for  nonlin¬ 
ear  problems  and  allows  a  maximum  CFL  number  of  2y/2. 


4.5.  Results. 

The  method  has  first  been  tried  starting  from  the  N  ACA-65 
( 12AiO)10  blade  geometry  in  a  cascade  defined  by  a  stagger 
angle  of  31  deg  and  a  solidity  of  1.  A  new  blade  geometry  is 
calculated  by  imposing  a  Mach  number  distribution  slightly 
different  from  the  result  of  the  direct  calculation  having  a 
lower  value  of  the  maximum  Mach  number  on  the  suction 
side.  The  Mach  number  distribution  on  the  initial  blade 
and  the  required  Mach  number  distribution  are  shown  on 
fig.  11a.  The  flow  conditions  are:  p®  =  1.33  bar  7^  = 
341.5  K,  =  45  deg,  p,  =  1.173  bar. 

Figures  lib  and  lie  show  the  convergence  of  the  calculated 
velocity.  A  good  agreement  with  the  required  velocity  is 
obtained  after  2  geometry  modifications  only. 

The  advantages  of  the  method  have  been  demonstrated 
by  solving  the  same  example  used  previously  for  vortices, 
namely  the  Mach  number  distribution  of  an  existing  geom¬ 
etry  (the  NACA-65  (12AaIw)10  blade)  has  been  imposed  as 
the  required  Mach  number  distribution,  starting  from  the 
NACA-65  (12Aio)10  blade  geometry.  The  flow  conditions 
and  the  cascade  geometry  are  the  same  as  for  the  previous 
example. 

The  figure  12a  shows  the  original  and  the  required  Mach 
number  distributions.  Because  of  the  big  difference  be¬ 
tween  both  distributions,  an  under-relaxation  factor  of  0.5 
has  been  introduced  into  the  first  geometry  modification, 
results  of  which  are  shown  in  fig.  12b.  The  final  results 
(fig.  12c)  show  a  good  agreement  between  the  calculated 
and  the  prescribed  Mach  number  distribution,  except  for 
the  trailing  edge,  because  the  discretization  does  not  allow 
to  impose  a  Mach  number  value  at  that  point. 

The  third  example  concerns  the  redesign  of  a  transonic 
compressor  blade.  The  NACA-65  (12AaI«t)10  is  the  origi¬ 
nal  geometry,  for  which  a  shock  is  present  on  the  suction 
side  (fig.  13a  and  13b).  The  flow  conditions  axe:  p®  = 
1.33  bar,  7?  =  341.5  K,  0t  =  45  deg,  p,  =  1.136  bar  The 
cascade  geometry  is  defined  by  a  stagger  angle  of  31  deg 
and  a  solidity  of  1. 

The  shockless  transonic  Mach  number  distribution  shown 
in  fig-  13c  has  been  imposed.  Figures  13d  and  13e  show  the 
convergence  of  the  calculated  Mach  number  distribution  to 
the  required  one.  The  original  and  final  geometries  are 
compared  in  fig.  13f. 

The  fourth  example  demonstrates  the  procedure  in  the  de¬ 
sign  of  a  turbine  blade.  The  starting  geometry  is  that  of 
the  workshop  VKI-LS  82-05  (Arts,  1982).  The  flow  condi¬ 
tions  are:  p®  =  1  bar,  7^*  =  278  K,  0\  =■  0  deg,  M a  -  1.0. 
The  cascade  geometry  is  defined  by  a  stagger  angle  of  -60 
deg  and  a  solidity  of  1.25. 


* 
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A  shockless  transonic  Mach  number  distribution  has  been 
imposed  on  the  suction  side  (fig.  14a).  The  calculated 
mach  number  distribution  converges  as  close  a £  possible  to 
the  required  one  (fig.  14b  and  14c)  but  not  completely, 
probably  because  this  required  distribution  does  not  corre¬ 
spond  to  a  physical  geometry.  This  problem  of  existence  of 
a  solution  will  be  discussed  in  details  in  the  next  chapter. 


5.  RESTRICTIONS  ON  THE  REQUIRED 
VELOCITY  DISTRIBUTION. 

Blade  designs  in  which  the  required  velocity  is  obtained 
from  the  analysis  of  an  existing  cascade  do  not  show  any 
particular  problem  l JndeT- relaxation  is  sometimes  needed 
if  the  required  velocity  distribution  is  far  from  the  initial 
one,  but  the  method  rapidly  converges  to  the  correct  blade 
shape. 

However,  solutions  for  blade  designs  to  be  derived  from 
arbitrary  suction  and  pressure  side  velocity  distributions 
do  not  always  converge.  This  is  related  to  the  problem 
of  the  existence  of  a  solution.  The  required  velocity  dis¬ 
tribution  must  be  compatible  with  the  free  stream  condi¬ 
tions  upstream  and  downstream  of  the  cascade  and  must 
result  in  a  realistic  blade  profile  (closed  with  a  positive 
thickness).  These  constraints  generate  restrictions  on  the 
required  velocity  distribution,  analytical  expressions  for 
which  are  available  only  for  incompressible  potential  flows 
over  isolated  airfoils  and  cascades  (Lighthill,  1945,  Woods, 
1955)  Expressions  for  the  constraints  cannot  be  derived 
for  the  compressible  flow  of  a  perfect  gas,  bnt  their  exis¬ 
tence  can  be  inferred  from  the  fact  that  the  incompressible 
flow  case  is  a  subcase  of  the  more  general  compressible  flow 
problem. 

A  solution  can  be  obtained  by  introducing  some  freedom 
into  the  prescribed  velocity  distribution,  expressed  by  some 
parameters  relating  the  velocity  distribution  to  the  free 
stream  flow  conditions.  These  parameters  are  then  modi¬ 
fied  until  the  prescribed  velocity  distribution  corresponds 
to  a  physical  solution  (Volpe  and  Melnik,  1984). 

Another  way  to  obtain  a  solution  is  to  modify  some  geo¬ 
metrical  parameters  of  the  blades  and  the  cascade  such  as 
pitch,  stagger  and  trailing  edge  thickness. 

The  modification  method  presented  here  should  theoret¬ 
ically  not  suffer  from  problems  with  contour  intersection 
because  the  blade  is  defined  by  streamlines.  However  con¬ 
tour  intersections  can  occur  for  different  reasons: 

•  the  flow  distorsion  is  not  correctly  calculated,  due  to 
the  incompressible  approximation  when  vortices  arc 
used; 

•  the  numerical  errors  introduced  when  integrating  the 
streamlines. 

One  may  like  to  impose  some  limitations  to  the  cascade 
such  as: 

•  a  minimum  trailing  edge  thickness  in  order  to  avoid 
unrealistic  blade  geometries, 

•  a  fixed  pitch  resulting  from  a  given  number  of  blades 
on  the  circumference  of  a  stage. 


Taking  into  acount  these  limitations  there  may  be  no  ge¬ 
ometry  that  corresponds  to  the  required  velocity  distribu¬ 
tion.  If  vortices  are  used,  the  calculated  velocity  will  not 
converge  to  the  required  one  from  one  modification  to  the 
next.  If  the  required  pressure  distribution  is  directly  im¬ 
posed  during  the  normal  velocities  calculation,  the  Time 
Marching  procedure  will  not  converge  to  the  required  pre¬ 
cision  since  this  would  imply  crossing  or  diverging  stream¬ 
lines,  and  it  may  not  be  possible  to  define  a  geometry  where 
the  normal  velocity  component  vanishes.  However  these 
methods  have  the  advantage  to  converge  as  close  as  possi¬ 
ble  to  the  required  pressure  distribution. 

Experience  has  shown  that  some  simple  restrictions  on  the 
desired  velocity  distribution  can  be  defined.  The  block¬ 
age  created  by  the  non  zero  blade  thickness  requires  the 
average  prescribed  velocity  at  the  leading  and  the  trailing 
edge  to  be  higher  than  the  free  stream  velocity  upstream 
and  downstream  of  the  cascade.  Violation  of  this  condi¬ 
tion  will  prevent  the  method  from  converging.  Increasing 
or  decreasing  the  average  of  the  required  velocity  at  lead¬ 
ing  and  trailing  edges  allows  the  local  blade  thickness  to 
be  increased  or  decreased.  Similar  restrictions  also  apply 
to  the  velocity  distribution  between  leading  and  trailing 
edges.  These  are  more  difficult  to  formulate  because  they 
depend  on  the  local  flow  direction  which  is  not  a  priori 
known. 

If  an  inviscid  solver  is  used,  the  trailing  edge  thickness  will 
also  include  the  boundary  layer  displacement  thickness. 
This  boundary  layer  displacement  thickness  can  be  calcu¬ 
lated  in  advance  since  the  required  velocity  distribution  is 
known.  A  Navier-Stokes  solver  can  be  used  together  with 
vortices,  for  incompressible  and  non  separated  flow  calcu¬ 
lations.  Since  the  velocity  at  the  wall  is  zero,  the  vortices 
should  be  defined  as  to  correct  the  free  stream  velocity,  and 
therefore  located  outside  the  boundary  layer.  In  the  case 
of  viscous  calculations,  no  displacement  thickness  has  to  be 
removed  from  the  resulting  geometry 

Other  problems  arise  from  the  fact  that  Time  Marching 
Euler  solvers  require  as  downstream  boundary  condition 
the  static  pressure,  velocity  or  Mach  number.  These  out¬ 
let  conditions  can  be  calculated  from  the  required  velocity 
distribution  and  the  continuity  equation  before  starting  the 
inverse  calculations. 

The  circulation  around  the  blades  is  calculated  from 

r  =  f  Kt'd4  (55) 

and  is  related  to  the  inlet  and  outlet  tangential  velocities 

by 

r  sr  (Vjsin^a  -  Vising)/  (56) 

The  downstream  axial  velocity  component  is  derived  from 
the  continuity  equation  : 

pi  Vx  cos  ft  =  pt  Vt  cos  ft  (57) 

The  density  at  the  outlet  is  a  function  of  the  outlet  static 
pressure  and  therefore  is  a  function  of  the  unknown  out¬ 
let  velocity  Vj.  For  this  reason,  an  iterative  procedure  is 
used  to  solve  equations  (55)  to  (57).  The  procedure  just 
described  is  valid  only  for  irrotational  flows  and  is  therefore 
not  exact  if  shocks  are  present. 


The  stagger  angle  is  free  and  results  from  the  calculation 
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6.  CONCLUSION. 


Two  iterative  inverse  method*,  based  on  existing  direct 
solvers  and  on  a  separeted  geometry  modification  algo¬ 
rithm,  have  been  presented.  The  first  one  makes  use  of 
vortices  to  calculate  the  flow  distorsion  which  is  necessary 
to  respect  the  required  velocity  distribution.  This  method 
is  strictly  correct  for  incompressible  flow  calculations  only, 
but  experience  has  shown  that  it  can  be  used  succesfully 
for  compressible  subsonic  and  even  transonic  designs.  This 
method,  when  coupled  with  a  incompressible  direct  flow 
solver,  is  very  fast  and  allowed  the  accumulation  of  ex¬ 
perience  about  the  problems  related  to  the  existence  of  a 
solution.  A  fast  convergence  to  the  required  velocity  distri¬ 
bution  is  observed  and  the  method  has  proven  to  be  robust. 
The  method  has  also  been  succesfully  tested,  coupled  with 
an  Euler  direct  solver,  since  the  correction  is  in  the  right 
direction  and  vanishes  when  the  calculated  velocity  distri¬ 
bution  has  converged  to  the  required  one. 

The  second  method  has  been  developped  for  subsonic  and 
transonic  blade  design.  The  required  Mach  number  distri¬ 
bution  is  imposed,  in  terras  of  static  pressure,  directly  on 
a  permeable  blade  wall  during  the  flow  calculation.  This 
method  is  much  faster  than  the  previous  one  since  the 
correction  is  calculated  in  an  more  accurate  way.  Sub¬ 
sonic  and  transonic  designs  have  been  performed  and  shock 
free  blades  have  been  designed  starting  from  geometries  for 
which  a  shock  was  present  in  the  Mach  number  distribu¬ 
tion. 
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Abstract 


The  objective  of  this  paper  is  a  numerical  method  for  design¬ 
ing  three-dimensional  ducts  and  blade  rows.  The  method  ap¬ 
plies  to  inviscid  compressible  rotational  flow,  and  it  is  based 
on  the  time-dependent  technique.  The  walls  where  the  de¬ 
sign  pressure  is  prescribed  are  considered  as  flexible  and  im¬ 
permeable.  Starting  from  some  initio]  guessed  configuration, 
the  computation  follows  the  transient  which  occuts  while  the 
flexible  walls  move  and  Anally  reach  a  steady  shape. 

1  Introduction 

This  report  describes  a  methodology  to  solve  inverse  design 
problems  for  channels  and  blade  rows,  assuming  the  flow  to 
be  multidimensional  and  the  fluid  inviscid,  compressible  and 
ideal.  The  methodology  is  based  on  the  procedures  described 
in  [1]  for  the  solution  of  inverse  problems  in  2D  channels, 
in  [2]  for  2D  inverse  cascade  problems,  in  [4]  for  3D  inverse 
blade  rows  problems.  An  updated  version  of  the  methodology 
is  described  in  [5]  for  both  2D  and  3D  inverse  problems  in 
channels  and  blade  rows. 

The  basic  idea  is  described  in  [1).  Briefly,  a  time-dependent 
computation  is  performed  in  a  duct,  where  a  distribution  of 
pressure  is  prescribed  on  a  wall,  the  geometry  of  which  is  un¬ 
known  and  has  to  be  determined.  Such  a  wall  is  a  boundary  of 
the  flow  field  and  it  is  assumed  as  a  flexible  and  impermeable 
surface.  Some  initial  configuration  is  guessed  for  the  shape 
of  the  wall  and  for  the  internal  flowfield.  During  the  follow¬ 
ing  transient  the  flexible  wall  move  in  a  wavy  fashion  and, 
at  the  end,  it  will  assume  the  steady  shape  required  by  the 
prescribed  pressure  on  it  and  in  agreement  with  the  steady 
internal  flow. 

A  coordinate  transformation  is  used  in  order  to  map  the 
physical  region,  whose  shape  depends  on  time,  into  a  com¬ 
putational  domain,  whose  shape  is  independent  of  time.  The 
Euler  equations  are  integrated  in  time  by  a  finite  difference 
method  on  the  time-dependent,  body  fitted,  grid  defined  by 
the  mapping. 

Fig.  1  shows  one  of  the  possible  problems  that  can  be 
solved.  The  domain  is  bounded  by  the  solid  wall  AB,  the 
flexible  wall  CD,  the  entry  permeable  surface  AC,  and  the 
exit  permeable  surface  BD.  The  flexible  wall  is  constrained 
at  the  point  C,  while  the  point  D  can  move  along  the  exit 
surface  BD. 


Figure  1:  the  physical  model 


Fig.  1  does  not  represent  the  only  possible  configuration, 
but  both  impermeable  walls  may  be  movable,  or  be  partly 
movable  and  partly  solid,  or  be  each  other  constrained  by  pe¬ 
riodicity  as  in  cascade  problems.  In  order  to  show  the  way 
the  solution  is  gained  in  time,  we  report  here  one  of  the  ex¬ 
amples  of  [1].  The  Ringleb  flow  [8]  was  taken  as  benchmark 
case.  A  set  of  streamlines  =  const  of  the  Ringleb  flow  are 
plotted  in  fig.  2.  Once  two  streamlines  are  selected,  they  may 
be  regarded  as  the  solid  walls  of  a  channel,  and,  from  the 
point  of  view  of  an  inverse  problem,  the  theoretical  pressure 
acting  on  these  may  be  taken  as  the  design  input  datum.  The 
chosen  channel  is  in  the  transonic  region,  and  is  confined  by 
the  streamlines  =  0.8,  =  10  and  by  the  radial  coordinate 

lines  6  =  40",  9  =  90". 

Fig.  3  shows  the  shapes  of  the  walls  during  the  transient. 
Both  of  them  are  assumed  to  be  movable.  Their  shapes  at  the 
beginning  of  the  computation  (A’  =  0)are  taken  far  from  the 
theoretical  ones,  while  the  pressure  acting  on  them  is  assumed 
to  be  the  same  as  the  theoretical  one  and  is  prescribed  cis 
function  of  the  angle  6  in  the  polar  frame  of  reference.  At 
the  time  step  K  =  500  the  walls  finally  reach  the  steady 
location.  The  solid  lines  in  fig.  3  denote  the  computed  shape 
of  the  walls,  while  the  dots  are  the  theoretical  locations.  The 
relative  error  of  the  computed  shape  of  the  walls  is  plotted  in 
fig.  4,  while  the  relative  error  of  the  computed  Mach  number 
is  shown  as  isolevel  curves  in  the  flowfield, in  fig.  5.  This 
example  was  perfomed  using  a  19X47  mesh. 
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Since  (1]  was  published,  several  improvements  have  been 
done.  Upwind  numerical  schemes  have  been  adopted  to  attain 
consistency  with  the  wave  propagation  phenomena  described 
by  the  Euler  equations,  as  a  consequence  the  computation 
at  the  boundaries  has  been  improved;  the  extension  to  3D 
problems  has  been  shown  feasible;  different  formulations  have 
been  attempted.  The  path  of  the  evolution  we  followed  runs 
from  [1]  to  [5]. 

We  describe  in  section  2  the  physical  model  that  we  use  to 
solve  the  inverse  problem  for  2D  cascades  of  airfoils;  we  dis¬ 
cuss  briefly  the  well  posedness  of  the  problem,  the  boundary 
conditions,  and  we  show  some  numerical  examples.  In  sec¬ 
tion  3  the  genaral  numerical  procedure  to  integrate  the  3D 
time-dependent  Euler  equations  is  described.  In  section  4  wr 
show  the  algorithm  that  we  use  to  compute  the  boundaries  in 
the  case  a  3D  duct  has  to  be  designed.  In  section  5  the  pro¬ 
cedure  to  design  3D  blade  rows  is  presented,  and  in  section  6 
numerical  examples  are  shown. 


2  The  cascade  problem 

For  a  2D  cascade  of  airfoils,  the  inverse  problem  consists  of 
finding  the  geometry  of  a  cascade  producing  a  flow  of  which 
some  parameters  are  prescribed.  There  is  a  certain  freedom 
in  the  formulation  of  the  problem.  For  example,  in  addition 
to  suitable  condition  at  infinity  one  may: 

i)  prescribe  the  distribution  of  thickness  and  load  along  the 
chord  of  a  profile,  and  inquire  for  the  geometry  of  the 
camber  line, 

ii)  prescribe  the  distribution  of  thickness  and  pressere  on 
one  side  of  the  profile,  and  again  inquire  for  the  geometry 
of  the  camber  line,  or 


Figure  3:  time  evolution  of  the  movable  walls  «*)  prescribe  the  pressure  distribution  around  the  profile  and 

inquire  for  its  geometry. 

Novak  and  Haymann-Haber  [13]  have  given  a  solution  to 
problem  i),  based  on  the  Taylor  expansion  of  the  equations  of 
the  steady  motion  for  a  compressible  inviscid  flow.  We  solve 
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the  problems  i),  ii),  iii)  by  a  different  technique  as  briefly 
outlined  in  the  previous  section:  a  time-depent  computation 
is  performed,  in  which  the  boundary  conditions  are  imposed 
according  to  the  formulation  of  the  inverse  problem,  until 
a  steady  state  is  reached  asymptotically.  The  contours  of 
the  blades  are  considered  as  impermeable  but  perfectly  de¬ 
formable.  An  initial  geometry  is  assumed.  Since  such  a  ge¬ 
ometry  .s  incompatible  with  a  steady  motion,  consistent  with 
the  prescribed  conditions,  a  transient  is  generated.  During 
the  transient,  the  walls  of  the  blades  change  in  shape,  in  or¬ 
der  to  satisfy  the  condition  of  impenetrability  as  well  as  the 
boundary  conditions,  compatible  with  problem  i),  ii),  or  iii) 
above  The  solution  of  the  inverse  problem  is  given  by  a  ge¬ 
ometry  obtained  asymptotically. 

Other  approaches  to  the  inverse  problem,  similar  in  some 
aspects  to  the  one  described  here,  have  been  developed  in- 
dipendently  m  [6j  e  [7j.  However,  the  formulations  of  the 
problem  are  different  from  the  present  one  and  the  methods 
proposed  seem  to  converge  to  a  solution  only  if  the  initial 
■  onfign ration  is  very  close  to  the  solutiou  itself. 

A  v*  rv  important  point  has  to  be  discussed  when  dealing 
with  inverse  problems:  the  well- posed  ness  of  the  problem. 
Problem  iii)  is  discussed  in  the  case  of  a  single  airfoil  in  [14], 
where  it  is  shown  that  the  design  data  cannot  be  prescribed 
with  romplrte  freedom.  In  fact  they  must  satisfy  some  con¬ 
strains  which  are  Hictaded  by  the  consistency  of  the  data  with 
the  flow  conditions  at  infinity  and  by  the  requirements  that 
the  contour  of  the  airfoil  must  be  closed.  The  number  of  con¬ 
strains  depends  on  the  way  the  inverse  problem  is  formulated. 
This  matter  is  anlytically  clear  for  incompressible  potential 
flow.  [15], [16].  Unfortunatly,  there  is  not  an  exhaustive  the¬ 
ory  capable  of  prescribing  the  constrains  that  lead  to  a  well 
posed  problem  for  compressible  rotational  flow.  In  [14]  a  way 
is  provided  to  circumvent  such  difficulties,  but  the  suggestion 


Figure  6: 


given  there  cannot  be  applied  to  the  present  cases,  due  to  the 
peculiar  formulation  of  the  inverse  problems. 

We  address  the  subject  with  a  different  attitude.  We  use  a 
physical  time-dependent  technique.  If  the  design  data  which 
we  impose  violate  the  constrains  needed  by  the  steady  well 
posed  problem,  we  expect  the  computation  never  to  become 
steady.  Moreover,  the  well-posedness  of  a  time-dependent 
formulation  also  depends  on  the  upstream  and  downstream 
boundary  conditions,  as  discussed  in  [17].  In  fact,  instabilities 
can  be  generated  by  upstream  and/or  downstream  conditions 
that,  together  with  conditions  prescribed  along  the  blade  sur¬ 
faces,  do  not  allow  the  flow  to  get  stabilized  but,  on  the  con¬ 
trary,  amplify  its  unsteadiness  until  the  computations  blows 
up.  In  particular,  as  discussed  in  [2],  having  prescribed  a  cer¬ 
tain  downstream  pressure,  there  are  two  possible  solutions  to 
problem  i),  only  one  of  which  is  stable  from  the  viewpoint  of 
a  time-dependent  technique. 

Formulation  ii)  also  presents  an  ambiguous  feature  which  is 
discussed  in  [2).  When  the  pressure  distribution  is  prescribed 
on  one  side  of  the  blade,  together  with  its  thickness,  it  cannot 
be  said  a  priori  whether  that  side  has  to  play  the  role  of  a 
suction  side  or  of  a  pressure  side.  The  computation  itself  will 
select  the  role  of  the  side  on  which  the  pressure  distribution 
has  been  assigned.  According  to  the  numerical  results  shown 
in  [2],  the  computation  selects  that  side  as  the  pressure  side. 

We  confine  the  discussion  in  the  present  report  to  problem 
i)  for  the  2D  and  3D  cases.  The  reader  may  refer  to  Ref. [2] 
and  Ref.[6]  for  the  discussion  of  the  2D  ii)  and  iii)  problems. 

2.1  The  physical  problem 

We  proceed  now  to  describe  the  process,  in  particular  the 
boundary  conditions,  that  we  have  chosen  to  generate  the 
solution,  confining  ourself  to  the  physical  viewpoint.  A  more 
detailed  description  of  our  method,  based  on  the  theory  of 
hyperbolic  systems,  is  given  in  the  sections  3,  4  and  5,  where 
the  3D  problem  is  discussed. 

Figs.  6a)  and  6b)  show  typical  initial  and  final  configu¬ 
rations.  The  flow  is  assumed  to  be  confined  between  two 
consecutive  blades,  the  arcs  BC,  and  two  parallel  lines  issu¬ 
ing  from  the  leading  edge  and  the  treating  edge  of  the  blades. 
The  lines  in  front  of  the  blades  are  denoted  by  AB.  The  lines 
behind  the  blades  are  denoted  by  CD.  Such  boundaries  are 
assumed  to  be  impermeable  and  perfectly  deformable;  there- 
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Figure  7: 


Figure  8: 


at  each  point.  Since  the  blade  is  impermeable,  the  two  flow 
velocities  and  the  blade  velocity  must  have  the  same  normal 
component.  From  fig. 8  we  see,  thus,  that: 


yit 


COS  <fi !  ’ 


i I2t  = 


l>2 

COS  1^2 


(1) 


In  addition,  the  thickness  is  constant  in  time;  therefore: 


(2) 


The  pressure  jump,  Ap(z),  is  constant  in  time;  consequently: 


Opi  dp2 

~dt  =  Ht 


(3) 


Equations  (2)  and  (3)  are  the  boundary  condition  that  allow 
the  geometry  and  the  the  flow  to  be  updated  at  each  compu¬ 
tational  step. 

At  the  inlet  boundary  AA  (figs. 6)  we  prescribe  the  total 
pressure,  the  total  temperature  and  the  flow  angle,  if  the  flow 
is  subsonic,  whereas  all  the  flow  quantities  are  prescribed  if 
the  flow  is  axially  supersonic. 

At  the  exit  boundary  DD  no  boundary  conditions  are 
needed  if  the  flow  is  axially  supersonic,  while  in  the  case  of 
subsonic  flow,  the  kind  of  boundary  conditions  to  be  enforced 
has  to  be  selected  carefully,  in  fact,  as  it  is  discussed  in  the 
next  section,  the  inverse  problem  i)  has  not  an  uniquely  de¬ 
fined  solution.  The  kind  of  boundary  conditions  that  is  used 
selects  one  solution  among  the  possible  ones. 


fore,  we  can  think  in  terms  of  a  flow  within  a  channel,  the 
geometry  of  which  may  change  in  time,  although  its  width 
(measured  parallel  to  the  y-axis)  is  independent  of  time.  The 
channel  is  confined  by  the  permeable  boundaries  AA  and  DD, 
upstream  and  downstream,  respectively.  The  inlet  boundary 
AA  is  considered  fixed  in  time,  whereas  the  exit  boundary 
DD  can  slide  upwards  and  downwards,  maintaining  a  con¬ 
stant  pitch.  A  time-dependent  computational  grid,  which  fits 
the  boundaries,  is  defined  inside  the  channel. 

The  design  data  are  prescribed,  according  to  problem  i),  by 
giving  the  distribution  of  thickness  r{x)  and  pressure  jump 
between  the  two  sides  of  the  blades,  Ap(x).  Since  the  flow 
is  periodic,  the  upper  and  lower  boundaries  of  figs.  6  can  be 
reduced  to  a  single  boundary  for  a  single  blade,  as  in  fig.  7. 
Note  that  the  upper  part  of  the  ABCD  line  in  figs. 6  is  the 
lower  boundary  in  fig. 7,  and  viceversa. 

The  arcs,  AB  and  C'D  are  deformable  and  impermeable 
interfaces,  across  which  the  pressure  is  continuous  but  the 
tangential  velocity  component  may  be  discontinuous.  In  for¬ 
mulating  the  boundary  conditions,  the  whole  ABCD  arc  can 
be  treated  homogeneously.  The  interfaces  can  be  considered 
as  surfaces  of  blades  for  which  a  vanishing  thickness  and  a 
vanishing  pressure  jump  are  prescribed.  With  this  conven¬ 
tion  in  mind,  we  procede  to  describe  the  technique  for  any 
blade  surface. 

In  fig.  8  we  show  two  grid  points  on  two  different  sides 
of  the  blade,  at  the  same  abscissa.  The  velocity  vector  is 
decomposed  along  the  tangent  and  the  normal  to  the  blade 


2.2  Flow  deflection  and  force  acting  on  a 
blade 

With  reference  to  fig. 9,  let  us  consider  a  subsonic  cascade  with 
inlet  and  outlet  boundaries  located  sufficiently  far  upstream 
and  downstream,  so  that  the  flow  at  such  boundaries  does 
not  depend  on  y. 

For  the  sake  of  semplicity  the  flow  is  considered  homoen- 
tropic,  so  it  is  sufficient  to  prescribe  the  total  temperature, 
0°,  and  the  flow  angle,  <7»,  at  the  inlet  boundary.  Let  us 
now  choose  to  prescribe  the  static  pressure  pe  as  downstream 
boundary  condition.  In  a  steady  state  configuration,  the  tan¬ 
gential  force  F  acting  on  one  blade  is  related  to  the  upstream 
and  downstream  y-components  of  the  flow  velocity: 

F  =  rri  ( t>,  —  u, )  ( 4 ) 

On  the  other  hand,  F  can  be  determined  as  a  function  of 
the  exit  flow  angle,  <7„,  as  follows: 

a)  The  exit  velocity,  qr.  is  a  known  function  of  0'/  and  p, : 


9-  =  V  -M6'.'  ~  P‘  '  ) 

b)  Assume  a  value  of  <rf,  the  velocity  components  u,.  and  iv 
are: 

ur  ~  9<*  cos  vr  —  9 r  sin  o, 
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Figure  10: 


c)  The  mass  flow  *.an  thus  be  evaluated: 

x 

m  =  sxifPr  with  pr  -  pi 


d)  p,  and  the  inlet  velocity  components  are  obtained  by  solv¬ 
ing 

m  =  a  q,  cos  cr  j  px 

where 


q.  =  \]2cv(  Q':-pT) 


p.  -  p,  .  <7. 

and  m  is  the  same  as  obtained  in  c). 

e)  Now  the  force  F  is  computed,  according  to  eq.  (4) 


From  a  prescribed  set  of  values  for  0",  <r, ,  and  p,.,  one  can 
compute  F{( 7,  ).  This  relationship  is  plotted  in  fig.  10.  We 
see  that  the  F  vanishes  for  three  values  of  <7, .  At  ar  —  ±90", 
because  u,  and,  consequently,  m,  vanish.  In  these  two  points, 
the  blades  are  so  deflected  at  the  trailing  edge,  that  the  flow 
has  no  axial  velocity  component.  In  addition,  F  vanishes  for 
(7,  =  cr,,  that  is,  when  the  blade  does  not  deflect  the  flow. 
The  force  is  positive  when  ar  <  at,  and  vice  versa. 

Assume  now  th?t  the  inverse  problem  has  to  be  solved  with 
a  set  of  boundary  conditions  (0[\  o,f  and  p ,)  and  a  prescribed 
distribution  of  load  over  one  blade  (Ap(x)).  On  the  basis  of 


the  previous  considerations,  two  different  geometries  of  the 
blade  may  satisfy  the  problem,  or  none.  The  force  F  results 
as 

F  =  J  A p{x)dx 

with  the  integral  carried  over  the  z-axis  between  leading  and 
trailing  edge.  If  F  >  Fmur  or  F  <  F„„„ ,  no  solution  exists, 
but  if  Ffl„„  <  F  <  F,nax »  two  different  cascades  may  be 
obtained,  providing  the  same  force  (such  as  A  and  B,  for 
example).  The  same  force,  thus,  may  be  balanced,  according 
to  eq.  (4),  by  a  lower  mass  flow  and  a  larger  deflection  at 
point  A,  or  by  a  higher  mass  flow  and  a  smaller  deflection  at 
B.  However,  if  we  prescribe  the  downstream  pressure  p,.  as 
exit  boundary  condition,  only  the  configuration  described  by 
point  B  can  be  reached. 

Let  us,  indeed,  consider  a  cascade  providing  an  exit  angle, 
o f ,  slightly  smaller  than  (<7,)*,  aud  a  steady  flow  through  it. 
which  acts  on  the  hiades  with  a  force  slightly  smaller  than 
Fy|.  Let  us  now  increase  the  pressure  jump  of  this  initial 
configuration  so  that  the  force  reaches  the  value  FA  and,  at 
the  same  time,  let  the  blade  adjust  itself  to  the  new  condi¬ 
tion.  Since  FA  is  larger  than  the  initial  force,  the  curvature 
of  the  blade  must  increase  and  ct  decreases,  instead  of  in¬ 
creasing  towards  (<7*).*.  Thus,  the  blade  geometry  tends  to 
move  farther  and  farther  away  from  A.  The  opposite  motion 
of  the  blade  occurs  if  the  initial  value  of  cr,  is  slightly  larger 
than  (<7.  )*,  and  the  force,  originally  grater  than  FA,  is  de¬ 
creased.  In  this  case,  however,  the  geometry  of  the  blade  will 
eventually  reach  point  B.  In  conclusion,  B  represents  a  stable 
configuration  and  it  is  the  onlv  one  which  can  be  reached  us¬ 
ing  the  numerical  procedure  and  the  exit  boundary  condition, 
as  formulated  above. 

In  order  to  succeed  in  obtaining  a  geometry  of  the  A-type, 
one  should  try  to  make  the  function  F(<7, )  single  valued.  All 
difficulties,  indeed,  seem  to  arise  from  the  fact  that  different 
mass  flows  can  provide  the  same  force  with  different  deflec¬ 
tions.  To  achieve  our  goal,  we  replace  the  downstream  bound¬ 
ary  condition  (constant  static  pressure  pr)  by  an  exit  surface 
modeled  in  the  spirit  of  Ref.  (18).  As  shown  in  fig.  11,  a 
discontinuity  is  located  at  the  exit  boundary,  which  simulates 
a  guide  forcing  the  flow  to  be  discharged  to  the  right  at  the 
prescribed  static  pressure,  pex>  and  with  the  given  angle,  <r,.x. 


We  assume  that  the  mass  flow  and  total  piessure  are  the  same 
on  both  sides  of  the  discontinuity: 

prUr  =  Pr*9cx  COS<Trx 

1  1 

pr  =  p;  ,  prx  =  p;*  (5) 

T-l  J  T-l  2 

P'  ’  +  ;r~(u:  +  vl)  =  P«*  +  ZTll* 

i,  C,,  «  Cj, 

Eqs.  (5),  pex,  <rrx  are  the  downstream  boundary  conditions 
that  define  a  unique  solution  to  the  inverse  problem.  In  fact, 
once  the  steady  state  is  reached,  the  relationship  F(ae)  can 
be  found: 

a)  from  prx  and  ofX,  the  mass  flow  is  computed: 


m  —  p,  r  q..  r  cos<7rr  with  ~  y  2  c,,(p;  V  -  p.  i  ) 

b)  and  from  the  computed  values  of  u ,  and  tv,  we  get: 

v, 

nr  —  arc  tan  — 

u. 

The  function  F (<r,  )  is  now  monotonic,  as  shown  in  fig.  12. 
The  curve  is  limited  by  two  points,  M  and  N.  For  ar  <  <rrM 
and  a,  >  rr.  N  it  is  no  longer  possible  to  maintain  the  same 
mans  flow  required  by  p,.T  and  <7,r.  If  a  force  is  prescribed, 
such  that  F\t  <  F  <  F^>  there  is  only  one  acceptable  ge¬ 
ometry  which  can  be  shown  to  be  stable,  using  an  argument 
similar  to  the  one  employed  above. 

A  more  detailed  discussion  and  several  numerical  examples 
on  this  matter  are  presented  in  Ref. (2).  In  particular,  the 


effectiveness  and  limitation  of  the  second  kind  of  exit  bound¬ 
ary  conditions  on  producing  high  cambered  airfoils  is  shown. 
Briefly,  we  suggest  the  following  recipe:  if  the  design  point 
is  located  on  the  stable  branch  of  fig.  10,  then  it  is  safe  and 
simple  to  enforce  the  downstream  pressure,  p..,  as  exit  bound¬ 
ary  condition;  whereas,  if  the  design  point  is  in  the  unsteable 
branch,  the  second  kind  of  exit  boundary  condition  has  to  be 
used,  but  some  instability  may  still  be  experienced,  as  shown 
in  (2],  especially  when  dealing  with  strongly  cambered  blades. 

2.3  2D  numerical  example 

Two  numerical  examples  are  here  presented  according  to  for¬ 
mulation  i)  and  prescribing  the  static  pressure  p,  as  exit 
boundary  condition.  Further  examples  are  shown  in  Ref.  [2l . 

Fig.  13  shows  the  initial  configuration  and  fig.  14  the 
steady  solution  to  the  inverse  problem  for  the  case  corre¬ 
sponding  to 

r  ==  .025 (1  -  cos(2vx))  (0  <  r  <  1) 

Ap  =  .1  [l  -  cos|2vx)]  (0  <  r  <  1) 

The  ratio  pr/p"  between  downstream  pressure  and  total  pres¬ 
sure  is  0.8,  the  upstream  flow  angle  a,  is  20'1.  and  the  up¬ 
stream  total  temperature  is  1.  Both  this  case  and  the 
following  one  have  been  computed  using  40  intervals  in  t  and 
10  in  y. 

A  check  on  the  accuracy  of  the  computation  is  shown  in 
fig.  15,  where  the  theoretical  behavior  of  the  y-inontenluni  is 
compared  with  the  numerical  result.  The  maximum  error  is 
less  then  1%. 


Figure  16: 


The  rase  of  fig  16  has  the  same  r.  a,,  and  ©”  as  in  the 
preceding  case,  but 

A p  =  .15(1  -  cos(2tx)]  (0  <  x  <  1) 

and  p,  /p''  ~  0.71. 

The  resulting  cascade  is  supercritical  but  unchoked  and 
shockless.  It  can  be  seen  from  the  isoMach  lines  of  fig.  16 
that  a  supersonic  bubble  appears  on  the  upper  side  of  the 
blade,  but  the  lower  side  is  entirely  subsonic.  The  pressure 
cannot  be  discontinuous  on  the  subsonic  side;  therefore,  it 
must  be  continuous  on  the  supetsonic  side  as  well,  since  A p 
is  prescribed  as  a  continuous  function  of  x. 

3  The  general  numerical  procedure 

The  numerical  process  we  use  is  a  variation  of  the  /nniMn- 
sclteme  [ftjand.  more  generally,  it  can  be  considered  as  belong¬ 
ing  to  the  SC'M  (lOf  family.  It  exploits  the  hyperbolic  nature 
of  the  Euler  equations,  which  are  discretized  according  to  an 
upwind  finite  difference  scheme.  The  scheme  we  use  approx¬ 
imates  the  governing  eqnatious  written  in  quasi-linear  form, 
as  a  consequence  it  is  not  conservative  and  weak  solutions  are 
not  captured  spontaneusly,  but  they  need  some  special  treat¬ 
ment.  This  shortcoming  is  the  price  to  be  paid  for  the  main 
advantage  that  our  numerical  process  offers:  the  capability  of 
computing  the  boundaries  in  a  way  consistent  with  domain 
of  dependence  due  to  the  hyperbolic  nature  of  the  governing 


equations,  avoiding  the  need  for  spurious  additional  numeri¬ 
cal  boundary  conditions.  This  point  is  crucial  for  the  success 
of  our  method, in  fact  the  computation  in  a  domain  whose 
physical  shape  depends  on  the  solution  i«  verv  sensitive  to 
the  way  the  boundary  condition  are  enforced  and  any  iv. 
treatment  may  produce  catastrophic  instabilities.  Details  on 
this  matter  cau  be  found  in  (11). 

Moreover,  the  inverse  problems  that  generally  one  asks  to 
be  solved  are  shockless  and  the  need  for  shock-capturing  ca¬ 
pability  is  rare;  if  this  capability  is  requested,  the  scheme  can 
be  easily  converted  in  a  conservative  Flux  Vector  Splitting 
scheme,  as  described  in  [12]. 

Let  us  take  into  consideration  the  more  general  ID  rase,  we 
denote  by  uM,(n  =  1,...,4),  the  cartesian  coordinate  in  the 
Euclidean  space-time  four-dimensional  spare,  E4 ,  reserving 

the  apex  4  to  denote  time.  Let  us  denote  by  r".  (n  -  1 . 4). 

a  rurviliuear  frame  of  reference  in  E4 .  whose  transformation 
from  the  Cartesian  coordinates  has  the  form: 

■r"  =r  x’V)  (a  =  l . 3)  (ri  -  1 . 1) 

(6) 

x4  y* 

The  mapping  (6)  is  sufficiently  general  to  define  the  curvi¬ 
linear.  time-dependent,  body-fitted  grid  we  use  to  dis<  retize 
the  physical  domain  in  our  inverse  method.  Moreover,  we 
define  a  vector  Q  in  E4,  whose  (contravariant)  components 
<?''(o  =  1.....3)  coincide  with  the  components  of  the  flow 
velocity  q  and  whose  time  component  is  constant  and  equal 
to  one,  Q4  ~  1  With  such  assumptions,  the  Euler  equations 
can  be  written  in  a  form  invariant,  (or  transformations  with 
the  form  (6).  According  to  tensor  notations,  the  3D  time- 
dependent  Euler  equations  can  be  written  as: 

Q"a  n  +  =  0 

« (y  -  «.<■) 9"'  -  o  ri 

<?>.,  =  ° 

where  latin  indexes  run  from  1  to  4,  greek  indexes  run  from 
1  to  3,  ”,n  denotes  tensor  derivative,  a  is  the  speed  of  sound, 
6  -  2/(t  -  1),  k  —  a/(2y6),  -y  is  the  specific  heats  ratio  and 
g"14  is  the  metric  tensor  and  all  the  variables  are  normalized 
with  respect  to  suitable  reference  values. 

Following  Ref  [11].  eqs.  (7)  can  be  rearranged  in  a  form 
suitable  for  upwind  discretization  by  decomposing  the  3D 
unsteady  motion  as  due  to  waves  fronts  parallel  to  the  co¬ 
ordinate  surfaces;  the  resulting  set  of  equations  prompts  an 
upwind  discretization  that  preserves  the  3D  nature  of  the  ac¬ 
tual  flow  and  that  is  particularly  convenient  from  the  point 
of  view  of  the  treatment  of  the  boundaries. 

/> 

<m  =  -  (Ci  +  C  +  'll  +  n-  +  Ci  +  c  I  +  i 

<?'.  «  ^  |  [^I.  +  p,  (1.  |?.|)J  + 

vV'lC  -  Cl]  +  [20.  +  <0  -  Cl)]  } 
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=  2  |  vV>  +  JJJ  ((,  -  £<lj  + 

ill33  ll.  -  h.!]  +  TP3  +  ^55  «,  -  Ci)|  | 

<i\  -  :  (  i/s"  [ i£.  +  tj  (£.  -  £j)|  + 

<  t  l  9  I 

\fP3  +  ^23  (’'••  ~  ’’•'•j  +  v/5“K-  '  (j)J 

!<  =  (..  +  >).,  +  C. 

The  terms  £. ,  iu  eqs.  (8)  are  relative  to  wave*  fronts 

parallel  to  a*1  =  const.,*2  =  const.,*3  =  const,  surfaces, 
propagating  with  the  speeds  A»,$,,  **,,  respectively. 


The  terms  C*«  roughly  speaking,  express  quantities 

carried  by  the  waves  in  the  unsteady  motion,  in  a  numerical 
process  they  have  to  be  approximated  by  an  upwind  numeri¬ 
cal  scheme  to  preserve  correctly  the  domain  of  dependence  of 
the  compute  points.  A  more  rigorous  analisys  about  our  nu¬ 
merical  approximation  of  hyperbolic  equations  is  attempted 

in  Ill). 

The  numerical  scheme  we  use  is  explicit,  second  order  ac- 
curated  in  time  and  space.  Let  us  describe  the  scheme  we  use 
for  the  case  of  a  scalar  advection  equation,  being  obvious  the 
extension  to  eqs.{8): 

u t  —  £  with  £  ~  — Au,  (10) 

The  scheme  is  a  two  step  predictor-corrector  scheme: 
predictor: 


=  ~-V,a  i 

-v,  = 

An  =  <?' 

-V  =  Ql 

U  =  -  -Vi  ('V  -  *».!+  ^t) 

A,  =  Q1  -a/p3 

1*  = 

*„  =  Q3 

<h  =  Q3 

’’■>  =  -*x  (¥  -  «».,  + 

♦j  =  Q2  +  ay/p* 

*■  =  Q'  -a/p- 

C.  -  -P..S.3 

9:  =  Q3 

°'7  -*■(7$  -$7$) 

m  =  Q: 

c -*(#-*&) 

(1.  =  Q3 

0  T  -"-'(t  -«.3+  $*r) 

111  =  Q3  +  0  y/P3 

c  =  -M.  (  v 

M.  =  Q3  -  ay/p3 

with  £“  =  -x-'-h—pal 


(U) 

•‘r,=«r,/5+<rl/3¥ 

£r,/3=-Ar,,3(2K+,,3-»;-+il,3)-fe]^ 

wi‘h  h  ~  Ptii  i  =  *  +  aTl 

In  order  to  setuplify  the  computation  and  to  improve  the 
accuracy,  we  prefer  to  avoid  explicit  evalutation  of  Christoffel 
symbols  when  computing  the  tensor  derivatives  of  the  vector 
Q.  Iu  fact,  a  tensor  derivative  has  the  general  form: 

n.  («> 

The  balancing  in  (12)  of  the  partial  derivative,  approximated 
by  one-sided  diffrences,  and  the  Christoffel  symbol  eval¬ 
uated  on  nodes,  is  quite  delicate.  We  prefer  to  base  out  ap¬ 
proximation  on  the  formula: 


Qk 

V.ill 


dU'  dr1 
dx"'  dyi 


(13) 


where  V 1  are  the  Cartesian  components  of  Q  and  the  deriva¬ 
tives  2iL  are  approximated  by  finite  differences,  according  to 
the  integration  scheme  (11). 

It  is  also  convenient  to  integrate  in  time  the  Cartesian  com¬ 
ponents  of  Q,  getting  their  derivatives  in  time  from  eqs.  (8) 
and  the  formula: 


euL  ^  dp 

dx*  ~  9xi 


(H) 


avoiding  again  the  evalutation  of  Christoffel  symbols. 
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Figure  17: 

4  The  computation  at  the  bound¬ 
aries 

The  numerical  process  that  we  follow  to  soive  3D  inverse  pro¬ 
blems  is  based  on  physical  models  that  are  straight  forward 
extension  of  the  2D  mode!  of  Ref.  [1],  for  the  case  of  ducts, 
and  of  Ref.  (2),  briefly  described  in  section  2,  for  the  case 
of  blade  rows.  The  idea  is  shown  in  figs.  17a)  and  17b)  for 
the  case  of  a  3D  duct:  a  channel  is  considered  whose  side 
walls  are  partly  (or  entirely)  flexible  and  impermeable  and 
partly  solid.  For  instance,  the  walls  A  BCD  and  EFGH  of  fig. 
17a)  are  solid,  the  walls  BFGC  and  AEHD  are  flexible  and 
impermeable,  ABFE  is  a  permeable  inlet  surface  and  DHGC 
is  a  permeable  exit  surface.  The  inlet  and  the  exit  surfaces  are 
y3  =const.  plane  surfaces,  the  equations  of  the  solid  surfaces 
are: 


ABCD:  y'  =  Mv3,  i/3) 
EFGH  y'=c{y\y3) 


(15) 


The  design  pressure  distributions  p  =r  p'  1  y1 ,  u'' |  are  pre- 
scribed  over  the  flexible  walls;  total  temperature,  entropy  and 
flow  direction  are  prescribed  at  the  inlet  surface,  static  pres¬ 
sure  is  prescribed  at  the  exit  surface  in  case  of  subsonic  flow, 
while  all  the  flow  propierties  are  prescribed  at  the  inlet  surface 
and  nothing  is  prescribed  at  the  exit  surface  when  the  flow 
is  supersonic;  the  vanishing  of  the  normal  component  of  the 
flow  velocity  is  imposed  on  solid  walls.  With  such  boundary 
conditions  a  time  dependent  computation  is  performed  over 
the  xJ  grid,  according  to  the  numerical  scheme  described  on 
the  previous  section.  Fig.  1 7b),  for  instance,  shows  the  shape 
that  the  channel  has  at  the  end  of  the  transient,  solving  the 
inverse  problem  for  the  prescribed  pressure  distributions  over 
the  flexible  walls. 

As  mentioned  above,  the  enforcement  of  the  boundary  con¬ 
ditions  is  the  most  delicate  operation  of  the  numerical  pro¬ 
cess.  We  use  the  same  general  idea  of  {ll}:  at  each  boundary 
a  certain  number  of  or  rj%  or  <J.  expresses  the  propaga¬ 
tion  of  signals  coming  inward  from  the  boundary,  such  terms 
depend  on  the  boundary  conditions  and  are  indi pendent  of 
the  internal  flow  field.  In  the  numerical  process,  they  cannot 
be  computed  according  to  eqs.  (11),  but  they  must  be  com¬ 
puted  enforcing  some  boundary  conditions.  The  number  of 
boundary  conditions  needed  by  the  finite  difference  equations 
(FDE)  does  not  necessarily  match  the  number  of  boundary 
conditions  needed  by  the  partial  differential  equations  (PDE); 
if  the  boundary  conditions  needed  by  the  FDE  outnumber  the 
boundary  conditions  needed  by  the  PDE  some  additional  nu¬ 
merical  boundary  conditions  must  be  enforced.  It  is  quite 
obvious  that  an  algorithm  that  asks  always  the  same  bound¬ 
ary  conditions  for  the  FDE  as  for  the  PDE  is  optimal,  this  is 
the  case  of  the  scheme  (11)  applied  to  eqs.  (8). 

Let  us  consider,  for  instance  the  A BC’D  surface  of  Figs. 
17a),  17b).  At  this  boundary,  the  (.  related  to  positive  speeds 
od  propagation,  >  0,  have  to  be  computed  enforcing  the 
boundary  conditions.  The  ABCD  surface  is  a  solid  wall,  the 
physical  boundary  condition  is  the  vanishing  of  the  normal 
component  of  the  flow  velocity,  that  is: 


The  equations  defining  the  flexible  walls  are: 


Q1  =  0 


(18) 


AEHD  :  y2 -d(yl,y\y') 


BFGC  :  y2  -*(y',y2,y') 

The  coordinate  transformation: 

,  =  (y‘  -  i>) 

1  (c  - 1> ) 

_  (y3  - d) 
r  “  (<•-<<) 


(16) 


117) 


is  used  to  define  a  time-dependent  grid  that  fits  the  walls  and 
adapts  itself  to  the  motion  of  the  flexible  walls. 


There  is  one  positive  speed  of  propagation  in  z1  direction: 
\,i,  as  a  consequence  there  is  one  term,  £,/,  to  be  evaluated 
enforcing  eq.  (18).  Let  us  differentiate  in  time  eq  (18)  and 
then  integrate  it  numerically  in  time,  with  the  same  time 
step,  which  is  used  by  the  scheme  (ll)  at  the  predictor 

and  corrector  step.  With  this  process  in  mind,  the  boundary 
condition  (18)  is  given  by  the  equation: 


U- 


:  0 


(19) 


0r>  A  r4  \ 

0t*  ~  2~  /  dy 

where  the  contravariant  component  of  the  velocity,  Ql  has 
been  expressed  by  means  of  the  cartesian  components  V . 

By  substituing  eqs.  (14)  and  (8)  in  eq.  (19)  we  obtain 
one  algebraic  equation  in  one  unknown,  £,j,  which  satisfies  eq. 
(18)  in  both  predictor  and  corrector  steps  of  the  integration 
schente  (11). 

Any  boundary  can  be  computed  following  the  same  idea: 
differentiate  in  time  the  boundary  conditions,  integrate  them 
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in  time,  consistently  with  the  scheme  (11),  substitute  them 
in  the  governing  equations  (8),  and  get  as  many  equations 
as  many  are  the  („  q,,  unknown  at  the  boundary.  In 
(lij  it  is  shown  that  this  procedure  is  consistent  with  the 
characteristic  theory  for  ID  flow  and,  more  generally,  with 
the  wave  reflection  concept  in  multidimensional  flow. 

Let  us  consider  now  a  moveable  wall,  for  instance  the 
AEHD  surfaces  of  Figs.  17a),  17b).  At  this  boundary  the  q, 
with  positive  «f\  have  to  be  assumed  as  unknowns  to  be  eval¬ 
uated  by  means  of  the  boundary  conditions.  There  is  again 
one  unknown,  ifo  and  one  boundary  condition:  the  pressure  is 
prescribed  as  a  given  function  of  time,  p  =  p(x4),  (generally  it 
is  prescribed  to  be  constant  in  time).  We  satisfy  the  boundary 
condition  by  enforcing,  in  the  predictor  and  corrector  steps, 
that  at  each  boundary  point: 


where 

yp  /  da  1  Os  \  _  dp 

a  \$x4J[  dx*  J  dxA 

By  substituing  eqs.  (8)  in  eq.  (20),  we  get  one  equation  that 
allows  the  unknown  tjj  to  be  computed. 

At  each  predictor  and  corrector  step  we  update  the  geom¬ 
etry  of  the  wall,  given  in  geueral  form  by  eq.  (16),  by  means 
of  the  eq.: 

i  V3.  y4  +  ^f)  =  d(y\  *V>  +  £  ^  (21) 

where  the  derivative  is  expressed  by  the  condition  of  im¬ 
permeability  of  the  wall:  at  a  moving  wall,  as  well  as  at  a 
fixed  wall,  the  contravariant  component  normal  to  the  wall  of 
the  vector  Q  has  to  be  zero,  Q 3  —  0.  In  fact,  let  us  consider 
the  wall  AEHD,  whose  geometry  is  defined  by  the  first  of  eqs. 
(16).  This  wall  is  the  coordinate  surface  x2  =  0,  as  it  can 
be  deduced  from  the  second  of  eqs. (17).  Because  of  the  im¬ 
permeability  of  the  wall  and  because  of  the  continuity  of  the 
fluid,  a  fluid  particle  which  is  on  the  wall,  has  to  move  without 
leaving  the  wall,  that  is  preserving  its  coordinate  x3  =  0,  that 
is  with  Q 2  =  0.  By  definition  of  contravariant  component,  it 

«J>  =  Q  ■  V.*  =  ,22) 

Enforcing  Q2  =  0  aud  considering  that  V*  =  1,  from  eq.  (22) 
it  follows: 


dd  _  f  r2  i r„  dd  dr” 
dp 4  dx"  dy " 


(n  =  1,3)  (o  =  1,2.3)  (23) 


In  computing  eq.  (23),  dd/dx"  are  approximated  by  finite 
differences. 

The  other  solid  o  moveable  walls  are  computed  in  the  same 
way.  once  the  proper  unknown  terms  or  rj.  are  detected. 

The  corner  lines  common  to  solid  and  moveable  walls,  as 
for  instance  the  line  AD  of  Figs,  la), lb),  are  computed  by 
using  both  the  boundary  conditions  (19)  and  (20). 


Figure  18: 


The  inlet  and  outlet  boundaries  are  computed  following 
the  same  general  idea:  the  boundary  conditions  are  written  in 
numerical  integral  forms,  as  eq.  (19)  for  solid  walls  or  eq.  (20) 
for  moveable  walls,  the  resulting  set  of  algebraic  equations, 
obtainet  by  substituting  eqs.  (8),  allows  the  proper  unknown 
terms  to  be  determined. 


5  Design  of  3D  blade  rows 

The  method  for  designing  3D  blade  to  blade  channels  is  sim¬ 
ilar  to  the  method  for  designing  3D  ducts.  We  use  the  same 
set  of  equations  (8)  and  we  formulate  the  problem  in  the  same 
way:  as  shown  in  Figs.  18a)  and  18b),  we  take  into  consider¬ 
ation  a  channel  whose  walls  GLTQ  and  CFPM  are  imperme¬ 
able  and  deformable,  with  DEON  and  HISR  representing  the 
suction  and  pressure  sides  of  the  blades,  respectively.  The 
surfaces  GCFL  and  QMPT  are  the  annulus  solids  walls,  the 
surface  GCMQ  is  the  inlet  surface  and  LFPT  is  the  outlet 
surface.  Fig.  18a)  shows  a  tipicai  initial  configuration  and 
Fig.  18b)  the  shape  of  the  channel  solving  a  given  inverse 
problem- 

There  are  two  differences  between  the  method  of  solution  of 
inverse  problems  in  ducts  and  in  blade  to  blade  channels,  the 
first  one  concerning  the  mathematical  model  and  the  second 
one  concerning  the  formulation  of  the  inverse  problem: 


1.  Because  of  the  geometry  of  blade  rows,  it  is  more 
convenient  to  use  as  physical  frame  of  reference  a 
sort  of4D  cylindrical  coordinates  instead  of  Carte¬ 
sian  coordinates,  therefore  the  equations  of  section 
3  and  4  have  now  to  be  read  considering  y1  as  ra¬ 
dius,  y2  as  tangential  angle,  yJ  as  axial  coordinate, 
yA  as  time,  and  U}  as  the  contravariant  components 
of  the  vector  Q  in  this  frame  of  reference.  Therefore 
the  relationship  (13)  is  now: 


Qk.u 


„>  —  HsL  =  (?¥L  +  irr1  )  —  i!£- 

‘  dy1  dx,n  \  dy'  *w }  dy *  dr"' 

(24) 


where  are  the  Christoffel  symbols  in  the  cylin¬ 
drical  frame  of  reference. 
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We  base  the  numerical  approximation  of  (24)  on  the 
formula: 


r, 

"‘dr'") 


that  is 


dd  _  de 

dy4  =  <V 


(29) 


Again  according  to  the  general  treatment  of  boundaries,  eq. 


(29)  is  replaced  by: 


by  replacing  the  derivatives  by  finete  differ¬ 
ences,  according  to  the  integration  scheme  (11). 

2.  Inverse  problems  for  blade  to  blade  flows  are  con¬ 
strained  by  the  periodicity  or  by  the  requirement, 
identical  from  the  geometrical  viewpoint,  that  the 
blade  profiles  must  be  closed:  in  fact,  the  pitch  is 
a  geometrical  parameter  that  is  known  a  priori  as 
function  of  the  radius  and  that  must  be  satified  by 
the  solutiou  of  the  inverse  problem.  As  discussed  in 
section  2  for  the  2D  case,  different  formulations  of 
the  inverse  problem  are  possible:  one  may  a)  pre¬ 
scribe  pressure  distributions  on  pressure  and  suc¬ 
tion  sides  aud  look  for  the  blades  shape  or  b)  pre¬ 
scribe  the  pressure  on  one  side  and  the  thikness  of 
the  blades  and  look  for  the  camber  distribution  or 
c)  prescribe  the  loading  and  the  thikness  and  look 
for  camber  distribution.  Problem  a)  reduces  to  a 
problem  identical  to  the  duct  problem,  but  does 
not  satify  a  priori  the  closure  condition,  problem  b) 
shows  the  same  ambuguities  of  the  2D  case,  cast¬ 
ing  doubts  on  its  well  posedness;  the  only  problem 
that  seams  well  posed  satisfying  the  periodicity  con¬ 
dition  is  problem  c),  within  the  limits  discussed  in 
section  2  and  Ref  [2).  We  choose  to  formulate  the 
3D  inverse  problem  for  blade  to  blade  flows  as  a 
problem  c):  we  prescribe  a  design  pressure  jump 
between  pressure  and  suction  sides  Ap  and  design 
thikness  r: 

Ap=  /(si1,  if3)  .  r  =  ,(„■_  jr>)  (26) 

The  whole  flexible  surfaces  CFPM  and  GLTQ  are  com¬ 
puted  satisfying  eqs.  (26):  in  the  CDNM,  EFPO,  GHRQ  and 
ILTS  surfaces  in  front  and  behind  the  blades  eqs.  (26)  reduce 

to: 

Ap  =  0,  r  =  0  (27) 

Eqs.  (26)  are  the  boundary  conditions  that  allow  the  flex¬ 
ible  walls  to  be  computed.  Following  the  same  general  idea 
expressed  in  section  4  for  the  boundary  treatment,  the  first 
of  eqs.  (26),  is  replaced  by: 


dd  +  d2d  Ay4  _  de  +  d2f  Ay1  ^ 
dy4  +  d(y4)3  2  c)(y4)3  2 

and  substituting  eq.  (23)  into  eq.  (30)  we  obtain: 

lr  2  rr.  M  dx"  (din  dU"  dd  dT''  \  ) 

\  Ox"  dy"  \  dy4  dy4  dx"  dy"  J  2  j  p 

(  »  ,  de  dx"  ( dfl2  dV“  de  Ox"  \  Ay4  ) 

\  dx"  dy"  +  \  dy 4  dy4  dx"  dy"  /  2  j  j 

(31) 

where  the  cross  derivatives  are  neglected,  vanishing  at  the 
steady  state,  and  where  a  =  1,2,3;  n  =  1,3,  and  dd/dx", 
de/dx "  are  approximated  by  finite  differences. 

Eq.  (28)  and  eq.  (31),  combined  with  eqs.  (8),  allow 
unknown  at  the  pressure  side  boundary,  and  rj...  unknown  at 
the  suction  side  boundary,  be  valuated  satisfying  the  bound¬ 
ary  conditions  (26). 

The  geometry  of  the  pressure  and  suction  sides  are  updated 
as  in  the  duct  case,  integrating  in  time  the  derivatives 
according  to  eq.  (23). 

The  inlet  and  exit  boundary  conditions  are  the  same  as 
those  of  the  inverse  problem  for  a  3D  duct,  briefly  described 
in  section  4. 

6  Numerical  examples 

We  present  here  three  numerical  results,  the  first  one  refers  to 
the  design  of  a  3D  rotational,  transonic,  convergent-divergent 
nozzle,  while  the  other  two  refer  to  the  design  of  turboma¬ 
chinery  bladings. 

6.1  Example  1 

In  order  to  test  the  capabilities  of  the  present  inverse  techni¬ 
que,  we  choose  an  example  with  a  distorted  geometry,  quite 
far  from  the  guessed  initial  one.  Fig.  19a)  shows  the  3D  view 
of  the  initial  configuration  and  Fig.  19b)  the  final  one  that 
solves  the  inverse  problem.  The  solid  walls  are  planes,  whose 
equations  are: 


{*•■>*?( 


da  \ 

dp6 


da  I 

dPl 


(28) 


with  "  P"  and  ” 5”  denoting  pressure  and  suction  sides,  re¬ 
spectively,  and  d,e  are  defined  by  eqs.  (16).  The  second  of 
eqs.  (26)  can  be  written  as: 


y),  -  0;  y]  -  - .  1  y3  +  A- 

The  design  pressure  distribution  on  the  lower  moveable  wall 
is 

P.l  =  .8  -  .7 t3 

on  the  upper  wall: 

p,  -  .8  -  .35(1  -  cosfxx3)] 


d  -  e  -  t  +  pitch 


On  the  inlet  boundary  we  impose  that  the  total  tempera¬ 
ture  is  uniform  and  constant  in  time  0°  —  1,  that  the  flow 


velocity  has  the  direction  of  the  x3  coordinate  lines  and  that 
the  toted  pressure  obeys  the  law: 


p"  =  i  -  V(y‘  -  -  v'h  V  =  ,i 

The  resulting  flow  is  rotational  and  non  homoentropic. 

Figg. 20a),  20b)  show  the  isoMach  lines  over  the  left  and 
right  solid  walls,  Figg.  21a),  21b)  over  the  upper  and  the  lower 
moveable  walls  and  Figg.  22a),  22b)  over  the  inlet  and  exit 
surfaces,  respectively.  Figg.  23a),  23b)  show  the  constant- 
entropy  lines  on  the  inlet  and  exit  surfaces,  respectively. 

6.2  Example  2 

The  second  example  refers  to  the  design  of  the  blades  of  a 
stator.  Figg.  24a),  24b),  show  the  initial  and  final  3D  view, 
respectively.  The  tip  and  hub  solid  annulus  walls  are  cylin¬ 
drical: 

y}  —  rr  ,  »/•  —  ri, 


with  r,]ru  =  1.5. 

The  design  thickness  is: 


3 


r  =  .07  sin 


with  y3  -  y,3  = axial  chord. 
The  desigu  loading  is: 


r 


K-13 


Figure  24: 

At  the  inlet,  boundary  the  flow  is  axial.  The  total  temper¬ 
ature  is  kept  constant  0“  :=  I,  while  the  tototal  pressure  is 
distorted: 

/»"  =  gs/y'  +  h 

with  g  -■  A/(y/rt  -  y/ni),  h  =  1.  -  gy/Ft. 

At  the  exit  surface,  a  distribution  of  pressure,  in  agreement 
with  an  approximate  solution  based  on  the  radial  equilibrium 
theory,  is  given  as  boundary  condition,  with  pr,  =  .7  at  hub 
radius. 

Figg.  25a),  25b)  show  the  isoMach  lines  on  the  blade  to 
blade  surfaces  at  the  hub  and  tip  radii,  Figg.  26a),  26b) 
on  the  pressure  and  suction  sides  of  the  blades,  respectively. 
Figg.  27a)  and  27b)  show  the  constant  entropy  lines  at  the 
inlet  and  exit  surfaces. 

The  constant  entropy  surfaces  coincide  with  stream- 
surfaces;  as  it  has  been  pointed  out  in  Ref.  (4],  looking  at 
Figg.  27a)  and  27b)  one  would  expect  to  see  the  typical  ro¬ 
tation  of  such  surfaces  as  consequence  of  the  secondary  flows 
generated  in  3D  rotational  flow.  Actually,  a  stream  wise  com¬ 
ponent  of  the  vorticity  is  correctly  generated,  it  does  not  re¬ 
veal  itself  as  a  rotation  of  the  streamtubes,  but  rather  as  a 
peculiar  twisting  of  the  blades:  the  loading  is  prescribed  as 
design  datum  and  it  cannot  be  decreased  as  a  consequence 
of  secondary  flows,  but  the  lower  is  the  total  pressure  (and 
density)  the  higher  the  deflection  to  provide  such  loading. 

Finally,  two  integral  checks  have  been  done  on  the  continu¬ 
ity  and  angular  momentum  of  the  computed  flow  field:  Fig. 
28  shows  the  mass  flow  computed  on  cross  sections  along  the 
blade  to  blade  channel;  Fig.  29  compares  the  angular  momen¬ 
tum  evaluated  on  cross  sectious  along  the  channel  with  the 
corrisponding  theoretical  torque  due  to  the  design  loading. 

6.3  Example  3 

In  the  third  example  the  annulus  walls  form  a  conical  sur¬ 
face  at  hub  radius,  and  a  cylindrical  surface  at  tip  radius. 
The  flow  at  entry  is  assumed  to  have  axial  direction,  with 
constant  total  temperature  and  a  parabolic  distribution  of 
total  pressure,  the  smallest  being  at  hv»o  radius.  A  certain 
distribution  of  thickness  and  pressure  jump  as  functions  of 
the  radial  and  axial  coordinates  are  assumed,  r  =  <?(y* ,  y3). 


d  / 


bj 

Figure  26: 


Figure  27: 
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Figure  28: 
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Figure  29: 


Figure  30: 


Ap  =  f(yl,y3).  At  the  exit  surface,  a  distribution  of  pres¬ 
sure,  in  agreement  with  an  approximate  solution  based  on  the 
radial  equilibrium  theory,  is  given  as  boundary  condition,  as 
well  as  in  the  previous  example. 

The  initial  configuration  of  the  blade  row  is  shown  in  fig. 
18a).  The  blades  are  without  camber  and  twist.  Fig.  18b) 
shows  the  final  configuration  of  the  blade  row.  Figg.  30  and 
31  represent  the  isoMach  lines  of  the  initial  and  final  config¬ 
uration  of  blade  to  blade  section  at  hub  radius,  respectively. 
Figg.  32-37  represent  the  final  configurations  of  the  interme¬ 
diate  and  tip  blade  to  blade  sections.  The  tbreedimensional 
nature  of  the  flow  field  and  the  twisting  of  blades  is  shown  in 
these  results. 

The  flow  is  transonic,  in  fact  a  supersonic  bubble  extends 
from  hub  to  tip  on  the  section  side.  Figg.  38  aud  39  show 
the  isoMach  lines  on  the  projection  on  the  meridional  plane 
of  the  suction  and  pressure  sides  of  the  blades,  respectively. 
Finally,  figg.  40a)  and  40b)  show  constant  entropy  lines  on 
the  sections  normal  to  the  axis,  corresponding  to  the  trailing 
edges  and  the  exit  of  the  streaintube. 

The  constant  entropy  surfaces  coincide  with  stream- 
surfaces.  Figg.  40a)  and  40b)  show  the  absence  of  the  typical 
rotation  of  such  surfaces  and  the  peculiar  twisting  of  the  blade 
to  blade  channel,  as  well  as  in  the  previous  example. 
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Summary 

Recent  developments  in  design /analysis  methodology  for 
airfoils  and  cascades  are  presented.  Shortcomings  of  stan¬ 
dard  inverse  methods  in  flows  involving  shock  waves  are 
overcome  by  a  modal  geometry  perturbation  inverse  method 
driven  by  a  least-squares  pressure  mismatch  minimization. 
The  method  is  incorporated  into  an  existing  viscous/inviscid 
zonal  method.  Simultaneous  solution  of  the  flowfield  equa¬ 
tions  and  the  pressure  mismatch  minimization  equations  is 
obtained  by  a  full  Newton  method.  This  leads  to  very  large 
computational  savings  compared  to  traditional  minimiza¬ 
tion  methods.  The  method  is  also  applicable  to  viscous  flows 
with  or  without  separation  regions  present. 

The  Newton-based  solution  scheme,  which  yields  sensi¬ 
tivity  information  as  a  by-product,  also  allows  very  efficient 
solution  of  general  optimization  problems.  Perturbation  of 
the  geometry  and  flowfield  is  specified  outside  of  the  New¬ 
ton  solver  so  as  to  drive  any  aerodynamic  and/or  geometric 
quantity  to  its  minimum.  The  availability  of  free  sensitiv¬ 
ity  information  and  the  rapid  reconvergenqe  property  of  the 
Newton  method  after  each  optimization  cycle  again  gives 
very  large  computational  savings  over  traditional  optimiza¬ 
tion  techniques.  Examples  are  given  for  drag  minimization 
of  transonic  and  low  Reynolds  number  airfoils,  and  loss  min¬ 
imization  in  a  transonic  compressor  cascade.  The  applicabil¬ 
ity  of  drag  optimization  methods  to  airfoil  design  is  assessed. 

1  Introduction 

Inverse  methods  developed  to  date  for  airfoil  and  cas¬ 
cade  design  have  employed  a  wide  variety  of  formulations. 
For  incompressible  or  linearized  compressible  flows,  Eppler 
and  Somers  [1]  have  employed  a  complex-mapping  method 
initially  treated  by  Mangier  [2]  and  Lighthill  [3|.  Tran¬ 
sonic  inverse  problems  have  been  approached  by  solving  the 
full  potential  equation  with  Dirichlet  boundary  conditions. 
Volpe  and  Melnik  [4]  transform  the  exterior  flow  problem 
into  the  interior  of  the  unit  circle,  while  Daripa  and  Sirovich 
j5)  solve  the  problem  in  the  potential-streamfunction  plane. 
Bauer  et  al  [6j  use  the  alternative  approach  of  solving  the 
compressible  potential  equation  via  complex  characteristics. 
Physical-plane  inverse  methods  have  also  been  reported,  em¬ 
ploying  either  the  full  potential  equation  as  in  the  method 
of  Carlson  [7],  or  the  Euler  equations  as  in  the  method  of 
Giles  and  Drela  [8]. 

A  very  useful  feature  of  a  compressible  inverse  method 
is  the  ability  to  accept  surface  pressure  distributions  con¬ 
taining  shock  discontinuities.  The  difficulty  with  any  such 
method  (4,8]  is  that  such  a  distribution  will  in  general  pro¬ 
duce  an  airfoil  surface  slope  discontinuity  at  the  foot  of  the 
shock.  Although  the  discontinuity  can  be  minimized  by 
specifying  surface  pressures  which  are  consistent  with  the 
correct  shock  pressure  jump,  such  a  requirement  is  a  nui¬ 
sance  to  the  practicing  airfoil  designer. 

For  a  majority  of  design  problems,  treating  the  flow  as 
inviscid  is  adequate  and  entirely  appropriate.  In  certain 
cases,  however,  especially  those  involving  transonic  and/or 
low  Reynolds  number  flow,  the  boundary  layer  displacement 
effects  can  very  significantly  alter  the  effective  geometry  gen¬ 


erated  by  an  inviscid  inverse  method.  A  useful  feature  of  an 
inverse  method,  therefore,  is  the  ability  to  account  for  this 
viscous  displacement  effect.  In  principle,  one  can  subtract 
from  the  airfoil  contour  a  displacement  thickness  calculated 
separately  from  the  specified  pressure  distribution.  In  prac¬ 
tice,  this  may  lead  to  irregularities  in  the  calculated  air¬ 
foil  shape,  since  the  displacement  thickness  always  changes 
rapidly  at  the  transition  or  shock  location.  This  irregular¬ 
ity  will  then  be  directly  transferred  to  the  airfoil  contour. 
Also,  this  approach  cannot  be  used  for  low  Reynolds  num¬ 
ber  flows  {Rt  <  10®),  in  which  some  flow  separation  is  in¬ 
variably  present  and  a  displacement  thickness  distribution 
cannot  be  generated  from  a  specified  pressure  distribution. 
The  few  viscous  inverse  methods  reported  to  date,  such  as 
those  of  Giles  at  al  [9]  and  Hirose  et  al  (10],  have  not  ad¬ 
dressed  these  more  general  inverse  problems.  The  transonic 
viscous  mixed-inverse  case  presented  in  reference  (9],  for  ex¬ 
ample,  uses  a  specified  pressure  distribution  which  is  shock- 
free,  and  the  transition  point  is  outside  the  inverse  part  of 
the  airfoil.  As  a  result,  the  resulting  modified  airfoil  geome¬ 
try  is  smooth.  However,  the  method  cannot  be  used  if  even 
a  small  amount  of  separation  occurs.  The  viscous  inverse 
solutions  presented  in  reference  [10]  also  appear  to  have  dif¬ 
ficulty  in  dealing  with  flow  separation,  and  shocked  cases 
are  not  presented. 

Although  it  might  seem  pointless  to  design  for  shock 
waves  and  flow  separation,  the  fact  is  that  transonic  flows 
involving  weak  shock  waves  and  low  Reynolds  number  flows 
involving  small  separation  bubbles  frequently  represent  op¬ 
timum  airfoil  design  solutions.  Also,  shock  waves  are  some¬ 
times  inevitable,  as  in  the  case  of  flow  through  a  transonic 
compressor  cascade.  Hence,  an  inverse  method  which  can 
readily  handle  such  flows  has  substantial  engineering  inter¬ 
est. 

The  inverse  viscous  formulation  presented  here  is  aimed 
at  generating  airfoil  shapes  which  are  guaranteed  to  be  smooth 
even  if  flow  separation  and/or  shocked  flow  occurs,  and  the 
displacement  thickness  distributions  have  strong  irregulari¬ 
ties.  The  technique  is  to  limit  the  airfoil  geometry  change 
generated  by  an  inverse  solution  to  a  relatively  small  number 
(ten  or  less)  of  smooth  geometric  modes.  Such  a  modal  ge¬ 
ometry  perturbation  formulation  has  been  commonly  used 
in  optimization-based  inverse  methods,  such  as  those  of  Van- 
derplaats  [11],  Hicks  et  al  (12],  and  Cosentino  and  Holst  ( 13] . 
The  present  method  is  novel  in  that  it  uses  a  Newton  so¬ 
lution  technique  to  solve  the  flowfield  equations  simultane¬ 
ously  with  a  set  of  least-squares  s  jrface  pressure  mismatch 
constraints  which  govern  the  geometric  mode  amplitudes. 
Each  Newton  iteration  produces  the  sensitivities  of  all  the 
least-squares  constraints  to  each  geometric  mode  amplitude. 
These  sensitivities  are  then  used  to  update  the  geometric 
mode  amplitudes  within  each  Newton  iteration. 

The  advantage  of  the  present  technique  of  generating  the 
sensitivities  of  the  surface  pressures  (or  any  other  flow  quan¬ 
tity)  from  the  Newton  solver  is  that  it  leads  to  very  large  sav¬ 
ings  in  computational  effort.  Standard  optimization-based 
methods  normally  obtain  the  sensitivities  by  sequentially 
perturbing  each  mode  and  recalculating  a  direct  solution  by 
the  ■black-box"  direct  solver  —  a  very  expensive  process 
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even  if  only  a  few  modes  are  used.  The  no-overhead  gener¬ 
ation  of  these  sensitivities  by  the  Newton  method  results  in 
the  entire  modal  inverse  solution  requiring  about  the  same 
CPU  time  as  one  direct  or  one  full-  or  mixed-inverse  calcu¬ 
lation  —  typically  5  minutes  or  less  on  a  VaxStation  3200 
machine.  This  is  a  substantial  improvement  over  the  pure 
optimisation-based  methods  which  only  deal  with  the  di¬ 
rect  solver  as  a  “black-box’' ,  and  may  require  tens  or  even 
hundreds  of  direct  solutions  to  perform  one  inverse  solution. 
Furthermore,  the  inclusion  of  viscous  effects  into  the  present 
inverse  solver  via  a  simultaneously-coupled  integral  bound¬ 
ary  solution  has  little  effect  on  the  overall  calculation  time. 
Again  this  represents  a  large  cost  advantage  over  previously- 
reported  viscous  inverse  solvers  [lOj  which  are  based  on  the 
Navier-Stokes  equations  and  require  hours  of  supercomputer 
time  for  an  inverse  solution. 

The  Newton  solution  procedure  allows  economical  im¬ 
plementation  of  general  optimization  procedures,  such  as 
minimization  of  profile  drag  at  fixed  angle  of  attack  or  fixed 
lift.  The  modal-inverse  method  is  a  particular  optimization 
method  which  incidentally  can  also  be  incorporated  implic¬ 
itly  into  the  flowfield  Newton  solution.  More  general  opti¬ 
mization  must  be  performed  outside  of  the  flow  solver,  but 
is  able  to  make  full  use  of  the  “free”  sensitivity  information 
available  from  the  Newton  method.  The  result  is  that  any 
well-po«ed  optimization  problem  can  be  solved  with  a  very 
modest  computational  effort  —  comparable  to  that  needed 
for  several  direct  solutions. 

The  present  mod  si-inverse  and  optimization  methods 
have  been  implemented  as  additional  options  to  the  success¬ 
ful  ISES  airfoil/caacade  code  [0,14,8,15).  This  code  already 
has  two  standard  inverse  mode  capabilities  —  a  full-inverse 
mode  where  the  pressure  is  prescribed  over  the  entire  air¬ 
foil  surface,  and  a  mixed-inverse  mode  where  the  pressure 
is  prescribed  over  only  a  part  of  the  airfoil  surface  and  the 
geometry  is  prescribed  over  the  remainder.  Inverse  solu¬ 
tion  examples  have  been  presented  in  references  [9,8].  The 
new  modal-inverse  variant  presented  in  this  paper  is  simi¬ 
lar  to  these  two  existing  inverse  formulations,  except  that 
the  airfoil  contour  change  is  restricted  to  the  smooth  geo¬ 
metric  modes  as  mentioned  above.  The  smooth  geometric 
modes  in  the  present  formulation  can  represent  either  the 
perturbation  of  one  airfoil  side  or  the  perturbation  of  the 
airfoil  camber  line.  Allowing  only  one  surface  to  change  is 
most  useful  in  isolated  airfoil  design,  where  the  two  surfaces 
are  typically  tailored  separately  at  two  different  operating 
conditions.  Allowing  only  the  camber  line  to  change  (which 
preserves  the  airfoil  thickness)  is  most  useful  in  turboma- 
Yrnery  compressor  blading  design  applications,  where  the 
airfoil  thickness  is  more  or  less  fixed  by  draconian  structural 
requirements. 

This  paper  will  give  a  summary  of  the  ISES  code  for¬ 
mulation  into  which  the  present  modal-inverse  method  is 
incorporated.  The  Newton  solution  method  unique  to  the 
method  will  be  addressed  in  more  detail.  An  extension  of 
the  method  to  optimisation  problems  involving  drag  mini¬ 
misation  will  also  be  presented.  Design  examples  for  airfoils 
and  turbomachinery  blading  will  be  presented  to  illustrate 
the  usefulness  of  the  modal  inverse  method.  The  role  of  op¬ 
timisation  techniques  in  airfoil  design  will  also  be  assessed. 

2  Numerical  Formulation  of  ISES  Code 

The  ISES  code  has  been  extensively  documented  in  the 
literature  [16,17,8,25,14).  Here,  only  a  brief  description  of 
the  basic  method  will  be  given.  The  boundary  conditions 
pertinent  to  the  various  direct,  inverse,  and  optimisation 
options  are  central  to  the  present  work,  however,  and  will 
be  presented  in  more  detail. 


3.1  Interior  flowfield  equations 

The  ability  of  the  ISES  code  to  handle  both  direct  and 
inverse  problems  stems  from  its  streamline-based  discretiza¬ 
tion  of  the  steady  Euler  equations.  This  discretization  is 
similar  to  the  older  streamline  curvature  methods  [18]  com¬ 
monly  used  in  turbomachinery  applications.  A  number  of 
key  differences,  however,  allow  the  ISES  code  to  handle  tran¬ 
sonic  flows,  and  to  easily  accept  inverse  or  direct  boundary 
conditions  with  or  without  boundary  layer  effects  included. 

Streamline  curvature  codes  typically  discretized  the  non- 
conservative  Euler  equations  expressed  in  local  intrinsic  s-n 
coordinates.  In  contrast,  ISES  discretizes  the  Euler  equa¬ 
tions  in  conservative  form.  A  conservation  cell  is  defined 
by  two  streamlines  and  three  “quasi- normals”  (they  do  not 
need  to  be  normal  to  the  streamlines)  as  shown  in  Figure  1. 
The  standard  Euler  variables  of  density  p,  pressure  p,  veloc¬ 
ities  u,v,  are  located  at  the  center  of  the  quasi-normal  cell 
face.  There  is  no  convection  across  the  streamline  faces,  so 
that  only  the  pressure  p  and  the  streamline  node  position 
x,y  are  needed  as  unknowns  there.  The  lack  of  convec¬ 
tion  across  the  streamline  faces  of  each  cel]  also  allows  the 
continuity  and  energy  equations  to  be  replaced  by  simple 
algebraic  statements  of  constant  mass  flux  and  stagnation 
enthalpy  in  each  streamtube.  This  reduces  the  number  of 
equations  and  the  number  of  unknowns  per  cell  to  only  two. 
Only  the  normal  position  n  of  each  grid  node,  and  the  den¬ 
sity  p  on  each  quasi-normal  cell  face  remain  as  variables. 
The  streamline  grid  is  thus  determined  as  part  of  the  solu¬ 
tion.  This  permits  a  very  simple  extension  of  the  method 
to  inverse  problems,  where  the  airfoil  is  determined  by  the 
calculated  shape  of  its  two  bounding  streamlines. 

In  supersonic  regions,  ISES  adds  a  speed-upwinding  dis¬ 
sipation  term  to  the  streamwise  component  of  the  momen¬ 
tum  equation.  This  has  the  appearance  of  the  physical  bulk 
viscosity  term,  and  mainly  comes  into  effect  in  steep  speed 
gradients,  allowing  shock  waves  to  be  captured.  More  de¬ 
tails  are  available  in  references  [16,17]. 


Figure  1:  Euler  grid  node  and  variable  locations. 
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2.3  Newton  solution  method 

A  key  feature  of  ISES  is  the  global  Newton  solver  which 
is  used  to  solve  all  the  governing  equations  as  a  fully-coupled 
system.  This  system  contains  all  the  interior  equations, 
as  well  as  all  the  airfoil  and  farfield  boundary  conditions 
(described  later).  An  initial  streamline  grid  corresponding 
to  incompressible  flow,  and  a  uniform  density  equal  to  its 
freestream  value,  are  used  for  the  initial  guess.  The  vari¬ 
ables  determined  by  each  Newton  iteration  are  the  stream¬ 
line  node  movement  6n  along  a  specified  direction  (typically 
normal  to  the  streamline),  and  the  density  change  dp  at  each 
quasi-normal  face.  The  linear  system  which  governs  these 
changes  for  each  Newton  iteration  has  the  form 

-r|  (1) 

where  J  is  the  known  Jacobian  matrix  and  R  is  the  vector 
of  all  residuals.  Because  each  variable  dn  and  dp  affects 
only  the  nearby  residuals,  the  matrix  is  tightly  banded  for 
the  moat  part.  However,  the  system  also  typically  contains 
several  “global"  variable  changes  6G  which  affect  a  large 
number  of  residuals.  Examples  of  these  are  the  changes  in 
the  inlet  and  outlet  flow  angles  d  which  enter  the  boundary 
conditions  in  cascade  cases,  and  the  change  in  the  circulation 
T  which  affects  the  farfield  boundary  conditions  in  isolated 
airfoil  cases  (the  boundary  conditions  will  be  discussed  in 
more  detail  in  the  next  section).  The  additional  variables 
are  implicitly  constrained  by  equations  such  as  the  Kutta 
condition,  which  appear  as  additional  residuals  in  the 
vector  R.  The  large,  sparse,  linear  system  (1)  resulting  from 
each  Newton  iteration  is  solved  by  a  custom  banded  solver. 
For  even  the  largest  two-dimensional  problems  encountered 
in  actual  applications  —  approximately  10000  variables  — 
this  is  faster  and  much  more  reliable  than  iterative  solvers. 

2.3  Farfield  boundary  conditions 

The  two  interior  variables  n  and  p  and  the  two  inte¬ 
rior  momentum  equations  are  unchanged  for  all  the  types 
of  flow  problems  handled  by  ISES.  Cascade  and  airfoil  cases 
are  distinguished  only  by  the  farfield  boundary  conditions, 
which  also  depend  on  whether  the  flow  at  the  boundary  is 
subsonic  or  supersonic.  Typically,  the  streamline  angle  d 
and  the  stagnation  density  p0  are  imposed  at  the  domain 
inflow  boundary.  The  flow  angle  is  either  prescribed  or  cor¬ 
rected  for  the  solution  farfield  behavior  obtained  from  the 
Pr&ndtl-Meyer  function  v[M)  or  an  asymptotic  compress¬ 
ible  potential  expansion. 


<1  = 

subsonic  cascade 

(2) 

4±v(M)  =  0.^ 

supersonic  cascade 

(3) 

tand  =  *,/$, 

subsonic  airfoil 

(<) 

The  Prandti-Meyer  boundary  condition  prevents  spurious 
reflection  of  waves  back  into  the  domain,  and  automatically 
returns  the  unique-incidence  condition  of  supersonic  cas¬ 
cades  [19|.  The  airfoil  farfield  potential  ♦(x,y;T)  depends 
on  the  circulation  constant  T,  which  is  implicitly  determined 
by  imposing  a  Kutta  condition.  It  can  also  optionally  in¬ 
clude  airfoil  doublet  terms  for  more  accuracy.  In  addition  to 
giving  the  inflow  angle,  this  potential  also  gives  the  farfield 
pressure  which  is  imposed  on  the  outermost  streamlines  in 
the  airfoil  case.  This  high-order  boundary  condition  treat¬ 
ment  allows  the  outer  boundary  to  be  placed  within  a  few 
chords  of  the  airfoil.  References  [14,8]  give  more  details  on 
the  airfoil  farfield  boundary  conditions. 


node 

position 


Figure  2:  Six  streamline  nodes  and  two  density  variables 
determining  surface  pressure  p». 

2.4  Direct  ard  inverse  surface  boundary  condi¬ 
tions 

The  farfield  boundary  conditions  described  above  distin¬ 
guish  between  cascade  and  airfoil  cases,  and  between  sub¬ 
sonic  and  supersonic  flows.  However,  whether  a  particular 
case  is  viscous  or  inviscid,  or  is  of  the  direct  or  inverse  type, 
is  only  determined  by  the  boundary  conditions  on  the  air¬ 
foil  surface.  At  each  streamline  node  on  an  airfoil  surface, 
one  boundary  condition  is  required  to  close  the  entire  equa¬ 
tion  set.  In  an  inviscid  direct  problem,  the  position  of  the 
streamline  adjacent  to  the  airfoil  is  fixed,  and  hence  the 
movement  of  the  node  is  simply  set  to  zero. 

Srij  =  0  (5) 

In  an  inverse  problem,  the  pressure  at  a  surface  grid  node 
(explicitly  related  to  the  neighboring  density  and  streamline 
node  position  variables  shown  in  Figure  2)  is  set  to  a  speci¬ 
fied  value.  With  a,  being  the  arc  length  position  of  surface 
node  i,  the  pressure  is  enforced  by  the  following  expression. 

Pi  -  +  -dt/ii*)  +  (6) 

The  present  streamline  Euler  formulation  allows  the  surface 
node  pressure  p,  to  be  explicitly  related  to  the  neighboring 
streamline  nodes  and  density  values  as  shown  in  Figure  2. 
The  linearization  of  equation  (6)  which  is  incorporated  into 
the  Newton  system  (  )  therefore  has  the  form 

y*.  ^p*  -  ^A 1  ~  &A*  fii**) 

T  dn*  *  °Pk 

=  JW*)  +  /l(*>  +  A »  /?(*)  “  Pi  (7) 

where  the  summations  are  carried  over  the  local  n  and  p 
variables  which  influence  p<. 

Note  that  the  specified  pressure  distribution  has 

added  terms  which  consist  of  specified  modes  /i(a)  and  /*(«) 
weighted  by  unknown  free  parameters  Ai  and  Aa.  These 
two  parameters  are  additional  “global*  variables  implicitly 
determined  during  the  Newton  solution  to  satisfy  two  ge¬ 
ometric  airfoil  closure  conditions.  In  full-inverse  problems 
where  the  pressure  is  imposed  over  the  entire  airfoil  surface, 
it  is  appropriate  to  specify  that  the  leading  be  closed,  and 
that  the  trailing  edge  gap  be  equal  to  some  specified  value 

hrm. 


=  0 

(8) 

*!>.„ 

=  hr. 

(9) 

The  corresponding 

linearized 

equations  are  then 

*"irr 

- 

= 

(10) 

-  *<r 

—  hT.  —  aniT,  . 

(11) 

A,f,(s)  ♦  Atft(s)  ♦  ... 


In  mixed-inverse  problems,  geometric  closure  must  be  spec¬ 
ified  at  the  left  and  right  blend  points  iL  and  *„  joining  the 
direct  and  inverse  segments  of  the  airfoil  (Figure  3). 

=  0  an,*  =  0  (12) 

*•*1  =  -*»H  ini,  =  -a*.  (13) 

The  actual  surface  pressure  distribution  p(a)  which  re¬ 
sults  from  an  inverse  solution  will  differ  from  the  prescribed 
distribution  jv^is)  by  the  additional  terms  in  equation  (6). 
This  must  of  course  be  accepted  in  any  inverse  method  as 
originally  proved  by  Lighthill  {3j  for  incompressible  cases. 
Volpe  and  Melnik  [4]  have  argued  that  the  same  must  be 
true  for  compressible  cases.  Note  that  it  is  possible  to  ob¬ 
tain  the  exact  specified  pressure  over  a  part  of  the  airfoil 
by  setting  the  mode  shapes  /i(s}  and  /a(s)  to  be  zero  there, 
and  nonzero  elsewhere.  This  is  rarely  necessary,  however, 
and  simple  linear  mode  functions  (shown  in  Figure  3)  have 
proved  to  be  effective  in  practice. 

Woods  [20]  has  treated  the  incompressible  mixed-inverse 
problem  by  using  a  conformal  mapping  into  the  compex  po¬ 
tential  plane.  His  method  required  three  integral  constraints 
on  the  specified  surface  speed,  which  is  inconsistent  with  the 
present  scheme  needing  only  two  constraints.  This  inconsis¬ 
tency  is  somewhat  puzzling,  particularly  since  the  present 
scheme  gives  reliable  convergence  with  any  specified  pres¬ 
sure  distribution,  and  hence  is  likely  to  be  well  posed.  It 
is  suspected  that  the  discrepancy  between  Woods’s  result 
and  the  present  method  is  somehow  related  to  regularity  in 
the  pressure  gradient  distribution.  The  geometry  regularity 
condition  at  each  blend  point  (12)  still  allows  a  disconti¬ 
nuity  in  the  surface  curvature,  which  in  turn  produces  a 
y/a  behavior  in  the  local  surface  pressure  on  the  prescribed- 
geometry  side  of  the  blend  point.  Woods’s  analytic  flow- 
field  description  precluded  such  behavior,  and  hence  an  ad¬ 
ditional  constraint  naturally  arose.  In  the  present  mixed- 
inverse  method,  pressure  gradient  regularity  can  be  enforced 
by  adding  an  additional  free  parameter  term  to  equation  (6). 
Woods’s  requirement  of  only  one  additional  constraint  sug¬ 
gests  that  if  regularity  is  obtained  at  one  blend  point,  the 
other  point  will  be  regular  as  well.  However,  this  would 
only  be  true  if  no  discretisation  error  were  involved.  To 
allow  perfect  control  at  each  blend  point,  two  additional 
terms  As  /»(«)  and  A*  /«(*)  can  be  added  to  equation  (6)  as 
indicated  in  Figure  3.  The  additional  unknowns  A»  and  A* 
are  then  determined  by  enforcing  the  second  derivative  in 
pressure  at  the  blend  points  to  be  equal  to  a  fixed  values 
stored  from  the  seed  airfoil  solution.  In  discrete  form,  this 
is  expressed  as 

flf-i  -  2n  +  &+  j  =  (a-i  -  2 Pi  +  pi+i)^  (14) 
where  i  is  the  index  of  a  blend  point.  This  equation  is  lin¬ 
earised  in  terms  of  the  local  Euler  variables  Bn,  Bp  ,  and 
added  to  the  Newton  system.  Instead  of  constraining  the 
second  derivative  in  the  pressure,  it  is  of  course  possible  to 
directly  specify  the  curvature  at  the  blend  points.  However, 
the  surface  pressure  is  the  relevant  aerodynamic  quantity, 
and  constraining  it  instead  of  the  curvature  has  been  found 
to  be  more  effective.  The  mode  shapes  fi(s)  and  /*:«)  for 
these  additional  constraints  are  again  arbitrary,  but  the  best 
results  are  obtained  if  each  mode  is  restricted  to  be  nonzero 
only  in  the  vicinity  of  the  corresponding  blend  point  to  be 
constrained.  Finally,  it  must  be  mentioned  that  the  ^ i  be¬ 
havior  in  the  surface  pressure  is  often  imperceptible,  and 
becomes  apparent  only  if  severe  changes  in  the  surface  pres¬ 
sure  distribution  are  specified.  For  most  cases,  only  the  two 
leading  additional  terms  added  to  the  specified  surface  pres¬ 
sure  are  adequate. 


Figure  3:  Mixed-inverse  problem  with  two  geometry  conti¬ 
nuity  constraints. 

The  key  teature  of  the  ISES  code  which  enables  the  wide 
variety  of  inverse  problems  to  be  specified  is  the  global  New¬ 
ton  solution  method  and  the  associated  direct  banded  ma¬ 
trix  solver.  The  solver  sees  a  boundary  condition  as  simply 
another  equation  in  the  Newton  system  —  the  particular 
form  of  that  equation  is  immaterial  (it  only  needs  to  produce 
a  sufficiently  well-conditioned  linearized  system).  Thus,  any 
well-posed  boundary  condition  can  be  easily  implemented 
with  no  change  to  the  remainder  of  the  overall  solution  pro¬ 
cedure.  An  iterative  solution  strategy  would  strongly  de¬ 
pend  on  the  boundary  condition  equation  stencil  as  well  as 
the  magnitudes  of  the  stencil  elements.  Particularly  trouble¬ 
some  would  be  the  determination  of  the  global  variables  A\ 

-  A4  which  influence  ail  the  surface  nodes  where  the  pressure 
is  specified.  The  influence  of  these  variables  on  the  closure 
constraints  (9,12)  cannot  be  easily  obtained,  especially  for 
transonic  flows.  They  would  therefore  be  difficult  to  incor¬ 
porate  into  a  relaxation  scheme. 

2.6  Specified  thickness  and  loading 

For  turbomachine  blading  calculations,  it  is  often  highly 
advantageous  to  strongly  constrain  the  structural  properties 
of  a  thin  cascade  airfoil  during  an  inverse  calculation.  The 
simplest  approach  is  to  preserve  the  thickness  and  modify 
the  camber  line  by  imposing  the  loading  A p  across  the  air¬ 
foil.  Note  that  this  allows  only  partial  control  of  the  pressure 
distribution  on  one  particular  surface,  but  this  concession 
must  be  made  to  avoid  an  over-specified  problem. 

In  any  direct  or  inverse  problem,  two  boundary  cond- 
tions  are  needed  at  each  surface  node  position  —  one  for 
each  airfoil  side.  In  the  thickness /loading  inverse  problem, 


these  two  conditions  are 

U 

=  t. p«(»t) 

(15) 

3  *5""' 

=  Aftp^(ft) 

(16) 

where  U  is  the  airfoil  thickness  at  node  i.  Equation  (15)  in 
linearised  form  is 


inT"  -  in'T"  =  «*.<*>  -  U  (IT) 

while  the  linearised  form  of  equation  (6)  has  the  same  form 
as  equation  (7).  These  linearised  equations  are  then  in¬ 
cluded  into  the  Newton  system  as  usual. 

The  appropriate  constraints  on  the  free  parameters  At 
and  At  in  equation  (16)  are  the  usual  geometry  continuity 
constraints  at  the  left  and  right  blend  points  iL ,  i*  joining 
the  direct  and  inverse  airfoil  segments. 
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Kr~  +  *n!r  =  °  (is) 

6nSr  +  *  0  (») 

The  one  exception  to  this  is  the  special  case  where  the  in¬ 
verse  segment  extends  all  the  way  to  the  trailing  edge,  and 
the  trailing  edge  is  left  free  to  move  up  and  down.  In  this 
case,  the  two  extra  terms  in  equation  (16)  are  not  used. 
Correspondingly,  two  equations  must  be  discarded  to  retain 
a  closed  system,  these  being  the  right  geometry  continuity 
equation  (19)  and  the  trailing  edge  Kutta  condition.  The 
latter  is  taken  care  of  by  equation  (16)  being  applied  at 
the  trailing  edge.  Only  the  remaining  left  geometry  closure 
equation  (18)  is  imposed,  and  this  now  implicitly  constrains 
the  airfoil  circulation  in  airfoil  cases,  or  the  exit  flow  angle 
or  exit  pressure  in  cascade  cases. 

2.6  Leading  edge  geometry  considerations 

The  full-inverse  formulation  in  the  ISES  code  has  not 
found  to  be  particularly  effective  for  blunt  leading  edge  ge¬ 
ometries.  Difficulties  arise  near  the  stagnation  point,  where 
the  surface  contour  is  extremely  sensitive  to  the  local  im¬ 
posed  pressures.  This  is  to  be  expected  of  any  inverse  method 
which  requires  pressures  rather  than  surface  speeds  to  be 
specified,  as  the  pressure  variation  near  the  stagnation  point 
is  quadratic  while  the  speed  variation  is  linear.  If  the  pre¬ 
scribed  pressure  even  slightly  exceeds  the  stagnation  pres¬ 
sure,  the  method  must  fail.  The  mixed-inverse  formulation 
circumvents  this  difficulty  by  allowing  the  geometry  to  be 
imposed  near  the  stagnation  point,  and  hence  is  a  much 
more  effective  and  robust  design  tool  for  airfoils  with  blunt 
leading  edges. 

For  airfoils  with  very  small  leading  edge  radii,  such  as 
turbomachinery  compressor  blades,  it  is  often  advantageous 
to  not  resolve  the  leading  edge,  especially  in  preliminary 
design  stages.  This  lack  of  resolution  eliminates  the  stagna¬ 
tion  point  in  the  numerical  solution,  making  the  full-inverse 
method  practical  for  these  cases. 

2.7  Inviscld  inverse  example:  Transonic  airfoil 

Figure  4  si  ws  a  NASA  supercritical  airfoil  from  refer¬ 
ence  [21]  operating  at  M  =  0.75  ,  Cl  =  0.8.  Ten  Newton 
iterations  were  required  for  this  direct  calculation,  which 
consumed  a  total  of  12  minutes  CPU  time  on  a  VaxStation 
3200  for  the  typical  132  x  32  grid.  A  fairly  strong  shock  wave 
occurs  at  this  condition  on  the  suction  side  of  the  airfoil,  pro¬ 
ducing  the  unacceptably  high  wave  drag  of  Cp  =  0.01095. 
This  shock  can  be  weakened  via  a  mixed-inverse  redesign 
of  most  of  the  upper  surface.  Figure  5  shows  the  origi¬ 
nal  and  new  specified  C9  distributions.  Although  the  shock 
wave  could  be  replaced  by  an  isen tropic  recompression,  the 
resulting  airfoil  would  likely  have  undesirable  off-design  per¬ 
formance.  Also,  a  smooth  recompression  often  results  in  a 
stand-off  shock  122,8}  which  still  carries  a  significant  wave 
drag  penalty.  For  these  reasons,  specifying  a  weak  shock  at 
the  design  point  usually  produces  a  better  overall  airfoil. 

Figure  6  shows  the  final  surface  Cf  and  geometry  of  the 
new  airfoil  resulting  from  the  inverse  calculation.  The  angle 
of  attack  a  was  left  as  a  free  variable  in  the  overall  Newton 
problem  to  allow  the  design  Cl  —  0.8  to  be  maintained  ex¬ 
actly.  This  also  caused  a  slight  change  in  the  lower  surface 
C9  distribution.  Four  additional  Newton  iterations  (5  min¬ 
utes  CPU  on  a  VaxStation  3200)  were  needed  to  converge 
this  case  starting  from  the  direct  solution.  The  small  and 
certainly  acceptable  discrepancy  between  the  specified  and 
final  surface  C9  distributions  is  the  two  additional  terms  In 


equation  (6)  which  were  set  to  obtain  geometric  closure  at 
the  two  blend  points. 

Figure  7  shows  the  new  calculated  airfoil  shape  to  have 
a  slope  discontinuity  at  the  shock  location,  and  the  local 
geometric  angle  $  and  normalized  curvature  kc  to  have  os¬ 
cillations  there.  These  features  arise  from  the  specified  Cp 
surface  values  within  the  smeared  shock  being  inconsistent 
with  the  values  which  would  be  obtained  on  a  smooth  sur¬ 
face.  In  particular,  no  special  attention  was  paid  to  ensur¬ 
ing  that  the  surface  C9  near  the  shock  was  consistent  with 
the  correct  Rankine-Hugoniot  jump  condition  and  the  post- 
shock  Zierep  pressure  singularity.  This  consistency  is  not 
easily  achieved,  as  the  Zierep  pressure  singularity  depends 
on  the  curvature  of  the  final  airfoil  which  is  not  known  a 
priori,  and  the  numerical  structure  of  the  smeared  shock 
is  difficult  to  predict.  If  there  is  no  shock  within  the  in¬ 
verse  segment,  such  problems  of  course  do  not  arise,  but 
here  the  geometric  disturbance  at  the  shock  is  a  continual 
nuisance  when  many  redesigns  are  performed.  Elimination 
of  this  problem  is  one  of  the  primary  motivations  behind  the 
modal-inverse  method  described  in  the  next  section. 


Figure  4:  132  x  32  grid,  Mach  contours,  and  surface  C9 
distribution  for  inviscid  supercritical  airfoil. 
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3  Modal-Inverse  Formulation 


The  modal  inverse  formulation  implemented  in  ISES  is 
actually  more  closely  related  to  a  direct  than  an  inverse 
method.  The  boundary  condition  applied  at  a  modal-inverse 
surface  node  is 

L 

=  53  6n,  (20) 

(=1 

which  is  equivalent  to  perturbing  the  airfoil  contour  by  the 
L  geometric  modes  gds)-  The  same  perturbation  condition 
can  also  be  applied  to  opposing  points  on  the  two  airfoil 
surfaces.  This  preserves  the  airfoil  thickness  distribution, 
and  is  equivalent  to  perturbing  the  airfoil's  camber  line.  The 
mode  shapes  specified  in  the  ISES  code  are  shown  in  Figure 
8.  Since  the  modes  are  smooth,  the  perturbed  geometry  is 
also  guaranteed  to  be  smooth. 


Figure  5:  Calculated  Cr  on  original  airfoil,  and  specified  Cv 
for  mixed-inverse  redesign. 


Figure  6:  Specified  and  new  calculated  Cf  distributions  on 
redesigned  airfoil. 


6 n  -  £8/)*  gjs} 


Camber- line  perturbation 


rSn  =  £68^  g(s) 


9  9,  ft  ft  ft 


Figure  8:  Camber-line  and  single-surface  modal  geometry 
perturbations. 


The  mode  amplitudes  n*  are  determined  by  minimizing 
the  integrated  mismatch  between  the  specified  and  result¬ 
ing  surface  pressure  distributions.  The  discrete  form  of  this 
mismatch  integral  I  is  defined  as 

1  =  5  £  (w  -  ftr-t*))’  (21) 

where  the  summation  is  taken  only  over  the  inverse  segment. 
The  L  minimization  constraints  with  respect  to  all  the  mode 
amplitudes  are  obtained  by  setting  the  integral  variations  to 
zero. 

£  -E<*-iw«a>£  =  »  ;  m 

Linearizing  this  about  the  current  solution,  one  obtains  L 
Newton  equations  for  the  L  mode  variable  changes  6n. 


Figure  7:  Comparison  between  original  and  mixed-inverse 
redesigned  airfoil.  Surface  angle  and  curvature  distributions 
on  redesigned  airfoil. 


dpi  dpi 
dOm  dht 


The  quantity  in  the  square  brackets  is  therefore  an  element 
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of  the  Hessian  matrix  for  the  pressure-mismatch  integral 
/.  It  is  necessary  in  practice  to  neglect  the  second  term 
inside  the  brackets,  since  calculation  of  the  cross-sensitivity 
of  pi  with  respect  to  ht  and  is  impractical.  The  Newton 
equations  actually  used  are  therefore  the  following. 


=  -£(f*  -fw*)) 


dp, 

dnt 


1  <  /  <  L  (24) 


the  modal  constraints  (24)  are  not  the  exact  linearized  forms 
of  the  least-squares  constraints  (22).  The  overall  conver¬ 
gence  rate  is  therefore  no  longer  quadratic,  but  degrades  to 
linear.  However,  the  discarded  linearization  terms  are  so 
small  that  an  order  of  magnitude  decrease  in  the  residuals 
per  iteration  is  typically  obtained  in  practice.  Four  or  five 
iterations  therefore  suffice  to  converge  a  modal-inverse  case. 


3.1  Specified  thickness  and  loading  with  Modal- 
Inverse 


Fortunately,  the  neglected  term  has  a  minor  impact  on  the 
terminal  convergence  rate  of  the  global  Newton  procedure, 
since  pi  -  ftp«c(aO  becomes  small  and  dpi/dht  rapidly  tends 
to  a  constant  as  convergence  is  approached,  making  the  en¬ 
tire  term  a  higher-order  quantity. 

Even  if  the  second  term  in  equation  (24)  is  discarded, 
it  is  still  not  possible  to  immediately  incorporate  the  sys¬ 
tem  (24)  into  the  global  Newton  system  in  the  usual  man¬ 
ner,  since  the  sensitivities  dpi/dht  are  normally  known  only 
after  the  global  Newton  system  is  solved.  This  problem  is 
circumvented  by  the  following  modified  Newton  procedure. 

The  L  columns  corresponding  to  the  Newton  variables 
Shf  are  placed  on  the  righthand  side,  to  obtain  a  Newton 
system  of  the  form 


(25) 

where  the  unknown  vector  on  the  lefthand  side  contains  all 
the  flowfield  Euler  unknowns  6n,  6p ,  6G  ,  and  R  is  the  vector 
of  all  the  interior  flowfield  equation,  boundary  condition, 
and  global  constraint  residuals.  Since  J  is  now  a  square  non¬ 
singular  matrix,  the  system  (25)  can  be  solved  by  Gaussian 
elimination  to  obtain  a  partially-determined  solution. 
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(26) 

The  vectors  6fi,  6p,  and  g*  are  now  known,  and  the  geomet¬ 
ric  mode  amplitude  changes  Sht  are  still  undetermined.  The 
surface  pressure  at  any  node  is  a  known  function  p(n,  p)  of 
the  neighboring  streamline  node  positions  and  density  vari¬ 
ables  (see  Figure  2),  so  one  can  explicitly  determine  the  sen¬ 
sitivity  of  each  surface  pressure  pi  to  each  geometric  mode 
amplitude  ht  as  follows. 


dpi  _  y  &Pi  Art*  +  y-'  &Pi  &Pk 
dht  j  dnk  dht  *  dpk  dht 


1  <i<L  (27) 


where  the  summations  are  carried  over  the  nodes  adjacent  to 
node  t,  shown  in  Figure  2.  As  discussed  earlier,  dpi/dnk  and 
dpijdpk  are  explicitly  calculated  by  differentiating  p(nktpk)t 
and  drii/dht  and  dpi/dht  are  simply  the  known  elements  of 
the  column  vector  &  in  the  vector  equation  (26).  With  all 
the  sensitivities  dpi/dht  thus  determined,  the  L  equations 
(24)  become  an  Lxi  linear  system  for  6nj . . .  Shi  which  is 
easily  solved.  Substituting  the  resulting  Sh  values  into  the 
vector  equation  (26)  then  fully  determines  all  the  remaining 
Newton  changes  6n  and  Sp  at  all  the  flowfield  grid  nodes. 
The  Newton  update  can  then  proceed  as  usual.  The  stream¬ 
line  adjacent  to  the  modal  inverse  segment  will  move  during 
this  update,  thus  automatically  adjusting  for  the  change  in 
the  airfoil  geometry. 

As  mentioned  earlier,  this  modified  Newton  solution  pro¬ 
cedure  does  not  constitute  a  “proper*  Newton  method,  as 


As  mentioned  in  the  previous  section,  turbomachinery 
blading  airfoils  lend  themselves  well  to  inverse  calculations 
with  a  specified  thickness  and  loading  Ap.  This  same  ap¬ 
proach  can  also  be  easily  incorporated  into  a  modal-inverse 
method.  In  this  case,  the  geometry  perturbation  modes  are 
used  to  equally  change  each  surface  rather  than  the  single 
surface.  This  naturally  preserves  the  airfoil  thickness  and  is 
equivalent  to  only  perturbing  the  airfoil's  camber  line.  The 
discrete  pressure-mismatch  integral  now  takes  the  form 

1  =  \  £  (AP'  ~  AP-p-t8.))1  (28) 

where  the  summation  is  performed  only  over  the  part  of 
the  airfoil  where  the  camber  line  is  being  perturbed.  The 
remainder  of  the  solution  algorithm  is  essentially  identical 
to  the  one-surface  modal-inverse  method  described  above. 

3.2  Inviscid  Modal-inverse  example:  Transonic 
airfoil 

The  transonic  airfoil  inverse  example  presented  in  the 
previous  section  is  an  obvious  candidate  for  a  modal-inverse 
calculation.  Using  the  same  specified  Cp  distribution  shown 
in  Figure  5,  a  modal-inverse  calculation  is  performed  using 
the  five  geometric  perturbation  modes  shown  in  Figure  8. 
Again,  a  is  left  as  a  free  variable  to  allow  the  design  Cl  =  0.8 
to  be  maintained.  Five  Newton  iterations  (7  minutes  CPU 
on  the  VaxStation  3200)  are  required  for  convergence,  start¬ 
ing  from  the  converged  original  airfoil  case.  The  final  sur¬ 
face  Cp  is  shown  in  Figure  9,  and  the  new  airfoil  geometry 
is  compared  with  the  original  geometry  in  Figure  10.  As  ex¬ 
pected,  the  new  geometry  is  smooth,  and  the  match  between 
the  specified  and  resulting  surface  pressures  is  certainly  ac¬ 
ceptable.  A  better  match  could  naturally  be  obtained  by  in¬ 
corporating  more  geometry  perturbation  modes.  The  com¬ 
putational  effort  increases  by  only  about  3%  for  each  addi¬ 
tional  mode,  so  using  many  modes  is  very  attractive.  The 
low  coat  per  mode  is  due  to  each  mode  only  adding  a  right- 
hand  side  to  the  Newton  system.  This  righthand  side  is  a 
trivial  additional  burden  for  the  direct  banded  matrix  solver 
used  in  ISES.  For  iterative  solvers,  the  coat  per  mode  would 
naturally  be  higher. 


Figure  9  Specified  and  new  calculated  CV  distributions  on 
airfoil  redesigned  using  modal-inverse. 
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Figure  10:  Comparison  between  original  and  modal-inverse 
redesigned  airfoil.  Surface  angle  and  curvature  distributions 
on  redesigned  airfoil. 


The  ISES  code  is  structured  so  that  the  specified  Cf  dis¬ 
tributions  con  be  easily  edited  and  the  solution  reconverged 
at  any  time.  The  relatively  quick  execution,  particularly  for 
aubcritical  cases  which  converge  in  2-3  iterations,  allows  the 
designer  to  efficiently  determine  the  most  effective  solution 
to  a  particular  airfoil  design  problem. 

4  Viscous  Inverse  Solutions 

The  ISES  code  can  optionally  incorporate  viscous  effects 
into  any  direct  or  inverse  Euler  solution  by  modifying  the 
airfoil  (and  wake)  surface  boundary  conditions  via  the  dis¬ 
placement  surface  concept.  In  the  direct  and  modal-inverse 
modes,  the  condition  of  the  surface  streamline  being  fixed 
to  the  airfoil  is  replaced  by  the  requirement  that  the  stream¬ 
line  be  displaced  from  the  airfoil  surface  by  a  distance  equal 
to  the  viscous  displacement  thickness.  Referring  to  Figure 
U,  the  linearized  boundary  condition  which  replaces  equa¬ 
tion  (5)  in  direct  viscous  problems  is 

^  -  6(6’)  =  61  -  an,  (29) 

where  6*  is  the  displacement  thickness,  and  an  is  the  stream¬ 
line  offset  distance.  On  the  trailing  wake,  the  gap  between 
the  two  streamlines  bounding  the  wake  is  likewise  driven 
to  the  wake  displacement  thickness,  and  also  the  pressure 
jump  across  the  wake  is  specified  to  be  zero.  More  details 
are  given  in  references  [15,23).  In  modal-inverse  solutions, 
the  boundary  condition  which  replaces  equation  (20)  is 
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so  that  the  streamline  is  still  offset  from  the  airfoil  by  6'  , 
but  the  airfoil  surface  itself  can  be  displaced  by  the  geometry 
modes.  The  wake  displacement  condition  is  unaffected. 

The  boundary  conditions  modified  for  the  displacement 
effect  have  introduced  the  new  variable  6(6*)  at  each  airfoil 
surface  and  wake  node  into  the  Newton  system.  Two  ad¬ 
ditional  viscous  variables  are  further  added  to  describe  the 
viscous  layer,  these  being  the  Newton  changes  of  the  mo¬ 
mentum  thickness  69  and  the  max  shear  stress  coefficient 
6Cf.  To  obtain  a  closed  system,  three  new  equations  must 
therefore  be  introduced  at  each  node  to  govern  the  three 
new  variables.  As  described  in  reference  |15),  ISES  employs 
the  standard  von  Karman  integral  momentum  equation,  the 
kinetic  energy  shape  parameter  equation,  and  a  dissipation 
lag  equation.  In  turbulent  flow  regions,  these  equations  have 
the  following  form. 


di 
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Like  the  surface  pressure  p,  in  Figure  2,  the  boundary  layer 
edge  velocity  is  a  known  function  u((n*,pk)  of  the  neighbor¬ 
ing  Euler  variables  n  and  p  ,  and  hence  does  not  constitute 
an  additional  unknown.  In  laminar  flow  regions,  a  maxi¬ 
mum  disturbance  amplitude  variable  N  replaces  Cr,  and  an 
amplification  equation  of  the  form 

^  (34) 

replaces  the  lag  equation  (33).  The  transition  point  is  de¬ 
termined  by  the  variable  N  exceeding  a  specified  critical 
value  Net t*.  The  result  is  roughly  equivalent  to  the  c®  tran¬ 
sition  prediction  method  of  Smith  and  G&mberoni  [24]  and 
van  Ingen  [25]. 

The  boundary  layer  equations  are  discretized  using  two- 
point  central  differencing  and  their  linearized  forms  are 
added  to  the  global  Newton  system.  The  Newton  changes 
6(6*) ,  69 , 6Cr  needed  to  update  the  boundary  layer  solution 
are  thus  calculated  simultaneously  with  the  Euler  solution 
in  both  direct  and  inverse  cases.  Because  the  viscous  and  in- 
viscid  solutions  are  fully  coupled  in  this  solution  procedure, 
flows  involving  separation  can  be  readily  computed. 


Figure  11:  Viscous  wall  boundary  conditions  at  direct  and 
inverse  points. 


For  full-  or  mixed-inverse  cases  with  boundary  layer  cou¬ 
pling  included,  the  specified-pressure  boundary  condition 
(6)  is  unchanged.  The  boundary  layer  equations  are  still 
solved  as  part  of  the  global  Newton  system,  but  on  the 
specified-pressure  portions  of  the  airfoil,  6 *  no  longer  affects 
the  position  of  the  streamline  nearest  the  airfoil  surface.  In¬ 
stead,  the  airfoil  contour  is  simply  offset  from  the  inviscid 
streamline  by  a  distance  equal  to  6*  as  shown  in  Figure  11. 
In  full-inverse  cases,  this  is  essentially  equivalent  (except 
for  the  wake  displacement  effect)  to  performing  a  standard 
specified-u,  boundary  layer  calculation  and  correcting  the 
airfoil  shape  by  6*  as  a  post-processing  step.  In  mixed- 
inverse  viscous  calculations,  the  direct  boundary  condition 
(29)  is  used  at  the  fixed-geometry  portion  of  the  airfoil,  and 
hence  there  is  a  two-way  coupling  between  the  boundary 
layers  and  the  inverse  solution  flowfield. 

As  discussed  in  the  Introduction,  if  transition  or  a  shock 
wave  occurs  within  the  inverse  segment,  the  displacement 
thickness  will  change  rapidly,  and  this  change  will  be  trans¬ 
ferred  to  the  calculated  airfoil  shape  as  a  geometric  irreg¬ 
ularity.  This  is  a  nuisance  in  viscous  inverse  calculations, 
and  is  one  the  motivations  for  the  modal- inverse  method. 
A  far  more  serious  problem  in  both  full-  and  mixed-inverse 
problems  is  that  the  overall  solution  will  fail  outright  if  the 
boundary  layer  separates  anywhere  the  surface  pressure  is 
imposed.  At  such  locations  the  boundary  layer  is  effectively 
being  solved  in  the  conventional  specified-uf  mode,  which 
is  known  to  allow  unconstrained  perturbations  in  6 *  at  sep¬ 
aration  (the  cause  of  the  well-known  Goldstein  separation 
singularity).  This  in  turn  produces  a  singular  Jacobian  ma¬ 
trix  in  the  global  Newton  system  and  results  in  solution 
failure.  The  direct  and  modal-inverse  boundary  conditions 
(29,30)  sidestep  this  problem  by  directly  constraining  the  lo¬ 
cal  5*  perturbations.  The  modal-inverse  method  can  thus  be 
safely  used  with  limited  separation  regions  present.  One  in¬ 
stance  where  the  modal-inverse  method  is  expected  to  fail, 
however,  is  when  one  or  more  of  the  geometry  perturba¬ 
tion  modes  <j<(s)  in  equation  (30)  is  confined  to  an  entirely- 
separated  region.  This  geometry  mode  will  then  have  al¬ 
most  no  influence  on  the  surface  pressure  distribution,  since 
it  cannot  affect  the  inviscid  streamline  pattern  and  pres¬ 
sure  field  through  the  “soft”  separated  boundary  layer.  As 
a  consequence,  dpi/dnt  in  equation  (24)  will  nearly  vanish, 
and  an  ill-conditioned  system  for  all  the  mode  amplitude 
changes  6h  will  result.  In  practice,  this  problem  can  be  eas¬ 
ily  avoided  by  selecting  broadly-distributed  modes  such  as 
those  pictured  in  Figure  8. 


4.1  Viscous  modal- inverse  example:  Low-speed 
compressor  cascade 

Figure  12  shows  the  calculated  and  experimental  pres¬ 
sure  distributions  for  a  low-speed  compressor  section  tested 
at  UTRC  and  reported  in  reference  [26].  Transitional  sep¬ 
aration  bubbles  are  predicted  on  both  surfaces  due  to  the 
relatively  low  Reynolds  number.  In  order  to  increase  the 
flow  turning  and  the  stage  work  of  this  cascade,  a  thick¬ 
ness/loading  modal- inverse  calculation  can  be  performed  with 
an  increased  specified  loading.  Figure  13  shows  the  calcu¬ 
lated  and  new  specified  surface  loading.  The  airfoil  cam¬ 
ber  line  has  been  allowed  to  deform  everywhere  with  the 
leading  edge  point  being  fixed.  For  commonality  with  the 
usual  single-side  inverse  mode,  the  pressure  p  on  each  sur¬ 
face  rather  than  the  loading  A p  is  input  by  the  user.  For 
the  thickness/loading  inverse  option,  however,  the  program 
only  makes  use  of  the  difference  Ap  ~  pi0**  - 

In  order  for  the  cascade  to  achieve  its  higher  loading, 
its  trailing  edge  must  be  set  free  to  move  so  that  the  over¬ 


all  camber  line  can  increase  with  the  inlet  flow  angle  fixed. 
Since  the  geometric  perturbation  modes  pictured  in  Figure  8 
cannot  allow  the  trailing  edge  to  move,  an  additional  mode 
of  the  form  g  =  a-sin(a)  has  been  added  to  the  system.  The 
result  of  the  modal-inverse  calculation  is  shown  in  Figure  14. 
The  turning  angle  has  been  increased  by  16°.  The  specified 
and  resulting  loading  distributions  match  closely,  although 
the  pressure  distribution  on  an  individual  surface  cannot  be 
controlled  independently  —  an  unavoidable  feature  of  the 
thickness/ loading  inverse  formulation. 
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Figure  12:  Calculated  and  experimental  Cp  distributions  on 
low-speed  compressor  cascade. 


Figure  13:  Specified  surface  loading  Ap  for  modal-inverse 
redesign. 


Figure  14:  Result  of  modal-inverse  redesign  of  low-speed 
compressor  section. 
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5  Optimization  Applications 

The  present  solution  scheme  based  on  the  Newton  method 
lends  itself  well  to  embedding  in  a  global  optimisation  scheme. 
Because  gradient  information  on  any  aerodynamic  quantity 
is  a  nearly  “free"  by-product  available  after  each  Newton 
iteration,  that  quantity  can  be  readily  driven  towards  a 
desired  optimum.  Jameson  [27]  has  recently  reported  an 
optimisation- type  inverse  technique  which  employs  an  inex¬ 
pensive  perturbation  sensitivity  calculation  employing  the 
same  operator  as  the  full-potential  equation  which  governs 
the  flowfield.  This  is  similar  to  the  present  method  in  that 
the  sensitivity  vector  for  each  flow  variable  can  be  calcu¬ 
lated  in  parallel  with  the  flow  solution,  and  hence  repeated 
perturbation  of  a  direct  solution  is  avoided. 

The  geometry  perturbation  modes  used  in  the  modal- 
inverse  method  can  be  included  in  the  inviscid  or  viscous 
solid  wall  boundary  conditions  (20,30)  at  any  time.  To  re¬ 
cover  the  standard  direct  or  viscous  problem,  the  trivial 
Newton  system  constraints 

6ht  =  0  (35) 

can  be  used  in  lieu  of  the  modal-inverse  pressure  mismatch 
minimization  constraints  (22).  A  more  interesting  case  re¬ 
sults,  however,  if  the  amplitudes  She  are  specified  so  that 
the  airfoil  shape  and  flowfield  are  altered  to  obtain  desired 
aerodynamic  or  geometric  properties.  The  modal-inverse 
problem  described  earlier  is  a  specific  example  of  such  a 
method,  with  the  required  aerodynamic  property  being  a 
least-squares  fit  to  the  specified  surface  pressure  distribu¬ 
tion.  In  the  general  case,  the  required  property  is  that  an 
arbitrary  cost  function  7  be  minimized.  For  airfoil  design,  a 
typical  goal  is  to  minimize  drag  at  a  fixed  lift,  hence 

I  =  CD  (36) 

with  the  undemanding  that  any  variation  of  7  is  at  a  fixed 
CL. 

In  ISES,  the  airfoil  profile  drag  or  cascade  profile  loss  are 
determined  from  the  viscous  momentum  thickness  6^  at  the 
last  wake  point,  and  from  the  shock  wake  momentum  defect 
at  the  domain  exit  plane,  much  like  in  an  experimental  wake 
survey. 

+  (37) 

The  summation  is  taken  over  all  the  streamtubes  with  m; 
being  the  mass  flux  in  streamtube  j,  and  q,  corresponding 
to  the  streamtube  speed  which  would  result  if  the  flow  isen- 
t  Topically  reached  the  freestream  pressure  (or  inlet  pressure 
for  cascades).  This  isobar ic  speed  is  readily  obtained  from 
the  wake  total  pressure  profile  p0l,  and  the  known  freestream 
static  pressure  p*,  and  total  enthalpy  k 

M-csn 

Formally,  the  equations  governing  all  the  L  geometry 
mode  amplitudes  are  obtained  by  setting  the  variations  of 
/  —  Cd  to  zero. 

91  _  2  9000  _  2  ys  9p0j  dq} 

9n,  ~  c  dn,  c  y  dn,  dp.,  m’ 

=  0  ;  1  <t<  l  (39) 


Here  dq,  /  9p0j  is  obtained  directly  by  differentiating  rela¬ 
tion  (38).  The  mode  amplitude  sensitivities  9$oo/9he  and 
dpojdht  are  obtained  directly  from  the  appropriate  ele¬ 
ments  in  vectors  &  in  the  partially-determined  Newton  so¬ 
lution  (26).  The  fundamental  difference  between  the  drag 
minimization  constraints  (39)  and  the  pressure-mismatch 
minimization  constraints  (22)  is  that  the  latter  can  be  ap¬ 
proximately  linearized  into  the  form  given  in  equation  (24) 
and  incorporated  into  the  overall  Newton  system.  Equa¬ 
tions  (39),  in  constrast,  must  be  solved  outside  of  the  New¬ 
ton  system  by  using  classical  minimization  methods  such  as 
steepest-deseent  or  conjugate-gradient.  The  two  different 
formulations  are  illustrated  in  Figures  15,16.  In  general,  any 
type  of  cost  function  in  least-squares  form  can  be  included 
implicitly  into  the  Newton  solution,  while  more  general  cost 
definitions  must  be  treated  explicitly.  The  simple  steepest- 
deseent  method,  for  example,  is  implemented  by  explicitly 
setting 
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Sn,  =  -£  —  ;  1  <  t  <  L  (40) 
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outside  of  the  Newton  iteration  cycle,  with  e  an  empirical 
constant.  These  mode  amplitude  changes  are  then  used 
to  generate  the  new  airfoil  geometry,  which  will  decrease 
the  cost  7  for  a  sufficiently  small  c.  An  important  advan¬ 
tage  of  the  present  streamline-based  method  is  the  flowfield 
can  be  updated  together  with  the  airfoil  geometry,  with  the 
streamline  grid  moving  to  accomodate  the  new  airfoil  shape. 
Specifically,  the  flowfield  is  updated  by  the  changes  5n,  6p, 
6Gy  calculated  directly  by  inserting  the  mode  amplitude 
changes  She  into  the  inverted  Newton  system  (25)  available 
from  the  last  Newton  iteration,  as  indicated  in  Figure  16. 
This  update,  corresponding  to  the  linearized  response  of  the 
flow  to  the  geometry  perturbation,  is  effectively  one  “free" 
Newton  iteration  for  the  next  estimate  of  the  flow  which 
minimizes  7.  A  few  additional  Newton  iterations  are  then 
performed  to  converge  the  flow  with  the  airfoil  geometry 
frozen  to  ensure  that  the  sensitivities  dljdhe  are  sufficiently 
accurate  for  the  next  optimization  step. 

Although  for  the  drag  minimization  problem  the  modal 
geometry  perturbations  are  incorporated  explicitly  outside 
of  the  global  Newton  solution,  this  approach  is  still  very  ef¬ 
ficient  compared  to  the  brute-force  optimisation  technique, 
since  the  cost  sensitivities  dl/dhe  are  obtained  cheaply  as 
by-products  of  the  Newton  solution.  The  present  method 
also  lends  itself  well  to  multi-point  optimization,  since  the 
external  geometry  perturbation  indicated  in  Figure  16  can 
in  fact  receive  contributions  to  the  cost  function  7  from  any 
number  of  parallel  solutions,  which  may  correspond  to  dif¬ 
ferent  specified  CL ,  Reynolds  number,  and/or  Mach  number 
values.  The  geometry  perturbations  She  would  then  be  sent 
to  each  solution  which  would  then  be  reconverged  indepen¬ 
dently  until  the  next  optimization  step. 

It  is  important  to  note  that  the  solution  to  any  optimiza¬ 
tion  problem  is  influenced  by  the  global  constraints  imposed 
on  the  flow  problem.  For  example,  the  sensitivities  9$oo /9he 
will  take  on  different  values  if  the  airfoil  a  is  held  fixed,  or 
the  Cl  is  held  fixed.  Each  instance  will  clearly  lead  to  a 
different  optimal  airfoil  solution.  In  actual  applications,  it 
may  also  be  necessary  to  add  geometric  constraints  to  the 
cost  function  7,  such  as  a  prescribed  maximum  thickness  or 
enclosed  area.  In  this  case,  these  geometric  terms  will  add 
contributions  to  the  sensitivities  91/dht  which  can  be  ob¬ 
tained  in  a  straightforward  manner  using  the  known  mode 
shapes. 


Figure  15:  Newton  method  with  embedded  optimization 
( modal-  inverse). 

5.1  RAE  2822  airfoil  optimization  example 

Figure  17  shows  the  calculated  solution  for  the  RAE  2822 
airfoil  Case  10  experiment  reported  in  reference  [28].  The 
freestream  Mach  number  of  0.75  and  the  specified  exper¬ 
imental  Ci  ~  0.743  produce  a  shock-induced  separation 
over  about  10%  of  the  chord,  which  was  also  observed  in 
the  experiment.  The  airfoil  is  well  past  the  drag-divergence 
point,  as  evidenced  by  the  rather  high  le-*l  of  computed 
drag  Cq  =  0.0.  *9.  In  an  attempt  to  reduce  the  drag  (or 
equivalently  increase  the  drag-divergence  Mach  number),  a 
viscous  optimization  calculation  was  performed  to  minimize 
the  simple  cost  function  I  ~  Cp.  The  five  geometric  per¬ 
turbation  modes  pictured  in  Figure  8  were  specified  to  act 
on  most  of  the  upper  surface  from  1.5%  chord  to  the  trail¬ 
ing  edge.  For  simplicity,  no  constraints  were  placed  on  the 
enclosed  area  or  maximum  thickness,  these  being  unable  to 
change  drastically  anyway  due  to  the  leading  edge  radius 
being  fixed. 

The  internal  Newton  loop  illustrated  in  Figure  16  was 
-xecuted  with  the  original  CL  =  0.743  being  specified,  ef¬ 
fectively  giving  an  L/D  maximization  problem.  Five  opti¬ 
mization  passes  were  performed,  with  the  geometry  mode 
amplitudes  calculated  from  equation  (40)  using  e  —  0.002, 
with  the  mode  shapes  themselves  having  unit  amplitude.  A 
significantly  larger  step  size  would  result  in  erratic  changes 
in  the  cost  function  from  one  optimisation  step  to  the  next. 
Two  or  three  Newton  iterations  were  used  between  each 
optimisation  step  for  a  total  execution  time  of  15  minutes 
CPU  on  the  VaxStatkm  3200  computer  —  roughly  the  time 
needed  for  two  isolated  direct  solutions.  The  evolution  of 
the  cost  function  CD  during  this  process  is  shown  in  Fig¬ 


Figure  16:  Newton  method  with  external  optimization. 

ure  18.  Figure  19  shows  the  final  calculated  surface  Cp 
distribution  on  the  new  airfoil  and  a  comparison  between 
the  old  and  new  geometries.  A  rather  drastic  drag  decrease 
from  Cd  ~  0.0229  to  Cd  =  0.0129  has  been  obtained,  with 
most  of  this  reduction  coming  from  a  decrease  in  wave  drag 
as  indicated  in  Figure  18.  While  the  drag  decrease  appears 
very  attractive,  it  is  in  fact  largely  illusory.  Figure  20  shows 
Mach-sweep  calculations  for  the  two  airfoils.  Apparently 
the  drag  reduction  obtained  by  the  optimization  procedure 
at  M  ~  0.75  carries  a  severe  drag  penalty  at  lower  Mach 
numbers,  which  in  actual  applications  would  probably  be 
unacceptable.  Clearly,  the  optimization  approach  must  be 
used  with  great  caution - 


Figure  17:  RAE  2822  airfoil  calculation  and  experimental 
data. 
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optimization  cycle 

Figure  18:  Reduction  in  total  and  wave  Co  during  RAE 
2822  airfoil  optimization. 


Figure  19:  Calculated  C,  on  optimized  RAE  2822  airfoil  and 
geometry  comparison. 


Figure  20:  Drag-divergence  behavior  for  original  and  opti¬ 
mized  RAE  2822  airfoils. 


5.3  Transonic  compressor  cascade  optimization 
example 

Figure  21  shows  a  calculated  viscous  solution  for  a  typ¬ 
ical  transonic  compressor  tip  section  cascade.  The  inlet 
Mach  number  is  1.3,  and  the  stage  pressure  ratio  is  1.95. 
The  fairly  fine  132  x  32  grid  used  in  the  calculation  is  nec¬ 
essary  to  capture  the  total  pressure  loss  of  the  small  leading 
edge  bow  shock,  whose  wake  is  visible  in  the  Mach  contours 
in  Figure  21.  A  massive  shock-induced  separation  region  ex¬ 
tends  over  nearly  the  entire  suction  surface  past  the  shock, 
and  the  total  stage  losses  are  correspondingly  high.  Exami¬ 
nation  of  the  fiowfield  reveals  that  the  cascade  has  excessive 
rear  camber  which  aggravates  the  separation  problem.  To 


find  a  more  effective  camber  shape,  an  optimization  calcu¬ 
lation  can  be  performed  to  minimize  the  cascade  loss.  A 
suitable  definition  of  this  loss  is  C©  as  defined  by  equa¬ 
tions  (37,38).  With  this  definition,  the  first  term  in  equa¬ 
tion  (37)  represents  the  blade  profile  loss,  while  the  second 
term  represents  the  total  pressure  loss  of  the  bow  shock  and 
main  passage  shock. 

To  preserve  the  inlet  Mach  number,  incidence,  and  mass 
flow,  which  are  typically  imposed  by  the  specifications  on 
the  overall  turbomachine,  it  is  necessary  to  preserve  the  ge¬ 
ometry  of  the  front  supersonic  portion  of  the  blade.  This 
portion,  which  determines  the  inlet  incidence  and  Mach 
number  via  the  upstream-running  waves  [  19),  is  therefore 
left  fixed  during  the  optimization.  Specifically,  only  the  rear 
75%  of  the  blade  is  allowed  to  be  deformed  by  the  geometric 
modes.  Both  sides  are  specified  to  be  perturbed  equally,  so 
that  the  airfoil  thickness  and  hence  structural  properties  are 
affected  as  little  as  possible.  As  with  the  low-speed  inverse 
cascade  example  presented  earlier,  camber-changing  modes 
were  added  to  those  shown  in  Figure  8  to  allow  the  trailing 
edge  to  move. 


Figure  21:  Final  132  x  32  grid  and  calculated  Mach  contours 
(AM  =  0.05)  for  transonic  compressor  cascade. 
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Five  optimisation  cycles  were  performed  for  this  case, 
using  e  =  0.01  in  equation  (40).  Figure  22  shows  the  re¬ 
sulting  flowfield  and  compares  the  old  and  new  geometries. 
The  evolution  of  the  loss  during  the  optimisation  process 
is  shown  in  Figure  23.  A  very  substantial  50%  loss  reduc¬ 
tion  has  been  achieved,  this  resulting  entirely  from  a  reduc¬ 
tion  in  the  blade  profile  loss  —  the  shock  loss  has  not  been 
changed  significantly.  Although  the  optimum  has  clearly  not 
yet  been  reached,  it  was  necessary  to  halt  the  optimization 
cycle  to  prevent  the  passage  shock  from  being  expelled  from 
the  inlet  and  “unatarting”  the  cascade.  As  Figure  22  shows, 
the  passage  shock  is  now  closer  to  the  inlet,  indicating  that 
the  maximum  pressure  ratio  sustainable  by  the  cascade  has 
in  fact  decreased.  The  exit  flow  angle  has  also  decreased 
by  4.5°.  The  loss  reduction  has  therefore  been  attained  at 
the  price  of  reduced  stall  margin  and  reduced  stage  work. 
Whether  this  tradeoff  is  favorable  can  probably  only  be  an¬ 
swered  by  considering  the  characteristics  and  specifications 
of  the  entire  compressor. 


geometry  fixed 


Figure  22:  Calculated  flow  for  optimized  compressor  cascade 
and  geometry  comparison. 
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Figure  23:  Reduction  in  total  and  shock  loss  during  com¬ 
pressor  cascade  optimization. 


5.3  LA203A  airfoil  optimization  example 

The  LA203A  is  a  low  Reynolds  number  Liebeck  airfoil 
reported  in  reference  (29j.  Figure  24  shows  the  calculated 
and  experimental  C9  distributions  at  a  Reynolds  number  of 
250  000.  The  large  transitional  separation  bubbles  visible  in 
the  calculated  and  experimental  surface  pressure  distribu¬ 
tions  are  typical  for  this  Reynolds  number  regime.  As  in 
the  previous  transonic  airfoil  example,  an  optimization  cal¬ 
culation  was  carried  out  allowing  the  entire  upper  surface 
from  stagnation  point  to  trailing  edge  to  deform.  Eight  op¬ 
timization  cycles  were  needed  to  minimize  drag  with  the  lift 
coefficient  fixed  at  its  original  value  of  1.08.  For  this  case, 
it  was  possible  to  use  the  relatively  large  steepest-descent 
step  size  c  =  0.02  compared  with  the  transonic  airfoil  case 
above. 

Figure  25  shows  the  final  calculated  C9  distribution  on 
the  new  airfoil  together  with  the  geometry  comparison  be¬ 
tween  the  new  and  original  airfoils.  The  optimization  has 
changed  the  airfoil  so  that  a  weak  adverse  pressure  gradi¬ 
ent  is  now  imposed  over  most  of  the  upper  surface  ahead  of 
the  transition  location.  This  causes  increased  disturbance 
amplification  and  forces  transition  to  occur  earlier  in  the 
bubble.  The  resulting  reduction  in  the  bubble’s  size  has  de¬ 
creased  the  overall  drag  coefficient  by  18.5%  from  0.01485 
to  0.01210.  A  similar  optimization  has  been  performed  at 
Cl  —  1.5,  with  the  results  shown  in  Figure  26.  Again,  a  sub¬ 
stantial  reduction  in  drag  has  been  achieved,  although  the 
optimized  airfoil  shape  is  quite  different  from  the  Cl  =  1-08 
case. 


Figure  24:  Calculated  and  experimental  surface  Cp  for 
LA203A  airfoil. 
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Figure  25:  Calculated  C9  distribution  for  airfoil  optimized 
at  CL  =  1.08  . 


9-14 


Figure  26:  Calculated  Cv  distribution  for  airfoil  optimized 
at  CL  =  1.50  . 

To  investigate  the  effect  of  the  optimizations  on  the  over¬ 
all  airfoil  performance,  a  polar  sweep  was  calculated  over  the 
entire  usable  a  range  of  each  airfoil.  The  polars  are  plot¬ 
ted  in  Figure  27,  together  with  the  polar  for  a  two-point 
optimized  airfoil  described  below.  It  is  clear  that  the  drag 
advantage  gained  through  a  single-point  optimization  proce¬ 
dure  is  realized  only  in  the  vicinity  of  the  design  Cl-  In  fact, 
the  two  single-point  "optimized”  airfoils  can  be  considered 
inferior  to  the  original  airfoil  in  an  overall  sense. 

This  optimization  study  serves  to  illustrate  the  pitfalls 
which  can  befall  a  simple  optimization  approach  to  airfoil 
design.  The  two-point  optimization,  as  suggested  in  refer¬ 
ence  (30],  was  intended  as  a  possible  solution  to  this  prob¬ 
lem.  The  cost  function  was  defined  as  a  weighted  sum  of 
the  Cd  values  at  the  two  Cl  operating  points  used  in  the 
Bingle-point  optimizations. 

J  =  3  (^)ct= 1.08  +  3  (41) 

A  larger  weight  was  placed  on  the  Cl  =  1.50  point  since 
the  single-point  polars  in  Figure  27  suggest  that  the  Cl  = 
1.08  point  might  cause  excessive  loss  in  Clbmx  if  allowed  to 
strongly  influence  the  optimization.  Over  one  optimization 
cycle,  the  two  solutions  were  independently  converged  in 
parallel.  The  sensitivities  from  each  solution  were  then  used 
together  to  determine  the  mode  changes  needed  to  drive  the 
cost  function  (44)  to  its  minimum.  The  changes  were  then 
sent  to  each  solution  and  the  cycle  was  repeated.  The  final 
optimized  Cp  distributions  at  the  two  "sampled”  points  are 
shown  in  Figure  28.  Interestingly,  the  two-point  optimiza¬ 
tion  produced  a  weaker  adverse  pressure  gradient  ahead  of 
the  separation  bubble  than  either  of  the  single-point  opti¬ 
mizations.  The  geometry  of  all  three  new  airfoils  is  com¬ 
pared  with  the  original  LA203A  geometry  in  Figure  29. 

Figure  27  shows  that  the  two-point  airfoil  is  fairly  satis¬ 
factory,  with  an  attractive  reduction  in  minimum  C©  gained 
at  the  expense  of  a  small  but  still  significant  loss  in  CL mix 
and  a  loss  in  thickness  of  about  1 %  of  chord.  Also,  maximum 
ClICd  has  not  changed  significantly,  while  the  endurance 
parameter  Cj^/C©  has  decreased  slightly.  Overall,  the  new 
airfoil  may  be  slightly  better  or  slightly  worse  than  the  orig¬ 
inal  LA203A  depending  on  the  application. 

It  may  be  possible  to  further  improve  the  two-point  op¬ 
timization  result  by  a  better  choice  of  the  Cl  values  where 
the  cost  function  is  to  be  evaluated.  However,  these  points 
are  uncertain  at  the  outset,  and  suitable  weights  for  the 
Cp  values  at  the  different  points  must  be  guessed.  For  the 
RAE  2822  optimisation  case,  the  excessive  drag  created  at 
lower  Mach  numbers  might  be  alleviated  by  a  two-point  op¬ 


timization  that  included  the  drag  contribution  at  some  Mach 
number  below  the  design  value.  Knowing  which  other  Mach 
number  to  use  is  certainly  not  clear  a  priori.  In  any  case, 
these  examples  strongly  suggest  that  even  with  optimiza¬ 
tion  design  techniques  available,  a  designer-driven  iterative 
approach  to  airfoil  design  is  still  necessary,  with  each  suc¬ 
cessive  design  stage  being  a  response  to  the  problems  un¬ 
covered  in  the  previous  design  stages.  On  a  more  positive 
note,  the  single-point  optimized  airfoils  do  clearly  indicate 
what  qualities  are  needed  in  a  low  Reynolds  number  airfoil 
to  achieve  low  drag.  The  features  of  the  two-point  optimized 
airfoil  indicate  how  the  conflicting  requirements  at  different 
operating  points  might  be  reconciled. 
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Figure  27:  Calculated  polars  for  original  LA203A,  sin¬ 
gle-point,  and  two-point  optimized  airfoils. 


Figure  28:  Final  Cf  distributions  at  the  two  sampled  Cl 
values  for  two-point  optimization  calculation. 
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Figure  29:  Geometry  comparison  between  optimized  airfoils 
and  original  LA203A  airfoil. 

5.4  The  role  of  optimization  in  airfoil  design 

It  is  the  opinion  of  this  author  that  any  working  airfoil 
optimization  method  is  unlikely  to  represent  a  “solution” 
to  the  general  airfoil  design  problem.  Most  real  airfoil  do* 
sign  problems  are  far  too  complex  to  be  quantifiable  as  a 
cost  function  which  ia  to  be  minimized.  Often,  constraints 
or  requirements  either  cannot  be  reliably  quantified  (e.g. 
manufacturability,  roughness  sensitivity,  etc.),  or  the  best 
numerical  weight  to  place  on  a  particular  cost  function  term 
is  not  known  a  priori.  Such  factors  in  the  design  problem 
are  usually  determined  or  discovered  with  numerical  and/or 
experimental  data  as  the  design  evolves.  Hence  they  can¬ 
not  be  used  to  formulate  the  mythical  all-encompassing  cost 
function  at  the  outset. 

The  best  role  for  optimization  appears  to  be  as  another 
item  in  the  airfoil  designer’s  numerical  toolbox.  An  opti¬ 
mization  solution  to  a  necessarily  simple  and  hence  imper¬ 
fect  cost  function  can  serve  as  a  guide  to  the  designer  by  in¬ 
dicating  which  way  the  design  “wants  to  go”  from  a  purely 
aerodynamic  viewpoint,  say.  The  designer’s  role  is  then  to 
reconcile  this  naive  optimum  solution  with  other  constraints 
which  may  be  either  unquantifiable,  or  too  complex  to  lump 
into  a  cost  function.  For  this  part  of  the  design  cycle,  other 
design  tools  such  as  inverse  methods  are  likely  to  be  more 
appropriate. 


6  Conclusions 

This  paper  has  presented  several  recent  developments  in 
design/analysis  methodology  for  viscous  and  inviscid  airfoil 
and  cascade  flows  at  transonic  speeds.  A  variety  of  new  in¬ 
verse  and  optimization  formulations  have  been  incorporated 
into  the  existing  ISES  airfoil/ cascade  code.  The  salient  fea¬ 
tures  of  the  overall  methodology  are: 

•  A  coupled  Euler  plus  integral  boundary  layer  flowfield 
representation. 

•  A  streamline- based  Euler  discretization  which  allows 
airfoil  geometry  changes  to  be  obtained  during  flow- 
field  solution. 

•  Flexibility  in  specification  of  direct  or  inverse  bound¬ 
ary  conditions. 

•  A  full  Newton  solution  scheme  for  all  viscous  and  in¬ 
viscid  variables. 

•  Sensitivity  information  for  optimisation  procedures  is 
obtainable  from  the  Newton  solver  at  negligible  extra 
cost. 


The  inverse  options  in  the  method  allow  specification  of 
pressure  distributions  on  any  portion  of  the  airfoil  surface. 
Alternatively,  the  loading  and  airfoil  thickness  distributions 
can  be  specified  if  strong  structural  constraints  are  present. 
The  geometry  changes  can  be  arbitrary,  or  can  be  restricted 
to  relatively  few  smooth  geometric  modes.  It  is  shown  that 
the  latter  option  is  more  effective,  and  may  even  be  nec¬ 
essary,  if  shock  waves  or  separation  regions  are  present  in 
the  flow.  Inverse  calculation  examples  involving  a  transonic 
airfoil  and  a  low-speed  cascade  illustrate  the  advantages  of 
the  modal  geometry  representation. 

The  Newton-based  sensitivity  calculation  technique  has 
been  shown  to  allow  extremely  inexpensive  optimization  cal¬ 
culations.  The  optimization  examples  presented  consisted  of 
drag  minimization  of  a  viscous  transonic  airfoil  with  shock- 
induced  separation,  and  drag  minimization  of  a  low  Reynolds 
number  airfoil  with  transitional  separation  bubbles.  Two- 
point  optimization  of  the  low  Reynolds  number  airfoil  was 
shown  to  be  necessary  to  partially  overcome  severe  problems 
inherent  in  single-point  optimization. 
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ONE  POINT  AND  MULTI  POINT  DESIGN  OPTIMIZATION  FOR  AIRPLANE 
AND  HELICOPTER  APPLICATION 

J.J.  THIBERT,  Aerodynamics  Department 
ONERA  -  BP  72  -  92322  ChAtillon  Cedex  -  FRANCE 


SUMMARY 


The  paper  describes  numerical  optimization  techniques  and  shows  how  these  techniques  can  be  used  in 
aerodynamic  design.  Emphasis  is  put  on  the  applications  with  various  optimization  cases  described  in  details.  One 
point  optimization  cases  for  airfoil  and  wing  designs  with  different  objective  functions,  constraints  and  design 
variables  are  presented  as  well  as  multiple  design  points  cases  for  helicopter  blade  airfoil  applications. 


LIST  OF  SYMBOLS 

A  General  augmented  Lagrangian  -  Also  matrix  of  the  gradients  of  the  active  constraints 

a  Displacement  in  the  search  direction.  Also  angle  of  attack 

a,p,c,r  scalars 

B  Matrix  of  the  gradients  of  the  equality  constraints 

c  Chord 

C ,  D  Submatrices  of  B 

C,  H  Equality  constraints 

Cd  Drag  coefficient 

Cl  Lift  coefficient 

Cp  Pressure  coefficient 

F,  OBJ  Objective  function 

G  Inequality  constraints 

H  Hessian  matrix 

K  Coefficient  in  the  analytical  polar  drag 

L/D  Lift  to  drag  ratio 

A  Lagrangian  multiplier 

M  Mach  number 

P  Penalty  function  -  Also  power  coefficient  and  parameter 

Pi  Legendre  polynomials 

4>  Function 

q;  Azimuth  angle 

R  Blade  radius 

Re  Reynolds  number 

S  Direction  of  displacement 

s  Curvilinear  abscissa 

T  Temperature 

t/c  Thickness  to  chord  ratio 

0  Momentum  thickness  of  the  boundary  layer 

X  Vector  of  the  design  variables 

x,  y,  z  Coordinates 


SUBSCRIPTS 

i  incompressible 

i.j,k  integers 

Max  ‘  nximum  value 

Min  *,nimum  value 

o  first  iteration  value  or  value  for  Cl  -  0 

RP  reference  plane 


SUPERSCRIPTS 

q  iteration  number 

*  optimum  value 


1.  INTRODUCTION 


The  different  design  tools  which  are  available  can  be  classified  in  three  categories  : 
-  indirect  methods 
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*  inverse  methods 

-  numerical  optimization  methods 

Each  of  these  methods  has  its  advantages  and  its  shortcomings  and  so  they  have  to  be  considered  as 
complementary  and  not  competitive.  Each  offers  a  different  way  of  finding  efficient  aerodynamic  shapes  without 
resorting  to  expensive  cut  and  try  wind  tunnel  testing.  However,  the  challenge  of  designing  practical  transport  or 
fighter  aircraft  or  helicopter  which  also  demanding  higher  performance  levels  is  one  of  the  most  difficult  tasks 
facing  the  aerospace  designer.  For  these  aircraft,  designs  must  satisfy  somewhat  different  and  conflicting 
aerodynamic  objectives.  Other  considerations,  such  as  radar  cross-sectional  area,  wing  or  blade  bending  moment  or 
wing  thickness  are  becoming  increasingly  important  in  the  final  design.  Clearly  an  automated  system  which  is 
capable  of  finding  the  "best  compromise”  to  the  problem  of  aircraft  design  would  be  very  useful.  In  that  way 
numerical  optimization  techniques  appears  to  be  a  rational,  directed  design  procedure.  They  give  an  ordered 
approach  to  design  decisions  where  before  aerodynamicist  relied  heavily  on  intuition  and  experience. 

A  CFD  analysis  program  is  coupled  with  a  numerical  optimization  algorithm  in  such  a  way  as  to  create  a 
design  tool.  Aerodynamic  quantities  such  as  lift,  drag,  pitching  moment,  pressure  distribution  are  computed  by  the 
CFD  algorithm  for  a  certain  configuration  and  are  used  in  defining  an  objective  function  to  be  minimized  by  the 
optimizer.  This  objective  function  must  relate  changes  in  geometry  to  improvements  in  the  aerodynamic  quality  of 
the  design. 

Minimization  of  this  objective  function  through  proper  choice  of  the  geometric  design  variables  should  then 
correspond  to  a  configuration  that  is  "optimal"  in  some  sense.  While  this  is  true  only  for  a  given  flight  condition,  it 
is  possible  to  find  a  design  which  will  most  nearly  satisfy  optimal  requirements  for  a  range  of  flight  regimes  by  the 
use  of  multiple  design  points. 

In  addition  to  the  merits  of  multiple  point  designs,  numerical  optimization  also  allows  a  great  deal  of  control 
over  both  the  aerodynamic  qualities  and  the  physical  shape  of  the  final  configuration  design.  However,  a  great  deal 
of  user  expertise  may  be  necessary  to  take  advantage  of  this  high  degree  of  flexibility. 

The  design  process  is  not  reduced  to  a  few  computer  runs  and  the  intuition  and  experience  are  still  very 
important.  The  most  persistent  criticism  of  numerical  optimization  procedures  is  the  large  amount  of  computer 
time  required  for  the  optimization  algorithm  to  "sort  out"  and  decide  which  configuration  is  best.  The  computer 
time  being  largely  due  to  the  CFD  algorithm  used,  current  improvements  in  computer  and  CFD  algorithm  speed 
may  soon  eliminate  this  shortcoming. 

The  purpose  of  this  paper  is  to  give  in  a  first  part  a  rapid  but  basic  knowledge  of  numerical  optimization 
algorithms,  to  present  in  a  second  part  the  optimization  techniques  i.e.  how  to  choice  the  objective  function,  the 
constraints  and  the  design  variables,  and  finally  to  present  in  a  third  part  a  large  variety  of  design  applications. 

Since  it  is  not  the  objective  of  this  paper  to  describe  in  details  all  the  possible  minimization  algorithms,  only 
♦he  most  widely  used  are  presented.  More  details  can  be  found  in  [I]  where  various  algorithms  are  presented.  It  is 
hoped  that  the  paper  will  encourage  practicing  engineer  to  use  this  powerful  tool  in  design. 


2.  NUMERICAL  OPTIMIZATION  TECHNIQUES 
2.1.  General  problems  statement 

Assume  we  wish  to  find  the  minimum  value  of  the  following  algebraic  function  : 
m  F(x>  =  10xi«  20  X, 2  x2  10x22  +  X|2  2x,  5 

F  (x)  is  referred  to  as  the  objective  function  which  is  to  be  minimized  and  we  wish  to  determine  the  combination  of 
the  variables  xi  and  X2  which  will  achieve  this  goal.  The  vector  x  contains  xj  and  X2  and  we  call  them  the  design 
variables.  Fig.  lisa  graphical  representation  of  the  function  where  lines  of  constant  value  of  F  (x)  are  drawn.  Fig.  1 
is  referred  to  as  a  two  variable  design  space  where  the  design  variables  X]  and  X2  correspond  to  the  coordinate  axis. 
If  no  limits  are  imposed  on  the  values  of  xj  and  X2  and  no  additionnal  conditions  must  be  met  for  the  "design",  F  (x) 
is  said  to  be  unconstrained  and  the  solution  is  represented  on  Fig.  1  by  the  point  A. 

Now  assume  that  for  some  reasons  the  design  variables  xj  and  X2  have  to  meet  some  requirements  for 
example : 

<2>  Xj  S  1,  «jS2, 

and  assume  also  that  we  add  the  additionnal  condition 

G(x)  ”  3x2  +  5xi  -  2  S  0 

Now  the  minimum  value  ofeq.  (X)  subject  to  the  additionnal  conditions  given  by  eq.  (2)  and  (3)  is  represented  on  Fig. 
2  by  the  point  B.  Eq.  (2)  and  (3)  define  the  constraints  on  the  design  problems.  The  constraints  given  by  eq.  (2)  are 
often  referred  to  as  side  constraints  because  they  directly  impose  bounds  on  the  values  of  the  design  variables; 
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The  portion  of  the  design  space  of  Fig.  2  inside  the  constraint  boundaries  defined  by  the  hatched  lines  is 
referred  to  as  the  feasible  design  space. 

In  general  a  design  space  will  be  n  dimensional  and  we  can  write  the  nonlinear  constrained  optimization 
problem  mathematically  as  follow  : 


(4) 

Minimise  F  (X)  objective  function 

subject  to 

(5) 

gj  (x)  £  0 

j  =  1,  m 

inequality  constraints 

(6) 

hk (x)  =  0 

k  =  1,1 

equality  constraints 

(7) 

Xjl  Sx,S  Xj« 

i  =  l.n 

Bide  constraints 

where  X  - 


Xi 

X2 


X„ 


design  variables 


The  above  form  of  stating  the  optimization  problems  is  not  unique  and  various  other  statements  equivalent  to  this 
are  presented  in  the  literature. 


2.2.  The  iterative  optimization  procedure 


Most  optimization  algorithms  require  that  an  initial  set  of  design  variables,  X°,  must  be  specified.  Beginning 
from  this  starting  point,  the  design  is  updated  iteratively.  Probably  the  most  common  form  of  this  iterative 
procedure  is  given  by 

(4)  Xs*  =  X*  1  + 

where  q  is  the  iteration  number  and  S  is  a  vector  search  direction  in  the  design  space.  The  scalar  quantity  a*  defines 
the  distance  that  we  wish  to  move  in  direction  S. 


To  see  how  the  iterative  relationship  given  by  Eq.  (4)  is  applied  to  the  optimization  process,  consider  the  two- 
variable  problem  shown  in  Fig.  3. 

Assume  we  begin  at  point  X°  and  we  wish  to  reduce  the  objective  function.  We  will  begin  by  searching  in  the 
direction  S1  given  by 


S'  = 


-1.0 
—  0.5 


The  choice  of  S  is  somewhat  arbitrary  as  long  as  a  small  move  in  this  direction  will  reduce  the  objective  function 
without  violating  any  constraints.  In  this  case,  the  S1  vector  is  approximately  the  negative  of  the  gradient  of  the 
objective  function,  that  is,  the  direction  of  steepest  descent.  It  is  now  necessary  to  find  the  scalar  a*  in  Eq.  (4)  so  that 
the  objective  is  minimized  in  this  direction  without  violating  any  constraints. 

We  now  evaluate  X  and  the  corresponding  objective  and  constraint  functions  for  several  values  of  a  to  give 


(6a) 


(6b) 


(6c) 


(5) 

(6d> 


|  2.0 

I  10 


Flo)  =  10.0  g(o)  =  -  1.0 


2  0 

-  10 

1  ,, 

Q  =  1.0  X  = 

+  1  0 

— 

10 

-05 

0.5 

F(q)  =  8  4  g  (a)  =  -  0.2 


(  2  0 

1  “10  1 

j  0  50  1 

a=15  X  = 

+  15 

=  1  } 

l  10 

1  l  -  0.5  1 

1  0  25  I 

F  (a)  = 

7  6  g(a)  =  0  2 

1  2  0 

1  1-1.0 

|  1  0.750 

=  1  25  X*  = 

+  1  25 

}  —  { 

l  1.0 

1  1-05 

1  l  0.375 

F  (a*)  =  8  g<a*)  =  00 
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where  the  objective  and  constraint  values  are  estimated  using  Fig.  3.  In  practice,  we  would  evaluate  these  functions 
on  the  computer,  and,  using  several  proposed  values  of  a,  we  would  apply  a  numerical  interpolation  scheme  to 
estimate  a*.  This  would  provide  the  minimum  F  (X)  in  this  search  direction  which  does  not  violate  any  constraints. 
Note  that  by  searching  in  a  specified  direction,  we  have  actually  converted  the  problem  from  one  in  n  variable  X  to 
one  variable  a.  Thus,  we  refer  to  this  as  a  one-dimensional  search.  At  point  X1,  we  must  find  a  new  search  direction 
such  that  we  can  continue  to  reduce  the  objective  without  violating  constraints.  In  this  way,  Eq.  (4)  is  used 
repetitively  until  no  further  design  improvement  can  be  made. 

From  this  simple  example,  it  is  seen  that  nonlinear  optimization  algorithms  based  on  Eq.  (4)  can  be  separated 
into  two  basic  parts.  The  first  is  determination  of  a  direction  of  search  S,  which  will  improve  the  objective  function 
subject  to  constraints.  The  second  is  determination  of  the  scalar  parameter  q*  defining  the  distance  of  travel  in 
direction  S.  Each  of  these  components  plays  a  fundamental  role  in  efficiency  and  reliability  of  a  given  optimization 
algorithm. 


2.3.  Optimization  algorithms 

It  is  not  the  objective  of  the  paper  to  describe  in  detail  all  the  possible  algorithms.  However  the  main  features 
of  the  more  widely  used  will  be  described  in  the  following  chapters.  We  will  first  begin  by  the  techniques  available 
to  find  the  search  directions. 

2.3.1.  Unconstrained  function  of  n  variables 

Fig.  4  provides  a  general  flowchart  for  multivariable  unconstrained  minimization.  As  seen  from  the  figure,  an 
actual  optimization  programs  consists  of  three  major  components  : 

1.  Determine  the  direction  in  which  to  search 

2.  Perform  the  actual  one-dimensional  search 

3.  Determine  when  the  process  has  converged  to  an  acceptable  solution. 

2.3.1 .1 .  Zero-order  methods 

Optimization  techniques  which  require  function  values  only  are  called  zero-order  methods.  These  methods  are 
considered  most  useful  for  problems  in  which  the  function  evaluation  is  not  computationnallly  expensive.  The 
random  search  method  and  the  Powell’s  method  [2]  are  the  most  popular  methods. 

Powell’s  method  is  based  on  the  concept  of  conjugate  directions,  where  directions  S'  and  S’  are  conjugate  if 


(7)  (S  )T  H  S  =  0 

where  H  is  the  Hessian  matrix  (i.e.  the  matrix  of  the  second  partial  derivatives  of  the  objective  with  respect  to  the 
design  variables). 

The  basic  concept  of  Powell's  method  is  to  first  search  in  n  orthogonal  directions.  S' ,  i  =  I,  n  being  the 
coordinate  directions,  where  each  search  consists  of  updating  the  X  vector  according  to  Eq.  (4).  These  directions  are 
not  usually  conjugate  but  provide  a  starting  point  from  which  conjugate  directions  are  built.  Having  complemented 
the  n  unidirectional  searches,  a  new  search  direction  is  created  by  connecting  the  first  and  last  design  point.  This 
becomes  the  n  +  1  search  direction.  The  process  is  shown  geometrically  in  Fig.  5. 

The  first  search  is  in  the  Xi  direction,  followed  by  a  search  in  the  X2  direction.  Note  that  the  ai*  in  Eq.  (4)  is 
negative,  assuming  the  S1  vector  is  in  the  positive  Xi  direction.  In  practice,  we  may  first  search  in  the  positive  Xj 
direction  and,  failing  to  improve  the  design,  then  search  in  the  negative  Xj  direction.  This  allows  for  writing  a 
one-dimensional  search  algorithm  which  only  searches  in  the  positive  a  domain. 

At  the  end  of  the  second  iteration  the  n  +  1  search  direction  S3  is  found  by  connecting  the  initial  design  X° 
with  the  current  design  X2  as  shown. 

The  method  of  Hooke  and  Jeeves  13]  and  the  somewhat  more  complicated  method  of  Rosenbrcck  [4]  utilize 
exploratory  searches  conceptually  similar  to  Powell's  univariant  searches,  followed  by  acceleration  steps.  In  each 
case,  the  idea  is  to  gain  useful  information  about  the  shape  of  the  design  space  which  can  be  used  to  accelerate 
convergence. 

2.3. 1.2.  First-order  methods 

First-order  methods,  those  which  utilize  gradient  information,  are  usually  more  efficient  than  zero-order 
methods.  The  price  paid  for  this  efficiency  is  that  gradient  information  must  be  supplied,  either  by  finite-difference 
computations  or  analytically,  and  that  these  methods  often  perform  poorly  for  functions  which  have  discontinuous 
first  derivatives.  However,  for  the  majority  of  problems,  first-order  methods  can  be  expected  to  perform  better  than 
zero-order  methods  because  the  user  is  providing  more  information  on  which  to  base  optimization  decisions. 

In  the  following  section,  two  basic  first-order  approaches  are  presented,  steepest-descent  and  conjugate- 
directions. 
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Steepest  descent 

The  steepest  descent  method  is  probably  the  best  known  and  yet  the  worst  performing  of  the  first-order 
methods.  The  principal  importance  of  the  method  is  that  it  usually  forms  the  starting  point  for  the  more 
sophisticated  first-order  methods. 

In  the  steepest  descent  method,  the  search  direction  S  is  taken  as  the  negative  of  the  gradient  of  the  objective 
function.  That  is,  at  iteration  q 

(8)  Sq  =  -  VF  (X") 

The  S  vector  is  used  in  Eq.  (4)  to  perform  the  one-dimensional  search.  The  optimization  algorithm  for  the  steepest 
descent  method  is  shown  in  Fig.  6. 

Figure  7  shows  the  sequence  of  one-dimensional  search.  As  seen  from  the  figure,  the  convergence  rate  of  the 
method  is  very  poor.  This  is  principally  due  to  the  fact  that  the  steepest  descent  method  does  not  utilize  information 
from  previous  iterations  in  order  to  accelerate  the  convergence.  Therefore,  the  steepest  descent  algorithm  is  not 
recommended  for  general  application,  although  the  steepest  descent  direction  will  be  used  as  an  initial  search 
direction  in  the  more  powerful  algorithm  of  the  following  section. 

The  conjugate  direction  method 

The  conjugate  direction  method  of  Fletcher  and  Reeves  [5]  requires  only  a  simple  modification  of  the  steepest 
descent  algorithm  and  yet  dramatically  improve  the  convergence  rate  of  the  optimization  process. 

The  basic  approach  is  to  pick  search  directions  which  are  conjugate  by  the  definition  of  Eq.  (4).  This  is 
accomplished  by  specifing  an  initial  search  vector  as  the  steepest  descent  direction  defined  by  Eq.  (8).  On 
subsequent  iterations  a  conjugate  direction  is  defined  as  : 

(9)  S*  =  •  VF(Xq,  +  PqS"1 

when  the  scalar  pq  is  defined  as  : 

(10,  P  =  'VF^'2 

q  |VF(Xq’1>|2 

Fig.  8  shows  the  iteration  history  of  the  algorithm. 

2.3.1 .3.  Second-order  methods  :  Newton ! 's  method 

Newton's  method,  together  with  various  modifications  to  improve  efficiency,  is  the  classical  second-order 
method.  This  technique  begins  with  a  second-order  Taylor  series  expansion  given  by  : 


F(x)  *  F  <Xq)  -*■  VF  (Xq)  .  6X  +  -6X  .H  (X9)  6X 
2 


where 

<Hb)  6X  =  Xq-M 

Solving  Eq.  ( 1  la)  for  the  stationary  conditions  gives : 


-  Xq 


(12>  5X  =  -  [H  (X**>n 1  VF(Xq) 

Rearranging  Eq.  (lib),  we  have,  using’Eq.  (12) : 


(13) 


Xq+1  =  Xq  f  8X 


=  Xq-  [H(Xq>r,VF<Xq> 

Comparing  the  last  term  in  Eq.  (13)  to  the  S  vector  in  Eq.  (4)  (with  a*  =  1),  we  have 


(,4)  Sq=  -  |H<Xq)r‘?F(Xq) 

Therefore,  Eq.  (14)  provides  us  with  a  search  direction  to  use  in  a  general  one-dimensional  search.  We  will  not 
actually  invert  H  but  will  instead  solve  the  set  of  simultaneous  equations  HS  =  -  VF. 

Here  we  must  provide  not  only  function  values  and  gradient  information,  but  the  second-derivative  matrix  H 
as  well.  If  the  function  being  minimized  is  a  true  quadratic  in  the  design  variables,  the  use  of  this  search  direction 
with  a  move  parameter  a*  =  1  will  provide  the  solution  in  only  one  iteration.  In  practice,  because  we  wish  to 
minimize  a  general  function,  we  can  modify  the  algorithm  to  improve  efficiency.  First,  we  can  actually  search  in 
direction  S*1  ,  noting  that  a  =  1  should  be  an  excellent  first  estimate  for  a^*.  A  second  modification  is  to  only 
calculate  the  H  matrix  every  few  iterations,  but  calculate  the  VF  vector  on  each  iteration.  This  assumes  that  the 
second  derivatives  of  the  function  do  not  change  too  rapidly  and  so  need  not  be  determined  as  often  as  the  first- 
derivative  information.  If  the  calculation  of  the  Hessian  matrix  is  expensive,  this  can  markedly  improve  overall 
optimization  efficiency  without  significantly  affecting  the  final  result. 
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If  we  are  fortunate  enough  to  be  able  to  calculate  the  matrix  of  second  derivatives  easily,  Newton's  method  is 
almost  always  the  preferred  approach.  While  most  engineering  problems  do  not  lend  themselves  to  easy  calculation 
of  the  second  derivatives,  it  is  often  possible  through  the  use  of  approximation  techniques  to  convert  the  problem  to 
a  form  ideally  suited  for  solution  by  this  method. 

2.3.2.  Constrained  functions  of  n  variables 

2.3.2. 1.  Linear  programming 

Undoubtedly,  the  most  thoroughly  developed  and  understood  optimization  problem  is  the  one  in  which  the 
objective  and  constraints  are  linear  functions  of  the  design  variables  X.  Such  problems  are  referred  to  as  linear 
programming  (abbreviated  LP)  problems.  Most  engineering  problems  of  practical  interest  are  not  of  this  form. 
Therefore,  in  the  study  of  numerical  optimization  techniques,  linear  programming  is  often  overlooked  in  favor  of 
proceeding  directly  to  the  problem  at  hand.  However,  the  discussion  of  linear  programming  is  important  because  it 
is  often  possible  to  simplify  a  nonlinear  optimization  problem  by  linearization  and  then  to  solve  it  using  these 
techniques. 

The  most  common  method  for  the  solution  of  LP  problems  is  referred  to  as  the  simplex  method.  This  method  is 
attributable  to  Dantzig  and  was  developed  in  the  late  1940s  [6].  Computer  codes  based  on  this  method  are  available 
on  most  computer  systems.  These  have  usually  been  extensively  tested  and  are  highly  reliable. 

Standard  linear  programming  form 

The  standard  form  of  the  LP  problem  is  defined  by 


F  (X)  -  V  C  X. 


n 

y  a.  X(  =  b  j  =  1 ,  m 
«  =  1 

Xtar0  i=l, n 

This  is  an  equality-constrained  problem  with  nonnegative  design  variables.  Most  problems  of  interest  are  not 
of  this  form.  However,  all  LP  problems  can  be  converted  to  this  form. 

Equation  (17)  appears  at  first  glance  to  be  a  major  restriction  to  the  method.  However,  this  restriction  can  be 
conveniently  overcome  by  replacing  variable  X,  by  two  positive  variables  and  taking  their  difference;  that  is, 


(18a) 

x.  =  x;  -  X/' 

(18b) 

X*2  0  X"2  0  i  = 

Now  for  any  finite  value  of  Xj,  either  positive  or  negative,  there  must  exist  two  variables  Xj'  and  Xi”  such  that  their 
difference  will  equal  Xi.  Therefore,  by  using  Eq.  (18)  in  Eqs  (15)  and  (16)  and  solving  with  respect  to  the  new 
variables,  the  problem  can  be  solved  directly.  After  solution,  the  values  Xi  corresponding  to  the  optimum  can  be 
determined  using  Eq.  (18a).  Note,  however,  that  this  transformation  has  been  expensive.  We  have  doubled  the 
number  of  design  variables  which  must  be  considered  in  the  optimization  problem 

An  alternative  approach  would  be  to  add  a  constant  to  each  of  the  design  variables  Xj  so  that 

(19'  xl  =  x,'"Q1 

where  Qj  is  a  large  positive  number.  Eq.  (19)  can  be  substituted  into  Eq.  (15)  to  (17)  without  increasing  the  number 
of  design  variables  in  the  problem. 

The  simplex  method  proceeds  in  two  phases  :  Phase  I  finds  an  initial  basic  feasible  solution  which  has  only  m 
nonzero  variables  Xi,  and  these  variables  are  positive  (or  2ero).  Phase  II  moves  from  one  basic  feasible  solution  to 
another  until  the  optimum  is  found. 

2.32.2.  Sequential  unconstrained  minimization  techniques 

Here  we  deal  with  the  more  general  design  optimization  problem  where  both  the  objective  function  and 
constraint  functions  are  nonlinear.  This  general  problem  statement  is  defined  by  Eq.  (4)  to  (7)  repeated  here : 


Minimize : 

(15) 

Subject  to : 

(16) 

(17) 


Minimize : 
(20) 


F  (X) 


Subject  to : 

(21) 


g.(X)S0  j  =  1 ,  m 
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(22)  hk(X)  =  0  k  =  1,1 

note  that  the  side  constraints  are  included  in  the  inequality-constraint  set. 

The  general  approach  will  be  to  minimize  the  objective  function  as  an  unconstrained  function  but  to  provide 
some  penalty  to  limit  constraint  violations.  Because  the  way  in  which  this  penalty  is  imposed  often  leads  to  a 
numerically  ill-conditioned  problem,  a  method  is  devised  whereby  only  a  moderate  penalty  is  provided  in  the  initial 
optimization  stages,  and  this  penalty  is  increased  as  the  optimization  progresses.  This  requires  the  solution  of 
several  unconstrained  minimization  problems  in  obtaining  the  optimum  constrained  design  ;  thus  the  term 
sequential  unconstrained  minimization  techniques  or  SUMT  to  identify  these  methods. 

The  classical  approach  to  using  SUMT  is  to  create  a  pseudo-objective  function  of  the  form 

(23)  <$»  (X,  rp)  =  F  (X)  +  rp  P  (X) 

where  F  (X)  is  the  original  objective  function.  P  (X)  is  an  imposed  penalty  function,  the  form  of  which  depends  on  the 
SUMT  being  employed.  The  scalar  rp  is  a  multiplier  which  determines  the  magnitude  of  the  penalty,  and  rp  is  held 
constant  for  a  complete  unconstrained  minimization.  The  subscript  p  is  the  unconstrained  minimization  number. 

The  first  and  easiest  to  incorporate  into  the  design  algorithm  is  referred  to  as  an  exterior  penalty  function 
method  because  it  penalizes  the  objective  function  only  when  constraints  are  violated. 

The  penalty  function  P  (X)  is  typically  gien  by 


(24)  P(X)=  £  {maxfO.g^X)!}2*  ]T  [hk (X)l2 

j«i  k=i 

From  Eq.  (24),  we  see  that  no  penalty  is  imposed  if  all  constraints  are  satisfied  [all  gj  (X)  s  0  and  all  hk  (X)  =  0],  but 
whenever  one  or  more  constraints  are  violated,  the  square  of  this  constraint  is  included  in  the  penalty  function. 

The  second  approach,  known  as  the  interior  penalty  function  method,  penalizes  the  objective  function  as  the 
design  approaches  a  constraint,  but  constraint  violations  are  never  allowed.  Therefore,  a  sequence  of  improving 
feasible  design  is  produced. 

Probably  the  most  common  penalty  function  used  in  the  interior  method  is 


m 

'251  P(X>=  V  - 

6|1X» 

However  the  numerical  ill-conditioning  often  encountered  in  the  two  previous  techniques  can  be  substantially 
reduced  by  using  another  method  known  as  the  augmented  Lagrange  multiplier  method  (ALM). 

In  that  method  the  objective  function  is  replaced  by  the  general  augmented  Lagrangian. 


126) 

where 

(27) 


AfX.A.r  )=  F(X)  +  V  |  A  <p  +  r  q.z|  -  V  (A,  h,  (X)  +  r  lh.  <XI|2} 

p  i  i  pi  — —  r  •*  m  k  P  * 

j  *  I  k  =  1 


V,  =  max  |gj(X),  — 


The  update  formulas  for  the  Lagrangian  multipliers  are  now 


(28) 


(29) 


r^2%hx  gj(X>'irll j  =  1* 


\l*X  =  \ l  +  2r  h.  (X)  k  =  1.  1 

k+m  k  +m  pk 


The  general  algorithm  is  given  in  Fig.  9.  In  summary,  the  method  has  several  attractive  features. 

1 .  The  method  is  relatively  insensitive  to  the  value  of  rp.  It  is  not  necessary  to  increase  rp  to  * 

2.  Precise  gj  (X)  =  0  and  hk  (X)  =  0  is  possible. 

3.  Acceleration  is  achieved  by  updating  the  Lagrange  mulipliers. 

4.  The  starting  point  may  be  either  feasible  or  infeasible. 

5.  At  the  optimum,  the  value  of  A.j*  *  0  will  automatically  identify  the  active  constraint  set. 
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2. 3. 2. 3.  Direct  methods 

Techniques  dealing  with  the  constraints  directly  in  the  search  for  the  optimum  are  numerous.  We  can  list  for 
example : 

-  the  random  search  technique 

*  the  sequential  linear  programming 

-  the  method  of  centers 

-  the  generalized  reduced  gradient  method. 

-  the  feasible  direction  methods. 

Only  the  last  one  will  be  described  briefly.  The  optimization  algorithm  associated  to  the  method  begins  with 
the  determination  of  the  search  direction,  then  considers  the  one-dimensional  search  and  finally  address  the 
problem  of  initially  infeasible  designs. 

The  search  direction 

Assume  that  at  iteration  q  there  are  J  active  constraints.  We  now  wish  to  find  a  usable-feasible  direction 
which  will  reduce  the  objective  function  as  rapidly  as  possible.  For  now  we  will  consider  inequality  constraints  only, 
dealing  with  equality  constraints  later  as  a  special  case.  Now,  instead  of  finding  a  direction  slightly  away  from  the 
constraint  boundaries,  we  will  find  a  direction  S  which  will  follow  the  constraints  but  will  allow  for  the  design  to 
leave  a  constraint  boundary  if  such  a  direction  will  reduce  the  objective  most  rapidly.  In  other  words,  we  wish  to 
find  a  "constrained  steepest  descent"  direction.  This  is  easily  done  by  considering  the  following  problem : 


Maximize : 

(30) 

-  TF(X).S 

Subject  to : 

(31) 

Vg.(X).SiS0  j«J 

(32) 

S  S  si 

Solving  this  problem  gives  a  search  direction  which  is  tangent  to  the  critical  constraint  boundaries,  unless  the 
objective  can  be  reduced  more  rapidly  by  moving  away  from  one  or  more  constraints.  We  can  identify  the  case  where 
the  search  direction  is  away  from  a  currently  active  constraint  by  taking  the  scalar  product  of  the  gradient  of  each 
critical  constraint  with  the  S  vector.  If  the  result  is  less  than  zero  within  a  small  tolerance  [it  will  never  be  greater 
than  zero  by  virtue  of  Eq.  (31 )]  we  omit  this  from  our  set  of  active  constraints.  Another  possible  solution  is  that  S  is  a 
null  vector  (say  numerically  all  |Si|  <  0.001,  i  =  1,  n). 

Assuming  an  S  vector  is  found  for  which  one  or  more  Vgj  (X) .  S  =  0,  j  £  J,  we  will  choose  a  set  of  dependent 
variables  as  in  the  generalized  reduced  gradient  method.  We  then  perform  a  one-dimensional  search  with  respect  to 
the  independent  variables,  updating  the  dependent  variables  using  Newton's  method.  For  example,  in  Fig.  10  we 
may  pick  X2  as  the  independent  variable  and  update  X*  as  the  dependent  variable  at  each  step  in  the  one¬ 
dimensional  search. 

Equality  constraints 

In  that  special  case  the  direction  finding  problem  becomes : 


Maximize : 

(33) 

Subject  to : 

(34) 

(35) 

(36) 


-  VF  (X).  S 


AS  s  0 
BS  =  0 
S.Ssi 


where  now  the  rows  of  A  contain  only  the  gradient  of  the  active  constraints.  The  rows  of  matrix  B  contain  the 
gradient  of  the  equality  constraints 


(37) 


VTh,(X> 

VT  h2(X) 

VTh,(X)  |x 


Now,  for  each  equality  constraint,  we  can  choose  one  of  the  design  variables  (and  the  corresponding 
component  of  S)  as  a  depei  ent  variable.  Thus,  we  partition  Eq.  (35)  as 


(381 


BS  =  |C  D] 


St 

So 


where  Si  are  independent  variables,  Sd  are  dependent  variables,  and  C  and  D  are  the  corresponding  submatrices  of 
B.  There  are  1  terms  in  Sd  and  they  need  not  be  the  last  terms  in  S.  We  simply  partition  the  equations  this  way  for 
clarity.  We  can  now  solve  for  Sd  in  terms  of  Si,  substitute  this  into  Eqs.  (33),  (34),  and  (36)  and  solve  for  the  reduced 
set  of  components  Si,  just  as  for  inequality  constraints. 

Equation  (39)  Sd  =  -  D'1  CSi  is  then  used  to  obtrin  the  components  of  S  corresponding  to  the  dependent 
variables. 

Initially  infeasible  designs 

If  an  initial  design  X°  is  specified  such  that  one  or  more  constraints  are  violated,  the  first  priority  is  to  find  a 
feasible  design. 

We  begin  by  treating  all  violated  constraints  as  if  they  are  inequality  constraints.  Any  equality  constraints 
which  are  satisfied  (or  nearly  satisfied)  are  used  to  define  dependent  variables  to  give  a  reduced  direction-finding 
problem  similar  to  the  one  described  in  the  previous  section. 

Therefore,  we  can  treat  constraint  violations  in  the  same  manner  as  in  the  method  of  feasible  directions  to 
provide  a  search  direction  which  points  toward  the  feasible  region. 

Having  determined  the  S  vector,  we  define  dependent  variables  associated  with  all  equality  constraints,  but 
not  inequality  constraints,  and  then  search  in  the  Si  direction.  Here  we  search  to  overcome  the  constraint  violations 
associated  with  inequality  constraints  but  do  not  necessarily  stop  at  the  constraint  boundary.  During  the  search  we 
use  Newton's  method  io  drive  the  equality  constraints  to  zero  so,  ideally,  at  the  end  of  the  one -dimensional  search, 
the  equality  constraints  are  satisfied  precisely  and  the  inequality  constraints  are  at  least  satisfied.  In  practice,  this 
may  require  several  iterations,  so  that  during  each  search  we  reduce  the  infeasibility  as  much  as  possible.  This  is 
because  the  problem  may  be  so  nonlinear  that  we  cannot  overcome  the  constraint  violations  in  one  iteration. 

Infrequent  gradient  calculations 

The  cost  of  optimization  in  practical  design  is  usually  directly  proportional  to  the  number  of  function 
evaluations  needed  to  reach  the  solution.  This  is  particularly  true  when  finite-difference  gradients  are  calculated 
because  n  function  evaluations  are  needed,  in  addition  to  the  nominal  design,  to  compute  the  gradient  information. 
Therefore,  we  should  consider  the  possibility  that  it  may  not  be  necessary  to  compute  gradients  at  each  iteration  of 
the  optimization  process. 

Consider  now  the  first-order  Taylor  series  expansion  of  a  general  function  f  (X) : 

l40’  f(Xq)  =  f(Xq_1)  + Vr(Xq-1)  6Xq 

where  f  (X)  may  be  any  objective  or  constraint  function,  and 

6Xq  =  Xq-Xq_l 

Now  if  we  have  completed  iteration  q  and  we  evaluate  the  true  function  f  (Xq),  we  can  compare  this  to  its 
approximation  f  (Xq),  If  they  agree  within  an  acceptable  tolerance,  we  can  use  Vf  (Xql)  again.  We  can  identify  the 
situation  where  the  gradient  is  changing  rapidly  if  the  approximate  and  precise  objective  and  constraint  function 
values  do  not  agree  within  a  specified  tolerance  or  if  Newton’s  method  for  determining  the  values  of  dependent 
variables  fails  to  converge  or  converges  slowly.  In  either  case,  or  when  some  new  constraint  becomes  active  for 
which  we  do  not  have  the  gradient,  we  would  calculate  new  gradient  information. 

Note  that  the  technique  of  infrequent  gradient  calculations  is  not  limited  to  the  method  discussed  here  but 
may  be  incorporated  into  other  methods. 

To  summarize,  we  again  emphasize  the  importance  of  making  the  best  use  of  whatever  information  is 
available  at  each  step  in  the  optimization  process.  The  algorithm  of  the  feasible  direction  method  described  above  is 
given  Fig.  11. 

2.3.3.  One-dimensional  search  techniques 

In  the  previous  chapters,  various  techniques  for  finding  the  direction  in  which  to  search  have  been  described. 
As  said  at  the  beginning  of  chapter  2.3.1.  The  second  step  of  the  optimization  process  is  to  perform  the  displacement 
in  the  search  direction  which  provide  the  minimum  F  (X)  which  does  not  violate  any  constraints.  The  solution  of 
this  problem  will  give  a*  in  Eq.  (4).  This  problem  is  called  the  one-dimensional  search  since  the  only  variable  is  a. 

Several  techniques  can  be  used  to  treat  the  problem  : 

-  polynomial  interpolation 

-  golden  section  method 

For  each  of  these  methods  the  objective  function  F  is  calculated  for  several  values  of  a  in  order  to  find  a*. 
Several  other  techniques  can  be  found  in  [1]  for  the  cases  where  the  one  variable  function  is  subject  to  constraints. 


When  using  the  feasible  direction  method  described  in  section  2. 3. 2. 3.,  the  following  method  can  be  used. 
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Considering  the  matrix  Q  defined  by  : 


VTgj(X) 

VTg2(X) 


(42) 


VTgj(X) 
VTh!  (X) 


VT  hi  (X) 


Ij  +  ll  X  n 


From  here,  using  Gaussian  elimination  with  pivot  search,  we  identify  the  set  of  dependent  variables.  Having  done 
this,  we  parti titon  the  S  vector  as : 


(43) 


S  = 


S, 

Sd 


where  now  the  set  of  dependent  variables  includes  those  associated  with  inequality  constraints  as  well  as  equality 
constaintr. 


We  now  perform  the  one-dimensional  search  with  respect  to  the  independent  variables  as  : 

(44)  Xj  =  xy_1  +  Oj-SJ 

For  each  proposed  ai,  we  update  the  values  of  the  dependent  variables  using  Newton's  method,  just  as  in  the 
generalized  reduced  gradient  method.  A  first  estimate  for  the  dependent  variables  is  obtained  using  Eq.  (43)  to 
give : 

1451  Xj,=  Xj,-'+a1S’D 

where  this  is  precise  for  linear  constraints.  For  nonlinear  constraints,  we  use  Newton’s  method  to  ensure  precise 
satisfaction  of  the  constraints. 

If  we  have  only  calculated  the  gradient  of  the  J  active  constraints,  our  first  proposed  a  in  the  one-dimensional 
search  is  a  somewhat  arbitraty  one.  However,  if  adequate  computer  storage  is  available,  we  can  also  calculate  the 
gradients  of  some  subset  K  of  nearly  active  cosntraints  to  give  Vgj  (X),  j  £  K.  Now  we  can  obtain  a  reasonable  first 
estimate  for  ai  from  : 


(46) 


min 

a  >  0 


-',a>  1 

Vg.(X)  si 


j«K 


In  Eq.  (46)  any  negative  aj  is  not  used  because  the  search  direction  is  actually  away  from  that  constraint. 

By  calculating  the  gradients  of  only  a  few  additional  constraints,  we  can  expect  to  improve  the  efficiency  of  the 
one-dimensional  sea«  ;n  since  this  will  usually  provide  a  good  initial  estimate  to  ai*.  It  is  recognized  that  some  other 
constraint  not  contained  in  the  set  K  may  actually  limit  the  search  or  that  aj*  will  correspond  to  an  unconstrained 
minimum  with  respect  to  Xi.  However,  this  approach  usually  provides  significant  efficiency  »n  th<i  'ne-dimensional 
search. 

2.3.4.  Convergence  criteria 

Concerning  the  convergence  of  the  optimization  algorithms,  the  most  widely  criteria  used  are  : 

-  the  maximum  number  of  iterations. 

-  some  prescribed  value  for  the  absolute  or  the  relative  change  in  the  objective  function. 

The  summary  of  the  main  optimization  algorithms  is  presented  Fig.  12.  Some  of  these  algorithms  are  included 
in  the  most  widely  used  numerical  optimization  codes  which  are  : 

-  CONMIN  [71 

-  COPES  [8] 

-  QNMDIF 19] 

-  E04  [10] 


2.4.  Optimization  techniques 

The  formulation  of  the  optimization  problem  is  of  great  importance  because  it  will  play  a  major  role  in  the 
optimization  process.  This  ormulation  includes  the  choice  of  the  objective  function,  the  selection  of  the  constraints 
86  well  as  the  selection  of  the  design  variables.  Concerning  the  objective  function,  its  choice  depends  on  the 
aerodynamic  code  which  will  be  used  with  the  optimization  code  while  the  constraints  will  be  selected  regarding 
both  the  performance  of  the  aerodynamic  and  of  the  optimization  codes. 
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Since  the  solution  of  the  optimization  problem  will  be  a  combination  of  the  design  variable,  it  is  obvious  that 
their  selection  has  to  be  made  carefuly. 

2.4.1.  Selection  of  the  objective  function 

It  is  very  attractive  to  choose  as  objective  function  the  main  performance  which  has  to  be  improved  like  the 
drag  or  the  Cl  max.  However,  these  two  coefficients  suffer  from  the  questionable  accuracy  of  their  evaluation  with 
current  methods.  However  if  their  gradients  with  respect  to  each  design  variable  and  constraint  are  accurately 
determined  the  optimization  will  give  some  improvement  even  if  the  absolute  values  of  these  coefficients  are  not 
accurate. 


However,  taking  the  drag  or  L/D  as  objective  function  can  give  no  design  improvement  since  they  do  change 
with  angle  of  attaok  and  may  mislead  the  optimises  To  avoid  this  problem,  the  lift  coefficient  value  for  which  the 
drag  has  to  be  improved  can  be  put  as  a  side  constraint  but  a  more  efficient  solution  is  to  use  for  the  objective 
function  an  analytical  representation  of  the  drag  polar  [11]  [12].  For  example  in  [12]  the  drag  polar  is  expressed  as  : 


(47) 


Cn  =  Cn 


If  the  optimization  drag  result  is  evaluated  as  a  change  in  drag  relative  to  a  baseline  drag  polar,  then  a  simple  lift 
change  in  angle  of  attack  will  not  mathematically  appear  as  a  design  improvement.  The  baseline  drag  polar  would 
be  given  by  equation  (47).  The  parameters  Comin.  K  and  Cl  min  can  be  determined  by  three  numerical  analyses 
and  the  baseline  drag  problem  is  actually  a  curve  fit  to  the  results.  Equation  (47)  becomes 


■  K  (C,  -  C, 


where  the  nomenclature  is  changed  to  indicate  a  local  curve  fit  to  a  baseline  polar.  A  new  drag  result  would  be 
evaluated  as 


(49b) 

within  the  accuracy  of  the  curve  fit,  this  results  in  ACd  =  0  for  an  angle  of  attack  change  with  the  baseline 
geometry.  Thus  the  optimizer  does  not  have  a  bias  towards  reducing  lift  in  order  to  reduce  the  drag. 

Eq.  (49)  can  be  manipulated  to  yield  several  different  objective  functions  that  can  be  used  as  part  of  the 
optimization  criteria.  The  objective  function  could  be  expressed  as  a  change  in  K  : 

<501  K„,«  =  (Co-V),,CL-CL*’2 

where  a  smaller  Knew  is  a  better  design.  Alternatively,  the  objective  function  could  be  expressed  as  a  change  in  Cj  *. 


(51) 


and  the  optimization  seeks  to  maximize  CL*new 

Finally,  the  optimizer  may  be  used  to  minimize  Co*new  : 


-  C.  *r 


As  applied  to  an  optimization  problem,  the  following  factors  will  influence  the  success  of  the  particular 
objective  function  used : 

•  Analysis  inaccuracies  may  change  the  baseline  drag  polar  or  the  increments  due  to  geometry  changes. 

•  The  lift  changes  (with  the  baseline  geometry)  may  exceed  the  range  that  is  accurately  modeled  by  the 
curve  fit  drag  polar. 

•  As  the  design  progresses  (i.e.  the  geometry  changes),  the  original  baseline  drag  polar  curve  fit  will  become 
inappropriate. 

However  as  the  design  progresses,  the  cui  ve  fit  can  be  revised  to  more  accurately  represent  the  drag  polar  of 
the  current  geometry. 

Another  objective  function  which  is  widely  used  is  a  target  pressure  distribution  prescribed  by  the  designer.  In 
that  case  the  optimization  problem  is  formulated  in  the  form  of : 


OBJ 


I  (  V  ,CT  . 

N  ,t> 


C  Y 


(53) 


1/2 
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that  is,  minimization  of  the  "error"  between  target  and  analysis  pressures.  The  optimization  procedure  is  then  used 
to  obtain  essentially  the  same  results  as  the  inverse  methods.  The  success  of  this  type  of  objective  function  is  due  to 
the  fact  that  the  aerodynamicist  is  comfortable  with  pressure  distributions  and  the  analysis  codes  are  generally 
easier  to  use  than  the  inverse  methods.  However,  an  advantage  of  wing  optimization  procedure  in  that  way  is  that  it 
is  easy  to  control  the  geometry  of  the  design  through  constraints  while  it  is  not  the  case  with  most  of  the  existing 
inverse  methods.  An  extension  of  the  previous  objective  function  can  be  found  in  [13]  where  a  non-linear  least 
squares  minimization  is  formulated  as  follows  : 

let  the  residuals  r;  (Pi...  Pm),  i  =  1,  2...N,  be  functions  of  M  design  parameters.  To  minimize  r;,  in  the  least- 
squares  sense,  value  for  the  parameters,  Pj,  are  found  which  minimizes  : 

(54)  N 

F<P1.PJ..PMi=  V  [r,(P,.P2-PMll 

i  «  1 

where  rj  denotes  the  difference  between  the  N  specified  reference  plane  quantities  and  corresponding  N  computed 
quantities  associated  with  the  M  parameters.  The  reference  plane  fluid  state  variables  are  the  total  pressure  Pt,  the 
total  temperature  Tt,  the  directional  Mach  number  Mx,  My,  Mz. 

Eq.  (54)  can  be  written  in  vector  form  R  (P)T  R  (P)  where  R  (P)  is  a  vector  with  components  rj.  Variable 
constants  are  imposed  by  addition  of  barrier  functions,  added  to  the  objective  function.. 

Thus  the  expression  RTR  becomes  : 


RtR  =  V  ((PT  _  pt)2  +  (Tt  _  TT)f  +  (M>  -  +  <MV  -  MV)^ 

,  *  i  rp  rp  rp  rP 

N 

c 

+  (M  -  M  )f]  +  V 
rP  (  =  l 

where  Nr  is  the  number  of  geometrical  distinct  reference  plane  points,  <J>j  represents  the  barrier  functions,  and  Nc  is 
the  number  of  parameter  constraints. 

The  non  linear  least  square  form  of  Eq.  (54)  is  then  minimized  using  an  extension  of  the  Gauss-Newton 
method. 

The  examples  presented  above  show  that  various  objective  functions,  simple  ones  or  complex  ones  can  be  used. 
However  complex  objective  functions  in  which  several  aerodynamic  coefficients  are  present  can  lead  to  the 
following  problems : 

•  very  long  optimization  process 

•  great  probability  to  go  to  a  "relative"  optimum  during  the  optimization  process 

•  no  guarantee  that  the  value  of  all  terms  appearing  in  the  objective  function  decreases  during  the 
optimization  procedure. 

In  most  cases  it  is  so  recommended  to  use  a  simple  objective  function  and  to  complete  the  objective  function 
with  the  constraints. 

2.4.2.  Selection  of  the  constraints 

The  constraints  can  be  used  to  control  the  design  shape  or  to  complete  the  objective  function  or  to  discipline 
the  modification  during  the  optimization  process. 

In  the  first  case  constraints  are  put  for  example  on  the  thickness  to  chord  ratio  or  on  the  thickness  for 
several  prescribed  locations  for  an  airfoil  or  a  wing  design.  For  bodies  of  revolution  or  wing  design  volume 
constraints  are  sometimes  taken  into  account. 

In  the  second  case  when  optimizing  the  drag,  constraints  on  the  lift  range  for  which  we  want  to  have  a  drag 
reduction  can  be  used. 

Another  example  is  the  Cl  max  optimization.  Since  this  coefficient  is  generally  not  directly  given  by  must 
of  the  codes  it  cannot  be  chosen  for  the  objective  function  so  the  problem  can  be  formulated  as  follow  : 

Objective  :  Cd  at  high  angle  of  attack 

constraints :  |Cp|  level  limit  coming  from  experimental  data  on  airfoils  of  the  same  type. 

In  the  third  case  the  constraints  are  used  in  order  to  take  into  account  some  other  aerodynamic 
performance  than  the  one(s)  included  in  the  objective  function.  For  example  when  optimizing  the  drag  or 
the  Cl  max*  a  constraint  on  the  pitching  moment  coefficient  can  be  used  or  when  several  design  points  are 
to  be  considered,  the  optimization  can  be  performed  for  one  point  with  constraints  put  on  some 
aerodynamic  coefficients  on  the  second  point  for  example  : 
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obj :  Cd(Mj,qi)  first  design  point 

constraint ;  Co  (M2,  Q2)  second  design  point 

The  gradient  of  the  constraints  being  computed  by  the  optimization  code,  generally  increasing  the  number  of 
constraints  will  increase  the  computing  time.  Moreover  some  optimization  codes  are  not  very  efficient  when 
constraints  are  included  and  some  parameters  have  to  be  adjusted  in  order  to  force  the  convergence.  This  is 
illustrated  by  the  following  example  which  compares  the  performance  of  the  CONMIN  code  and  of  the  E04VAF 
code  (from  the  NAG  library)  for  the  Rosen  and  Suzuki  problem. 

The  problem  is  formulated  as  follow  : 

*  The  function  to  be  minimized  is : 

OBJ  (X)  =  Xj2  +  X22  +  2X32  +  X42  -  5Xj  -  5X2  -  21X3  +  7X4 


•  The  constraints  are  : 


X12  .X22  X32  .X42  -X,  4-  X2-X3  +  X4  +  8  >  0 
-Xj2.2X22-X32-  2X42  +  x,  +  X4  -r-  10  &  0 
-  2Xi2  X22  -  X32  -  2X1  +  X2  -  X4  +  5  >  0 

The  initial  conditions  are  Xj  =  (0, 0, 0, 0). 

The  CONMIN  code  uses  a  feasible  direction  method  from  Zoutendijk  when  the  constraint  are  active  while  in 
the  E04VAF  code  constraints  are  included  in  the  objective  function  through  the  use  of  a  Lagrangian  function  as 
follow  : 


VI 

obj1  =  obj  +  v  a  c  +  pic i2) 

i  *  1 

Ci  being  equality  constraints  which  are  formulated  from  the  inequality  constraints. 

Fig.  13  shows  the  convergence  history  of  the  CONMIN  code  for  two  values  of  the  parameters  ALPHAX  and 
ABOBJ1  which  control  the  initial  displacement  for  the  one-dimensional  search.  The  exact  solution  (OBJ  =  -  44  for 
X  (0, 1,2,  -  1))  is  obtained  after  43  objective  function  and  constraints  evaluations. 

Fig.  14  shows  the  convergence  history  of  the  E04VAF  code  with  several  values  of  the  p  parameter  which 
controls  the  weight  of  the  constraints.  For  p  =  1  the  convergence  is  fast  but  in  final  solution  the  constraints  are 
violated.  For  p  =  100  the  convergence  is  very  slow. 

This  example  shows  the  necessity  for  the  designer  to  know  in  details  the  optimization  code  he  wants  to  use 
especially  if  constrained  optimizations  are  to  be  performed. 

Some  authors  (14]  use  the  constraints  to  force  the  optimization  process  to  go  rapidly  towards  the  solution.  In 
that  cas  a  constraint  (initially  violated)  is  put  on  the  same  parameter  than  the  one  included  in  t^e  objective 
function. 

2.4.3.  Selection  of  the  design  variables 

The  final  result  of  the  optimization  process  being  a  combination  of  the  design  variables  their  choice  is  very 
important. 

The  design  variables  must  be  selected  to  converge  the  optimization  process  quickly  and  generate  a  wide 
variety  of  geometries.  The  functional  relations  well-adapted  to  this  problem  can  be  described  mathematically  in 
many  ways.  Numerical  tests  are  needed  to  determine  the  value  of  the  mathematical  model  proposed.  Two  types  of 
shape  functions  exist :  analytical  functions  and  shape  functions  of  aerodynamic  origin. 

2. 4. 3.1.  Analytical  shape  functions 

•  Legendre  polynomials. 

When  the  Legendre  polynomials  or  other  orthogonal  expressions  are  used,  the  optimization  algorithm 

becomes  highly  effective  and  the  initial  airfoil  is  modified  regularly. 

The  coordinates  of  the  modified  area  are  expressed  as  a  function  of  reduced  abscissa  X  =  xJx o,  where  x  is  the 
real  abscissa  and  [0,  xol  is  the  modified  area  : 

Y  =  Y(  +  [1  -  XI3  (a,  VX  +  8,0*,+  1) +  1). 

*.4<p4  +  1)  + 
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where  P2,  P3,  P4,  P5  and  Pq  designate  the  Legendre  polynomials  over  [0,  1]  and  ai,  a2,  S3.  a4,  as  and  a6  are  the 
design  variables : 

P2  =  2X-1. 

P3  =  6X2-6X  +  2, 

P4  =  20X3  —  30X2  +  12X-  1, 

PS=  70X4  -  140X3  +  90X2  -20X  +  1, 

P6  =  252  X6  -  630  X4  +  560X3  -  210X2  +  30X  -  ! , 

The  square  root  term  is  introduced  to  modify  the  leading  edge  of  the  airfoil,  and  factoring  by  (1  -  X)3  ensure  the 
continuity  of  the  radius  of  curvature  at  the  point  Xo- 

Figure  15  shows  the  six  corresponding  shape  functions. 

This  approach  is  used  in  modifying  the  part  of  the  upper  or  lower  airfoil  surface  upstream  of  a  given  abscissa 

X6/C. 


•  Other  polynomial  functions. 

Some  other  functions  can  be  selected  to  address  the  modification  qualitatively.  These  functions  are  added 
linearly  to  the  starting  geometry. 

Wagner  functions  may  be  used  (Fig. 16a),  which  permit  a  fairly  large  variation  as  far  as  the  shape  of  the  airfoil 
upper  and  lower  surface  are  concerned.  However,  they  cannot  be  used  at  the  highest  harmonics  (n  >  7)  because 
they  can  cause  waves  in  the  geometry  (changes  in  the  sign  of  the  slope  over  a  small  part  of  the  chord).  These 
functions  are  unsuitable  to  modify  the  camberline  significantly  (starting,  for  instance,  from  a  symmetrical  airfoil). 

The  Hicks-Henne  (H.H.)  functions  (Fig.  16b)  and  the  polynomial  functions  (Fig.  16c)  have  a  simpler  form, 
which  makes  them  particularly  suited  for  even  substantial  changes  of  the  camberlme  ;  hence  they  are  mainly  used 
for  this  purpose.  They  are  characterized  by  different  curvature  towards  the  trailing  edge  :  H.H.  functions  are 
concave,  polynomial  functions  are  convex.  The  use  of  these  functions  during  the  optimization  permits,  in  general 
the  attainment  of  the  desired  behavior  in  the  upper  surface  portion  just  forward  of  the  trailing  edge  :  both  concave 
and  convex  geometries  are  thus  obtained,  according  to  the  requirements.  Other  functions  have  been  derived  from 
the  need  to  reproduce  other  geometrical  behaviors  typical  of  the  transonic  design  ;  such  as  lower  surface  cusp  for 
rear  loading,  and  deflection  of  leading  edge  and  trailing  edge  flaps. 

All  mentioned  functions  could  be  used  concurrently  in  the  modification  of  the  airfoil,  but  this  would  give  rise 
to  some  problems.  A  first  advice  contrary  to  such  a  use  comes  from  the  expansion  of  the  computation  time.  In  the 
design  of  an  airfoil  required  to  operate  at  high  Cl,  starting  for  instance  from  a  symmetrical  profile,  functions  for  the 
refinement  of  the  thickness  distribution  should  be  used  only  when  the  geometry  has  already  been  cambered 
enough.  Moreover,  a  modification  using  all  variables  at  the  same  time,  "masks"  the  impact  that  each  type  of 
function  has  on  the  geometry.  To  have  a  knowledge  of  such  an  impact  is  on  the  other  hand  important  because  it  may 
suggest  the  introduction  of  new,  complementary  functions.  The  only  shortcoming  associated  to  the  sequential  use  of 
sets  of  functions  is,  this  being  a  non-linear  problem,  that  the  sequence  in  which  these  functions  are  used  influence 
the  final  result.  Once  again,  design  experience  must  give  indications  on  the  most  adequate  sequence. 

•  Analytical  definitions  of  an  airfoil 

Instead  of  using  perturbation  functions  to  be  added  to  an  initial  airfoil,  it  is  very  attractive  to  deal  directly 
with  the  airfoil  coordinates.  However  it  is  not  easy  to  define  an  airfoil  contour  with  only  a  few  parameters.  An 
example  is  given  however  by  the  Boudigues  formulation. 

S.  Boudigues’formulation  is  particularly  well-adapted  to  representing  existing  airfoils  in  analytical  form.  The 
point  at  coordinates  x(t),  y(t)  describes  the  airfoil  starting  at  the  leading  edge,  as  t  varies  from  0  to  2n.  The 
expressions  are  established  as  a  function  of  the  (Xk,  yk)  coordinates  of  2n  points  on  the  airfoil.  Xk  is  given  by  the  law : 

S=f  f1  f  ))■  k  =  0 . 2n 


X  (t)  =  -  (1  —  <308 1), 
2 


Then: 


or : 


x <t)  =  -  (1  -  cost), 
2 


A  +  A  oos(nt) 


y  (t)  = 


^  (A{jcos(qt)  +  B  sin(qt)). 
q  =  1 


where  : 


The  number  2n  points  to  be  retained  depends  on  the  initial  geoemtry.  The  parametric  expressions  are 
generally  obtained  with  a  good  precision  for  n  =  18.  The  result  can  be  smoothed  by  canceling  the  high-order 
harmonics,  and  in  this  case  the  definition  includes  some  twenty  coefficients. 

This  parametric  formulation,  which  is  also  an  advantageous  smoothing  method,  considers  the  Aq,  Bq 
coefficients  as  so  many  decision  variables. 

2. 4. 3. 2.  Shape  functions  of  aerodynamic  origin 

There  are  two  advantages  to  using  shape  functions  of  aerodynamic  origin,  having  a  physical  meaning.  Firstly, 
the  user  can  choose  those  best  adapted  to  the  problem  at  hand  and,  in  this  case,  the  small  number  of  design 
variables  reduces  the  calculation  time.  Secondly,  the  airfoil  and  pressure  distributions  are  more  realistic. 

These  advantages  are  put  to  use  in  the  two  approaches  explained  below,  one  using  an  airfoil  library  (81  [11] 
[15]  [16]  and  the  other  the  concept  of  aerofunctions  111]  112] 

2.4.3. 2.1.  Airfoil  library 

The  numerical  optimization  algorithm  is  associated  with  an  airfoil  library.  The  airfoil  is  defined  by  a  linear 
combination  of  basic  airfoils,  and  the  optimization  program  determines  the  relative  importance  of  the  various 
shapes  in  defining  the  optimum  airfoil. 

The  possibility  remains  of  modifying  the  upper  and  lower  surface  independently  and  imposing  geometric 
constraints  in  the  airfoil,  as  long  as  the  basic  airfoils  stay  within  the  properties  demanded  of  the  optimized  airfoil. 

Using  airfoils  as  a  set  of  shape  functions  in  the  optimization  process  produces  realistic  solutions  at  a  relatively 
low  cost.  This  is  an  easy  way  of  modifying  existing  airfoil  or  defining  new  ones. 

2.4.3  2.2.  Aerofunctions 

It  is  easier  to  choose  airfoil  shape  functions  for  a  particular  problem  if  these  functions  are  of  aerodynamic 
origin.  Shape  functions  can  then  be  defined  by  an  inverse  program,  to  change  a  given  pressure  distribution  as 
desired.  These  shape  functions  are  called  "aerofunctions". 

Ref.  [12]  presents  several  aerofunctions  shapes  which  are  reproduced  Fig.  17. 

These  modifications  were  chosen  as  follows : 

•  SHAPE1  (Fig.  17a)  -  control  leading  edge  expansion 

•  SHAPE2  (Fig.  17b)  -  smooth  upper  surface  shock 

•  SHAPE3  (Fig.  17c)  -  control  airfoil  thickness  with  lower  surface  modifications 

•  SHAPE4  (Fig.  17d)  -  control  upper  surface  supersonic  plateau 

•  SHAPES  A  (Fig.  17e)  -  move  upper  surface  shock  forward 

•  SHAPE5B  (Fig.  170  -  move  upper  surface  shock  aft. 
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When  used  in  a  design  optimization,  the  aerofunction  shapes  would  be  added  to  a  baseline  geometry  by  a 
scaling  factor.  The  scaling  factor  would  be  the  design  variable  controlled  by  the  optimizer. 

2  4. 3. 3.  Other  possible  design  variables 

Van  Egmond  ref.  (17)  uses  a  parametrization  of  the  pressure  distribution  to  optimize  a  target  pressure 
distribution  directly. 

The  pressure  distribution  over  the  airfoil  is  divided  in  several  regions  (Fig.  18).  For  each  region  the  pressure 
distribution  is  described  by  an  analytical  function  with  some  parameters  which  are  the  design  variables. 

2.4.4.  Multi  design  points 

A  great  advantage  of  the  optimization  methods  over  the  inverse  methods  is  that  several  design  points  can  be 
taken  into  account.  Several  examples  will  be  presented  in  the  chapter  3.2.  which  concerns  propeller  helicopter 
blade  airfoils  design. 

In  that  case  the  objective  function  is  formulated  as  follows  in  the  case  of  the  drag  minimization. 

OB-1  =  Ki  Cq  (Mi,  aj)  K2CDI.M2,  09) 


where  (Mi,  m)  represents  the  first  design  point  and  (M2,  02)  the  second  one.  The  coefficients  Ki  and  K2  can  be 
used  as  weighted  coefficients  in  order  to  put  more  emphasis  on  one  design  point. 

Since  the  objective  function  is  more  complex,  the  optimization  process  is  longer  than  for  a  one  point 
optimization.  However  it  allows  the  designer  to  find  a  good  compromise  between  several  design  points  which  are 
generally  conflicting. 

2.5  Advantages  and  limitations  of  numerical  optimization 

Some  advantages  and  limitations  of  numerical  optimization  techniques  are  listed  here  [  I  ]. 

2.5.1.  Advantages  of  using  numerical  optimization 

•  A  major  advantage  is  the  reduction  in  design  time  -this  is  especially  true  when  the  same  computer 
program  can  be  applied  to  many  design  projects. 

•  Optimization  provides  a  systematized  logical  design  procedure. 

•  We  can  deal  with  a  wide  variety  of  design  variables  and  constraints  which  are  difficult  to  visualize  using 
graphical  or  tabular  methods. 

•  Optimization  virtually  always  yields  some  design  improvement. 

•  It  is  not  biased  by  intuition  or  experience  in  engineering.  Therefore,  the  possibility  of  obtaining  improved, 
nontraditional  designs  is  enhanced. 

•  Optimization  requires  a  minimal  amount  of  human-machine  interaction. 

2.5.2  Limitations  of  numerical  optimization 

•  Computational  time  increases  as  the  number  of  design  variables  increases.  If  one  wishes  to  consider  all 
possible  design  variables,  the  cost  of  automated  design  is  often  prohibitive.  Also,  as  the  number  of  design 
variables  increases,  these  methods  tend  to  become  numerically  ill-conditioned. 

•  Optimization  techniques  have  no  stored  experience  or  intuition  on  which  to  draw,  they  are  limited  to  the 
range  of  applicability  of  the  analysis  program. 

•  If  the  analysis  program  is  not  theoretically  precise,  the  results  of  optimization  may  be  misleading,  and 
therefore  the  results  should  always  be  checked  very  carefully.  Optimization  will  invariably  take 
advantage  of  analysis  errors  in  order  to  provide  mathematical  design  improvement: . 

•  Most  optimization  algorithms  have  difficulty  in  dealing  with  discontinuous  functions.  Also,  highly 
nonlinear  pieblems  may  converge  slowly  or  not  at  ail.  This  requires  that  we  be  particularly  careful  in 
formulating  the  automated  design  problem. 

•  It  can  seldom  be  guaranteed  that  the  optimization  algorithm  will  obtain  the  global  design  optimum. 
Therefore,  it  may  be  necessary  to  restart  the  optimization  process  from  several  different  points  to  provide 
reasonable  assurance  of  obtaining  the  global  optimum. 

•  Because  many  analysis  programs  were  not  written  with  automated  design  in  mind,  adaptation  of  these 
programs  to  an  optimization  code  may  require  significant  reprogramming  of  the  analysis  routines. 


In  order  to  reduce  the  computing  time,  two  techniques  can  be  used  : 

-  The  first  one  is  to  use  Taylor  approximations  for  the  objective  function  and  the  constraints  [14]. 

For  the  initial  design  variables  X  the  objective  function  F  and  the  constraint  functions  Gj  are  approximated 
by  a  second  order  Taylor  series : 


F  (X)  =  Fq  +  AXT  VFq  +  -  AXT  Hq  AX 
2 

G  (X)  =  Gq+  AXTVGq  -  AXTHqAX 
J  J  J  2  > 

Using  these  Taylor  approximations  instead  of  the  correct  analysis  calculation,  an  improved  design  is  found  by 
the  optimization  procedures  described  before.  Thereby  the  step  width  has  to  be  limited  in  order  not  to  move  too  far 
away  from  the  centre  of  the  Taylor  series.  Finally  now  the  correct  analysis  has  to  be  done  for  this  approximately 
improved  design.  These  exact  objective  and  constraint  function  values  together  with  the  preceeding  ones  are  used  to 
determine  the  Taylor  approximation  at  the  new  initial  design.  By  this  procedure  only  one  exact  calculation  is 
necessary  per  optimization  step  and  the  approximation  gets  better  and  better.  Only  the  "starting  procedure"  at  the 
very  beginning  of  the  optimization  needs  more  calculations  because  the  complete  2nd  order  Taylor  series  requires  1 
+  n  +  n(n  +  l)/2  points  of  support.  The  COPES  code  uses  a  starting  procedure  which  improves  the  design  already 
during  building  up  the  initial  Taylor  series.  The  starting  procedure  can  be  influenced  by  prescribing  the  starting 
design  variable  sets.  It  can  be  drastically  shortened  by  the  input  of  already  known  results,  e.g.  from  an  interrupted 
optimization  or  from  similar  optimization  with  different  constraints. 

-  The  second  one  developed  by  Rizk  [18]  is  based  on  the  idea  of  updating  the  flow  variable  iterative  solutions 
and  design  parameters  iterative  solutions  simultaneously. 

To  conclude  this  chapter,  another  approach  due  to  Jameson  [19]  has  to  be  mentionned. 

The  method  determines  the  configuration  (e.g.  shape  of  an  airfoil)  satisfying  the  given  design  objective  (e.g.  a 
desirable  pressure  distribution).  Such  a  design  method  might  be  created  by  integrating  a  variation  function  into  an 
analysis  method,  and  inserting  an  iteration  procedure  to  minimize  the  design  objective  function  following  the 
steepest  descent.  A.  Jameson  [19]  illustrates  this  "design  via  control  theory"  by  three  applications  in  aerodynamic 
design. 


3.  APPLICATIONS  OF  NUMERICAL  OPTIMIZATION 


In  this  chapter  are  presented  some  applications  of  numerical  optimization  techniques  for  aerodynamic  design. 
The  large  variety  of  design  problems  which  are  described  will  show  how  powerful  can  be  the  numerical  optimization 
technique. 

In  the  first  section,  airfoil  design  with  various  objective  functions  are  described  while  in  the  second  section 
some  2  design  points  optimization  are  presented.  In  the  third  section  some  3D  designs  have  been  selected  and  in  the 
last  section  unsteady  optimization  process  for  helicopter  blade  airfoil  design  is  described. 

3.1.  Airfoil  design 

3.1.1.  Drag  minimization 

•  The  first  example  is  described  in  [  1 1  ].  The  CONMIN  code  is  used  for  an  optimization  of  a  transport  aircraft 
wing  airfoil. 

The  PV39GEO  airfoil  used  to  generate  transport  aircraft  wings  was  optimized  for  a  Mach  number  of  0.76  to 
decrease  the  drag  coefficient  Cd  with  a  Cl  between  0.5  and  0.6  and  to  delay  the  upper  surface  separation  that 
develops  at  high  Cl.  To  take  structural  constraints  into  account,  the  PV39GEO  airfoil  was  optimized  with  the 
constraint  of  prescribed  values  of  the  airfoil  thickness  in  the  area  of  the  spar  box,  at  15  and  60  %  chord. 

The  polar  graph  Cl  =  f  (Cd)  is  approximated  by  a  parabola  and  the  objective  function  used  expresses  the 
improvement  of  the  overall  aerodynamic  coefficient  Cd  and  Cl 

(CD  -  0  0095) 

OBJ  =  - —  x  10 

<CL  -  0  25  r 

Figure  19  gives  the  geometry  of  the  PV39GEO  airfoil  and  the  pressure  distribution  at  the  design  point,  with 
Mach  number  0.76,  a  =  0.2°  and  Re  =  4  X  104.  The  boundary  layer  is  calculated  with  a  transition  fixed  at  7 


The  numerical  optimization  algorithm  uses  the  set  of  airfoils  presented  in  figure  20.  The  five  basic  airfoils  are 
supercritical,  with  a  thickness  law  modified  by  affinity  to  stay  within  the  thickness  constraints  at  15  and  60  %  of 
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the  chord.  The  minimization  program  determines  the  relative  participation  of  the  various  shapes,  to  define  the 
optimum  airfoil. 

Four  iterations  were  run,  occuping  the  CRAY  1-S  for  1,000  seconds.  The  convergence  history  is  given  in 
Figure  21.  The  variation  of  the  objective  function  shows  a  major  improvement  in  the  aerodynamic  characteristics 
starting  at  the  first  iteration. 

The  pressure  distributions  of  the  PV39GEO  and  optimized  PV39GEO  airfoils  are  compared  at  the 
optimization  point  in  figure  22.  The  optimized  airfoil  exhibits  a  delayed  upper  surface  shock,  of  lesser  intensity,  a 
more  regular  lower  surface  pressure  distribution  and  a  slightly  higher  rear  loading.  The  pressure  distribution  of  the 
optimized  airfoil  is  shown  at  a  lower  angle  of  attack  in  figure  23. 

The  aerodynamic  characteristics  of  the  airfoils  in  figure  24  show  a  decrease  in  the  drag  coefficient  Cd  of  the 
optimized  PV39GEO  airfoil  for  Cl  values  above  0.35.  This  decrease  is  approximately  15  %  for  a  Cl  of  0.6. 

On  the  other  hand,  the  modification  of  the  PV39GEO  airfoil  slightly  increases  the  absolute  value  of  the 
moment  coefficient  from  0.095.  The  Cd  variation  as  a  function  of  the  Mach  is  plotted  in  figure  25  for  a  Cl  of  0.55.  It 
seems  that  the  improved  aerodynamic  characteristics  at  high  Cl  are  maintained  over  a  large  Mach  number 
domain. 


•  The  second  example  concerns  the  optimization  of  a  propeller  airfoil  [20]  with  CONMIN. 

The  specifications  for  an  airfoil  located  at  70  %  of  the  blade  span  can  be  stated  as  : 

-  high  maximum  lift  coefficient  at  moderate  Mach  number  M  =  0.47  to  0.63,  for  high  static  thrust 
requirements  at  take-ofT conditions  ; 

-  high  lift/drag  ratio  Cl/Cd  for  Mach  numbers  ranging  from  0.54  to  0.67  and  lift  coefficients  between  0.65  and 
1 .05  corresponding  to  climb  conditions  ; 

-  high  drag  divergence  mach  numbers  for  Cl  between  0.38  and  0.65,  corresponding  to  cruise  conditions  ; 

-  thickness  to  chord  ratio  =  7  %. 

The  numerical  optimization  method  was  used  to  improve  the  aerodynamic  characteristics  of  the  HOR07 
airfoil  which  previously  was  designed  using  a  direct  method. 

The  precise  purpose  of  the  optimization  presented  here  was  to  increase  performance  at  high  Cl  for  take-off 
(M  =  0.55)  and  to  reduce  the  drag  under  cruise  conditions  (M  =  0.70). 

The  corresponding  computed  results  for  the  HOR07  airfoil  are  presented  in  Fig.  26  and  Fig.  27 . 

Shocks  wave  are  present  on  the  suction  side  under  take-ofT  conditions  and  on  the  pressure  side  under  cruise 
conditions. 

The  upper  and  the  lower  surfaces  of  the  initial  airfoil  have  been  successively  modified  using  analytical  shape 
functions. 

-  The  suction  side  was  optimized  to  reduce  Cd  at  M  =  0.55  and  Cl  =  1.35,  with  the  constraint  on  suction  side 
maximum  expansion  Cpmin  >  -  3. 

-  The  pressure  side  was  optimized  to  reduce  Cd  at  M  =  0.70  and  Cl  =  0.38. 

Moreover,  a  geometric  constraint  was  imposed  on  the  thickness  to  chord  ratio  :  6.5  %st/cs  t/7.5  %. 

The  computed  pressure  distributions  on  the  optimized  HOR07  show  improvements  for  the  two  optimization 
points : 

-  under  the  climb  conditions  at  M  =  0.55,  the  intensity  of  the  suction  side  shock  is  reduced  due  to  an  upstream 
isentropic  pressure  recovery  and  the  leading  edge  expansion  is  decreased  by  10  %.  The  drag  coefficient  Cd  is 
reduced  by  24  %  at  the  take-off  optimization  point. 

-  under  the  cruise  conditions  at  M  =  0.70,  the  lower  surface  shock  wave  is  suppressed  and  the  maximum 
expansion  decreases  by  12  %.  The  Cd  is  reduced  by  9  %  at  the  cruise  optimization  point. 

The  2-D  testa  on  the  HOR07  and  optimized  HOR07  airfoils  in  the  S3MA  wind  tunnel  confirmed  these 
predicted  aerodynamic  characteristics  (Figs.  28-29). 

For  these  two  first  examples  the  aerodynamic  code  associated  with  the  optimization  code  is  a  direct  viscous 
transonic  flow  method  developed  by  Bousquet  [22]. 

•  The  third  example  from  [21]  is  the  optimization  of  the  GAW  1  airfoil  with  polynomials  functions  (spline) 
used  for  the  geometry  description.  Two  coordinates  at  x/c  =  65  %  and  85  %  constitute  the  design  variables.  The  drag 
minimization  is  performed  at  M  =  0.25,  a  =  (T  and  Re  =  6.10**  and  the  aerodynamic  code  is  DOFOIL,  a  viscous, 
steady,  compressible  Hows  computer  program  developed  by  Dornier. 

Figure  30  shows  the  results  of  the  optimization,  where  open  symbols  denote  values  of  approximations  from 
COPES  to  Cd-  Closed  symbols  denote  the  corresponding  exact  values  from  DOFOIL.  Note  that  the  first  two  airfoils 
(A  and  B)  were  generated  for  the  purpose  of  building  the  Taylor  series  approximations.  The  next  10  iterations  show 
little  further  improvement  in  Cd.  with  the  actual  effort  being  placed  on  increasing  the  value  of  the  constraint  Cl  to 
a  value  greater  than  0.52.  Figure  31  shows  the  variation  of  Cl,  Cm  and  of  the  two  design  parameters  for  the  10 
iterations. 
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Figure  32  shows  that  the  upper  surface  curvature  has  somewhat  decreased,  and  the  start  of  recompression  has 
been  moved  rearwa*  d  ; 

One  danger  of  optimizing  at  a  particular  flight  condition  is  that  off-design  performance  can  become  worse.  As 
is  seen  in  figure  33,  this  is  not  the  case  in  this  example.  Indeed,  for  Mach  numbers  other  than  0.25  and  non-zero 
angles  of  attack,  the  improvement  in  performance  is  the  same  if  not  greater  than  that  at  the  design  point. 

-  As  it  has  already  been  mentioned,  the  accuracy  of  the  aerodynamic  code  in  evaluating  the  objective  function 
must  be  good  enough  to  be  sure  than  the  optimization  will  improve  the  design.  For  example  in  [16]  using  a  3D 
inviscid  code  for  the  drag  minimization  of  a  high  aspect  ratio  rectangular  wing  gives  unsatisfactory  result  when  the 
pressure  drag  is  taken  for  the  objective  function  while  good  results  are  obtained  with  the  wave  drag  (Fig.  34).  This  is 
due  to  the  fact  that  the  wave  drag  which  is  computed  by  the  integration  of  the  momentum  equation  along  a  surface 
surrounding  the  supersonic  zone  as  suggested  in  [23}  is  more  accurate  than  the  pressure  drag  obtained  by  the 
pressure  integration  on  the  wing  surface; 

The  last  example  of  drag  minimization  is  taken  from  [241.  Aerofunctions  like  those  presented  Fig.  17  are  used 
as  design  variables.  The  FLO-36  analysis  code  is  the  aerodynamic  code. 

Design  conditions  for  the  design  were  M  =  0.75,  Cl  =  0.5,  Cm  =  -  0.02,  and  t/c  =  0.12.  Viscous  analysis  of  a 
previously  designed  airfoil  (optimization  using  polynomial  shapes)  for  these  conditions  is  shown  in  Fig.  35  and  the 
airfoil  in  Fig.  36.  The  airfoil  showed  unacceptable  trailing  edge  flow  separation,  0.83  chord,  at  the  design  point,  did 
not  meet  the  Cm  requirement,  and  had  leading  and  trailing  edge  shapes  that  were  considered  unacceptable.  The 
leading  edge  exhibited  a  double  nose  radius  and  the  upper  surface  of  the  trailing  edge  was  concave. 

A  TRO-2D  optimization  was  run  using  drag  as  the  objective  function  with  inequality  constraints  on  lift, 
moment,  and  thickness.  Side  constraints  on  leading  and  trailing  edge  camber  design  variables  were  set  so  as  to 
preclude  any  upper  surface  concavity. 

The  TRO-2D  designed  airfoil  is  compared  to  the  original  design  in  Fig.  37.  Note  the  more  conventional  nose 
shape  and  trailing  edge  for  the  TRO-2D  design.  Analysis  of  the  TRO-2D  airfoil  at  the  design  Mach  and  lift 
coefficient,  as  shown  in  Fig.  38,  shows  that  the  moment  constraint  has  been  met,  no  flow  separation  is  predicted, 
and  a  30%  reduction  of  drag  is  predicted  compared  to  the  original  airfoil.  CONMIN  required  four  cycles  to  reach  a 
final  solution  in  approximately  one  minute  of  CPU  time  on  the  CRA  Y-1M  computer. 

3.1.2  Flow  field  characteristic  as  objective  function 

Ref.  [13]  described  an  interesting  optimization  case  with  a  prescribed  velocity  field  used  as  the  objective 
function  in  a  reference  plane.  The  problem  is  formulated  as  described  in  section  2.4.1. 

A  NACA0012  airfoil  was  used  as  a  simple  example  to  illustrate  aerodynamic  optimization  in  the  presence  of 
separated  flow.  This  is  a  common  airfoil  which  has  been  extensively  analyzed  and  is  defined  by  : 

y  (x)  =  5t  (0.2969x1/2  -  0.126  x  -  0.3516  x*  +  0  2843  x3  -  0.1015  x«) 

where  the  parameter,  t,  determines  the  maximum  airfoil  thickness.  For  the  NACA0012  airfoil,  the  thickness 
parameter  is  specified  as  0.12. 

The  PARC  CFD  code  was  used  to  define  the  target  RP  properties  by  computing  the  laminar  flow  field  about 
this  airfoil,  subject  to  the  indicated  boundary  conditions  indicated  in  Fig.  39.  A  Reynolds  number,  based  on  chord 
length,  of  106  was  specified  which  produced  a  flow  field  with  an  attached  boundary  layer  (Fig.  40).  Defining  the 
target  profile  numerically  assured  that  an  absolute  global  minimum  existed  within  the  design  space.  The  RP  was 
located  at  the  airfoil  trailing  edge  and  extended  to  the  boundary  of  the  computational  domain,  although  the 
influence  of  the  body  was  minimal  approximately  two  chord  lengths  into  the  domain.  The  desired  RP  properties 
were  then  used  to  form  the  nonlinear  least-squares  objective  function,  which  was  minimized  by  application  of 
Broyden's  algorithm. 


The  design  parameter  (airfoil  thickness)  was  doubled  as  an  initial  guess  to  begin  the  optimization.  This  value 
was  selected  since  the  contour  subject  to  the  stated  boundary  conditions  produced  a  flow  field  which  was  highly 
separated  (Fig.  41)  in  constraat  to  the  attached  target  solution  (Fig.  40).  As  noted,  the  reference  plane  was  placed  at 
the  trailing  edge  of  the  airfoil  passing  through  the  region  of  separated  flow. 

For  this  example  the  correct  optimum  was  located,  by  Broyden's  algorithm,  within  Q.l  percent  in  six  iterations 
requiring  seven  function  evaluations.  Figure  42  compares  the  target  geometric  profile  with  the  initial  guess  profile, 
the  first  iteration  profile,  and  the  optimal  profile  as  determined  by  Broyden’s  algorithm.  Figure  43  and  44  show  the 
reduction  of  the  objective  function  and  the  convergence  history  of  the  design  parameter,  t,  versus  iteration  number, 
respectively.  As  evidenced  by  these  figures,  the  Broyden’s  algorithm  isolated  the  global  minimum  quite  efficiently. 
The  optimum  was  located  within  1  percent  in  four  iterations  and  was  isolated  within  0.1  percent  in  six  iterations. 
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3.1.3.  Pressure  distribution  optimization 

Van  Egmond  in  [17]  presents  different  cases  of  pressure  distribution  optimization.  As  an  example,  the  case 
presented  here  concerns  the  definition  of  the  max.  lift  contribution  that  can  be  obtained  with  stable  laminar  over 
the  first  60  %  of  an  airfoil.  Stable  with  respect  to  the  instability  criterium  for  Tollmien  Schlichting  waves ; 
instability  occurs  if  Re&/Ree;  >  1.  With  the  requirement  of  just  sonic  conditions  at  s/c  =  0.60  for  M®  =  0.65  and 
Rec  =  15.106.  Then  the  problem  definition  reads  :  find  the  Cp-distribution  between  s/c  =  0  ;  Mio,.  =  0  and 

1 0.6 

s/c  =0.60  ;  Mioc  =  1  such  that  Cp  ds/c  is  maximum  while  everywhere  Re&/Reei  approaches  1  as  close  as 

rOS  r  0.6 

possible  ;  or  minimize  =  Cp  ds/c  +  max  (0,  Ree/Reei  -  1)  d  s/c.  After  a  few  attempts  with  different  relations 
Jo  Jo 

for  Cp  =  f  (s/c)  it  was  observed  that  reasonable  results  could  be  obtained  with  the  following  relation  for  the  pressure 
gradient  : 


c  c 

where  e  is  a  small  value,  to  prevent  the  singularity  at  s  /c  =  0. 
Then,  by  integration : 


CP  =  Cp„  +  Aln(  — ]  +  bJ(!+cJ  -c"} 

Where  A,  B,  c  (>  0)  and  N  are  design  variables  and  Cpst  is  pressure  coefficient  at  stagnation  point.  Three  of  the 
design  variables  are  independent,  the  fourth  follows  from  the  requirement  of  sonic  flow  at  s/c  =  0.60.  Fig.  45  shows 
the  results  of  the  above  problem.  The  Cp  distribution  for  stable  laminar  flow  over  the  whole  region  is  depicted  in 
Fig.  45a,  while  Fig.  45b  shows  that  indeed  Reg  and  Reei  nearly  coincide  over  the  largest  part  of  the  region.  These 
results  were  relatively  easily  obtained. 

3.1.4.  Ci...  optimization 

-  The  first  example  of  Cl  max  optimization  is  taken  from  [8].  It  has  been  done  using  the  approximation  concept. 
The  design  variables  are  4  NACA  airfoils  and  2  linear  functions  which  are  used  to  impose  the  closure  of  the  trailing 
edge.  The  analysis  code  [25]  is  used  to  perform  the  computation  at  M  =  0.1,  a  =  6° 

Figure  46  shows  the  results  of  optimization  of  an  airfoil  for  maximum  lift.  The  design  constraints  are  listed  on 
the  figure.  This  optimization  required  19  aerodynamic  analyses.  Although  it  may  be  argued  that  this  airfoil  is 
impractical,  it  must  be  remembered  that  this  airfoil  mathematically  satisfies  the  design  constraints.  The  lift 
coefficient  obtained  here  is  Cl  =  1.144. 

The  quality  of  the  approximation  to  the  lift  coefficient  may  be  judged  from  figure  47.  Because  there  are  four 
independent  design  variables,  the  full  second-order  Taylor  series  expansion  of  the  functions  requires  15  analyses.  It 
is  intriguing  to  note  that  on  the  sixteenth  analysis  and  beyond,  the  approximation  for  this  case  is  quite  precise. 

-  The  second  example  from  [20]  concerns  an  airfoil  for  an  ultra  light  aircraft;  A  first  design  called  OAULM01 
was  defined  with  a  set  of  airfoils  in  order  to  obtain  a  high  Cl  with  low  upper  surface  maximum  expansion  and  a 
moment  coefficient  leas  than  0.04. 

The  tests  in  the  S10  wind  tunnel  of  the  CEAT  in  Toulouse  showed  that  the  aerodynamic  characteristics  were 
of  inters' t  for  the  application  considered,  except  that  the  stall  was  too  steep. 

To  remedy  this,  the  airfoil  was  optimized  to  reduce  the  rise  in  the  boundary  layer  shape  parameter  between  30 
and  50  %  chord,  to  avoid  a  leading  edge  type  of  stall.  The  OAULM02  airfoil  is  the  result  of  this  second  optimization. 

Figure  48  shows  the  calculated  boundary  layer  shape  factor  along  the  upper  surfuce  of  the  OAULM01  and 
OAULM02  airfoils,  for  a  lift  coefficient  Cl  =  2. 

The  geometry  of  the  two  airfoils  and  their  pressure  distributions  for  Cl  =  1  and  Cl  =  2  are  presented  in 
Fig.  49.  The  pressure  recovery  of  the  OAULM02  airfoil  is  smoother  up  to  35  %  of  the  chord  length.  The  computed 
transition  location  is  about  x/c  =  15  %. 

The  experimental  lift  and  moment  coefficient  of  the  OAULM01  and  OAULM02  airfoils  are  presented  in 
Fig.  50  for  a  Mach  number  M  =  0.12  and  a  Reynolds  number  Re  =  1 .4.10*. 

The  stall  behaviour  of  the  OAULM02  airfoil  it  better. 
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3.1.5.  High  lift  systems  optimization 

Since  the  optimization  of  the  relative  locations  of  a  multi-element  airfoil  needs  a  high  number  of  analysis 
calculations,  an  optimization  process  will  save  computer  time.  In  [26],  such  an  optimization  is  performed  for  a  two- 
element  airfoil  using  COPES  coupled  with  a  subsonic  multi  element  airfoil  analysis  code  PSM  developed  by 
K.  Jacob. 

Figure  51  shows  the  starting  design  and  the  best  design  of  a  flap  position  optimization.  The  contour  geometry 
of  the  two-element  airfoil  DOAS  is  kept  constant.  The  specifications  are  : 

Design  objective  :  Cl  should  become  a  maximum. 

Design  variables :  x,  y-coordinates  of  a  flap  fixed  point  in  main  coordinate  system. 

Constraint :  •  slot  width  s/c  a  0.01 

Constant  values :  M  =  0.1,  Rec  =  5.106,  a  =  10c,  flap  deflection  q  =  -  40°. 

As  the  design  objective  Cl  iu  this  case  depends  on  only  two  design  variables,  the  optimization  procedure  can 
be  graphically  illustrated.  Figure  52  shows  the  lift  coefficient  Cl  in  the  area  of  interest  for  the  flap  fixed  reference 
point.  It  can  be  seen  that  the  reference  point  has  to  move  from  the  starting  position  (starting  design  of  figure  51)  to 
the  constraint  line  s/c  =  0.01  nearer  to  the  main  element. 

The  same  situation  is  shown  again  in  figure  53  but  now  in  form  of  iso-lift  lines.  The  optimization  path  found 
by  the  COPES  code  is  also  indicated.  After  the  first  3  analysis  calculations  (to  find  the  initial  gradient)  COPES  was 
free  to  find  its  way  to  the  optimum  which  was  reached  after  totally  30  analysis  calculations  (plotting  the  iso-lift 
lines  of  course  needed  much  more).  The  lift  coefficient  was  improved  from  Cl  =  2.5  to  3.6  (45  %). 

3.2.  Examples  of  multi-design  points  optimization 

3.2.1.  Airfoils  for  helicopter  blade 

Specifications  for  the  design  of  an  helicopter  blade  airfoil  concern  generally  the  conditions  which  are 
encountered  by  the  airfoil  during  a  revolution  of  the  rotor  that  is  to  say  advancing  blade  condition  and  retreating 
blade  condition.  To  find  the  best  compromise  between  these  two  flight  conditions  it  seems  particularly  interesting  to 
use  numerical  optimization  techniques  [11]. 


-  The  first  example  concerns  a  7  %  thick  airfoil  called  OA207.  The  CONMIN  code  is  coupled  with  the  analysis 
code  [22],  The  problem  is  formulated  in  order  to  reduce  the  drag : 

-  under  advancing  blade  conditions  : 

M  =  0.85  and  CL  =  0 

with  the  aerodynamic  constraint  limiting  the  absolute  value  of  the  moment  coefficient : 

0  01  s  Cm  s  0  01  . 

-  under  retreating  blade  conditions  . 


M  =  0.40  and  Cl  =  0.8, 

with  a  limiting  constraint  on  the  upper  surface  expansion  : 

Cpmm  "  J  5 

Figure  54  shows  the  two  optimization  points  considered  on  the  aerodynamic  polar  curves  of  the  OA  207  airfoil. 

The  objective  function  is  represented  by  a  linear  combination  of  the  Cd  at  the  two  design  points  : 

OBJ  —  0  8Cdi  +  0  2Cd2 


Six  shape  functions,  constructed  from  the  Legendre  polynomials  were  used  to  modify  50  %  of  the  airfoil  upper 
surface; 

Figures  55  and  56  show  how  the  pressure  distributions  were  modified  at  the  two  design  points.  For  uie 
configuration  corresponding  to  a  Mach  number  of  0.85,  the  local  Mach  number  decrease  in  front  of  the  shock 
obtained  by  an  isentropic  recompression  reduces  the  intensity  of  the  upper  surface  shock.  This  same  modification 
decreases  leading  edge  expansion  on  the  upper  surface  by  10  %  at  a  Mach  number  of  0.40  and  a  Cl  of  0.83. 

For  the  advancing  blade  conditions  (Cl  =  0),  Cd  is  reduced  by  16  %  at  the  design  point.  The  gain  is  smaller  for 
Mach  numbers  less  than  0.85,  since  the  reduction  of  Cd  mainly  affects  the  wave  drag.  For  the  second  design  point 
(M  =  0.40  and  Cl  =  0.83),  the  improvement  in  the  aerodynamic  characteristics  is  a  6  %  decrease  in  the  drag 
coefficient  Co. 
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-  The  second  example  concerns  a  12  %  thick  airfoil  design  for  the  inner  blade  sections  [20].  The  initial  airfoil  is 
called  OA  213  and  was  designed  .  reviously  using  an  inverse  method. 

The  design  conditions  are 

M  =  0.75  Cl  =  0 

M  =  0.4  Cl  =  1.5 

The  objective  function  is  the  sum  of  the  drag  for  the  two  design  conditions  and  two  constraints  were  laid  down 
to  control  the  pitching  moment  for  zero  lift  and  the  maximum  expansion  level  for  M  =  0.4  and  high  Cl- 

The  tests  performed  on  this  new  airfoil  OA312  in  the  S3MA  wind  tunnel  have  demonstrated  the  efficieruy  of 
the  design  process. 

As  shown  in  figure  57  the  OA312  airfoil  has  lower  drag  under  advancing  blade  conditions  due  to  a  large 
reduction  of  the  leading  edge  lower  surface  pressure  peak  level  which  also  leads  to  a  reduced  nose  down  pitching 
moment  coefficient.  The  Mach  drag  divergence  is  0.78  for  the  OA312  airfoil  which  gives  AMjd  =  0.03. 

For  M  =  0.4,  the  maximum  lift  coefficient  measured  in  the  S3MA  wind  tunnel  was  1.5,  whereas  it  was  1.54  for 
the  OA312  airfoil  under  the  same  conditions. 

As  shown  in  figure  58,  the  drag  level  is  better  with  the  new  airfoil  at  high  lift  levels. 

The  shapes  of  the  two  airfoils  and  their  total  performances  are  compared  in  figure  59. 

-  The  third  example  from  [20]  concerns  an  airfoil  for  a  shrouded  tail  rotor. 

The  purpose  was  to  design  an  airfoil  having  a  large  range  of  angles  of  attack  with  a  drag  level  lower  than  0.02 
in  order  to  minimize  the  power  required  for  the  shrouded  tail  rotor.  The  optimization  has  been  applied  for  a  Mach 
number  of  0.62  and  a  Reynolds  number  of  1.1 .106. 

The  range  of  angles  of  attack  corresponding  to  the  different  flight  conditions  is  -  5°  s  ap  s  12°,  ap  being 
referenced  to  the  zero  lift  angle  of  attack.  Within  this  range,  the  drag  level  of  the  airfoil  should  remain  lower  than 
0.02.  Moreover,  the  nominal  value  for  the  angle  of  attack  is  ap  =  +  6°  (design  point)  and  for  this  point  the  drag  level 
should  be  lower  than  0.01.  For  this  Mach  number,  shock  waves  are  present  on  the  initial  airfoil  for  large  positive 
and  negative  values  of  the  angle  of  attack.  So  a  first  optimization  was  carried  out  in  inviscid  flow  under  the 
Following  conditions  : 

Objective  function  :  wave  drag  1  +  wave  drag  2 

wave  drag  1  corresponding  to  M  =  0.62,  ap  =  -  6° 

wave  drag  2  corresponding  to  M  =  0.62,  ap  =  +  7.5° 

For  the  second  point,  a  constraint  was  laid  down  in  order  to  control  the  camber  of  the  airfoil. 

This  constraint  expressed  in  the  form  10.3°  <  ap  <  10.8°  was  computed  using  the  Cl  obtained  for  the  two 
points. 

In  this  first  optimization,  a  library  of  airfoils  having  the  same  thickness  to  chord  ratio  (t/c  =  10.2  %)  was  used. 

Having  minimized  the  wave  drag  for  a  lar?e  ^ange  of  angles  of  attack,  a  second  optimization  was  performed  in 
viscous  flow  in  order  to  obtain  a  sufficient  range  of  angles  of  attack  beyond  the  design  point  with  a  drag  level  lower 
than  0.02. 

The  corresponding  objective  function  is 


with  di  =  -  4° 

02  =  5.4°. 

The  Mach  number  being  0.62  and  the  Reynolds  number  1.1.106.  These  values  of  angle  of  attack  have  been 
kept  lower  than  those  for  the  first  optimization  in  order  to  stay  within  the  limits  of  the  viscous  transonic 
aerodynamic  code.  For  the  second  point,  the  constraint  Cd  <  0.02  has  been  given.  Eight  design  variables  acting  on 
the  camber  line  of  the  airfoil  were  used  and  two  cycles  were  performed. 

The  optimized  airfoil  OAF102  has  been  tested  in  the  S3MA  wind  tunnel.  The  tests  were  carried  out  for  three 
values  of  the  stagnation  pressure.  The  corresponding  Reynolds  numbers  are  1, 2  and  3.106  for  M  =  0.62  The  Cunax 
values  plotted  in  figure  60  show  that  the  highest  performances  were  obtained  for  the  design  Mach  number 
M  =  0.62. 


—  a  =  - 


(a2  -  a.,CL2 

VS" 


The  curve,  algo  show  an  important  Reynold,  number  effect  up  to  high  Mach  number  value,.  The  performance, 
of  the  airfoil  are  plotted  in  figure  61  for  M  =  0.62  and  Re  =  1.10*. 


It  can  be  shown  from  Fig.  60  that  the  best  results  have  been  obtained  for  the  Mach  number  used  for  the 
optimization  which  demonstrate  the  efficiency  of  the  process. 

3.2.2.  Helicopter  blade  design 

To  conclude  this  section  devoted  to  examples  of  multi-design  points,  an  example  of  a  spanwise  blade  section 
distribution  optimization  taken  from  [27]  is  presented.  The  problem  is  to  find  the  spanwise  distribution  of  two 
airfoils  which  will  minimize  the  power  of  the  rotor  under  different  flight  conditions.  Two  flight  conditions  are 
considered : 

Point  1  M  =  8t  2  =  0  v  =  250  km/h 

Point  1  M  =  8t  z  =  3000  m  v  =  360  km/h 

The  objective  function  is : 

OBJ  =  (1  -  n)  Pj  +  nP2 

Pi  and  P2  being  the  power  needed  respectively  for  the  flight  conditions  and  n  being  a  coefficient  which  is  used 
in  order  to  privilege  one  flight  condition. 

The  design  variables  are  the  span  locations  of  two  airfoils  sections  (OA312  and  OA309)  noted  Rj/R  and  R2/R. 
Fig.  62  shows  the  power  reduction  obtained  for  the  two  fight  conditions  versus  the  n  coefficient.  In  Fig.  63  are 
plotted  the  optimized  airfoils  locations  versus  the  n  coefficient.  For  the  best  compromise  corresponding  to  n  =  4  the 
rotor  performance  are  compared  to  the  ones  of  the  initial  rotor  (Rj/R  =  0.8,  R2/R  =  0.9). 


3.3.  Examples  of  3D  optimization 

3.3.1.  Wing  drag  optimization 

The  first  example  from  [28]  concerns  the  various  wing  drag  components  minimizations.  The  CONMIN  code  is 
coupled  to  the  3D  inviscid  flow  analysis  code  [29].  The  DLR  F4  wing  is  used  for  the  optimization  (Fig.  65).  Four 
spanwise  sections  are  used  to  define  the  wing.  The  twist  distribution  is  linear  between  the  sections.  The  flow 
conditions  taken  for  the  optimization  are  M  =  0.75  -  Cl  =  0.67.  Four  objective  functions  were  successively  used  for 
the  optimization  of  the  twist  distribution  with  a  constraint  on  the  lift  coefficient  Cl  a  0.67. 

The  objective  functions  chosen  were  : 

1)  lift-induced  drag 

2)  wave  drag 

3)  lift-ir.duced  drag  +  wave  drag 

4)  pressure  drag. 

A  *  additional  unconstrained  calculation  was  also  done  aiming  at  an  elliptical  load  distribution.  The  drag  was 
computed  using  "farfield"  techniques  as  described  in  [30]  and  [31]. 

Fig.  66  summarizes  the  results.  Minimizing  the  lift-induced  drag  loads  the  wing  in  the  outer  part  {Fig.  67) 
while  minimizing  the  Cdw  term  loads  the  inner  part.  Minimizing  Coi  +  Cw  drag  or  Cop  drag  gives  results  which 
are  very  close  (Fig.  68).  In  that  case  the  twist  distribution  is  somewhav  different  of  the  one  of  the  real  F4  wing. 
However  Fig.  69  shows  that  changing  the  conditions  from  M  =  0.75  to  M  =  0.785  gives  a  twist  distribution  closer  to 
the  F4  one. 

16000  grid  points  are  used  for  these  computations  which  might  be  considered  not  sufficient  for  accurate  drag 
prediction.  However  this  number  of  grid  points  has  been  selected  after  a  parametric  study  of  the  accuracy  of  the  far 
field  computed  drag  versus  the  number  of  grid  points.  This  mesh  realizes  the  best  compromise  between  the 
computer  time  and  the  drag  accuracy.  However  it  is  clear  that  different  values  of  the  various  drag  components  will 
be  obtain*  d  with  a  finer  grid  but  the  results  will  exhibit  the  same  tendencies  which  means  that  the  conclusions  will 
be  the  same.  Each  optimization  requires  between  1  H  and  2.30  H  computing  time  on  a  CRAY  X-MP  computer. 

The  second  example  of  wing  drag  minimization  has  been  done  by  Cosentino  and  al.  [32].  It  concerns  the 
CESSNA  model  650  wing  used  on  the  new  citation  III  aircraft.  The  design  was  made  at  M  =  0.81  and  Cl  =  0.57. 
The  objective  function  is  the  wing  L/D  which  is  computed  by  the  TWING  code  which  is  coupled  to  the  quasi-Newton 
QNMDIF  code. 

The  geometry,  as  shown  in  Fig.  70,  has  a  fairly  high  leading-edge  sweep  of  37°  before  the  break,  and  27°  after. 
The  aspect  ratio  is  9.0,  and  no  wing  dihedrn!  is  present.  This  wing  is  defined  by  different  airfoil  sections  at  the  root, 
break,  and  tip  stations,  and  the  twist  distribution  is  incorporated  in  the  airfoil  coordinates.  These  three  airfoils, 
along  with  the  locations  of  the  fixed  and  the  th  ee  movable  spline  support  points  are  shown  in  Fig.  71.  As  can  be 
seen,  three  movable  points  were  chosen  at  each  defining  station  for  this  case. 


The  results  of  this  design  case  are  presented  in  Fig.  72  at  three  span  stations.  Again,  reasonably  smooth 
pressure  distributions  and  airfoil  shapes  are  observed,  with  reduced  shock  strengths  at  every  station  (the  48.5  % 
span  station  is  nearly  shock-free).  The  slight  rressure  peak  at  the  root  station  at  about  6  %  of  chord  might  be 
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eliminated  by  redistributing  spline  support  points  and  re  interpolating.  The  remaining  stations  are  quire  well 
behaved.  Note  that  actually  very  little  modification  to  the  shape  of  thickness  of  any  section  was  required  to  achieve 
the  desired  result.  This  is  an  indication  that  the  wing  was  very  well  designed  and  highly  efficient  before  any 
optimization  redesign.  Some  data  summarizing  this  design  are  presented  in  Fig.  73. 

This  design  required  only  six  optimization  iterations  and  was  completed  in  just  under  1  hr  of  CRAY  X-MP 
CPU  time  (about  90  %  of  the  improvement  required  about  20  min  of  CPU  time).  The  inviscid  drag-to-lift  ratio  of  this 
wing  has  been  increased  by  over  65  °k  at  the  expense  of  just  over  10  °k  of  the  lift,  yielding  a  reasonable  and  efficient 
design  at  nominal  computational  expense.  Figure  73  displays  the  drag-rise  characteristics  of  the  original  and 
optimized  wings  at  fixed  lift  coefficient.  The  coefficient  o C drag  (scalled  by  a  factor  of  100)  is  plotted  at  several  Mach 
numbers  for  both  wings.  As  can  be  seen,  the  optimized  wing  displays  superior  drag-rise  characteristics  as  the  mach 
number  is  increased,  yet  does  not  suffer  any  undesirable  off-design  behavior  at  the  lower  Mach  numbers.  Note  that 
the  drag  divergence  mach  number  has  been  increased  by  approximately  0.03. 

Other  examples  of  wing  optimizations  can  be  found  in  the  literature  133]  134]. 

3.3.2.  Complete  configuration  optimization 

At  the  present  time  there  is  no  examples  of  complete  configuration  optimization  using  3D  potential  or  Euler 
codes  due  to  the  large  computer  time  associated  with  these  methods  and  the  poor  reliability  of  the  aerodynamic 
coefficients  which  are  computed  with  the  coarse  grids  generally  used. 

An  interesting  approach  of  this  complex  problem  is  given  by  Van  den  Dam  in  [35].  The  aircraft  is  projected 
onto  a  plane  normal  to  the  flight  direction  and  is  approximated  by  a  number  of  straigth  line  segments  representing 
the  various  elements  of  the  configuration.  The  contributions  of  the  various  elements  to  the  lift  and  the  lift  induced 
drag  are  computed  in  the  Trefft2-plane  while  the  viscous  drag  is  computed  using  DATCOM's  formulae. 

An  induced  drag  minimization  case  including  propeller  slipstream  is  presented  here  as  an  example. 

In  order  to  examine  the  effects  of  the  propeller  slipstream  on  the  aircraft  induced  drag,  the  axial  and 
tangential  velocities  in  the  propeller  slipstream  have  to  be  given.  For  a  particul«*  example  design  condition,  the 
distribution  of  propeller  induced  velocities  of  figure  74  has  been  used  (advance  ratio  of  J  =  0.13  and  a  thrust 
coefficient  of  Ct  =  0.12). 

For  a  wing  configuration  with  two  "up-inboard"  rotating  propellers,  located  at  25  °k  of  the  semispan  with  a 
diameter-to-span  ratio  of  13  %,  the  optimal  spanwise  bound  circulation  distribution  is  shown  in  figure  75.  This 
distribution  greatly  differs  from  the  optimal  "clean  wing"  distribution  that  is  also  shown  in  figure  75.  With  this 
distribution,  the  wing  is  capable  of  restoring  much  of  the  loss  associated  with  slipstream  swirl. 

In  figure  76,  the  effects  of  the  horizontal  propeller  position  for  different  rotating  concepts  of  the  propellers  on 
the  minimum  induced  drag  coefficient  have  been  plotted.  As  can  be  seen  clearly  from  this  figure,  two  up-inboard 
rotating  propellers  lead  to  a  most  favourable  configuration  with  respect  to  the  minimum  induced  drag.  If  the 
location  of  the  propeller-centre  is  moved  outboard,  induced  drag  will  decrease  for  two  up-inboard  rotating  propellers 
and  will  be  a  minimum  when  the  propellers  are  located  at  the  wing  tips. 

3.3.3.  Wing-engine  interference  reduction 

Optimization  of  a  wing  +  engine  configuration  should  aim  at  reducing  the  drag  increment  created  by  the 
interference.  However  reliable  estimation  of  this  drag  increment  is  still  beyond  the  reach  of  analysis  methods,  let 
alone  such  inexpensive  methods  as  might  be  incorporated  into  an  optimization  procedure.  The  example  presented 
here  from  [28]  uses  the  following  simplified  methodology.  The  engine  effect  on  the  wing  is  balanced  by  an  opposite 
perturbation  obtained  through  wing  shape  modifications  (Fig.  77).  So  the  modified  wing  with  the  engine  will 
exhibit  the  same  pressure  distribution  than  the  original  clean  wing. 

Fig.  78  shows  the  perturbation  of  the  wing  pressure  distribution  due  to  the  engines.  Four  successive 
optimizations  for  each  side  of  the  pylons  have  been  successively  performed.  The  objective  functions  are  defined  by 
target  pressure  distributions  in  the  wing  sections  where  the  perturbations  are  maximum.  The  CON  MIN  code  was 
coupled  with  the  analysis  code  [29]  of  Bredif.  Eight  aerofunctions  for  the  lower  side  and  three  for  the  upper  side 
were  designed  with  inverse  2D  computations  in  order  to  modify  the  pressure  distribution  at  the  prescribed  span- 
wise  locations  (Fig.  79). 

Fig.  80  shows  the  results  of  the  optimizations  in  term  of  ACP  between  the  modified  motorized  wing  and  the 
initial  clean  wing.  Comparing  to  Fig.  78  it  is  clear  that  the  perturbations  have  been  greatly  reduced  which 
demonstrates  the  efficiency  of  the  process. 

3.3.4.  Inviscid  3D  nozzle  design 

The  last  3D  example  is  the  design  of  a  3D  rectangular  nozzle  [13]  presented  Fig.  31.  The  nozzle  geometry  and 
interior  grid  were  defined  by  a  3D  Bezier  polynomial. 


IU-2S 


Four  control  points  were  specified  at  each  of  five  axial  planes  such  that  each  axial  cross  section  was 
rectangular.  The  design  parameters  were  two  coefficients.  Pi  and  P2,  which  implicitly  determined  the  distance 
between  the  control  points  in  the  *y'  and  V  directions  at  the  mid-plane  (Fig.  81).  The  target  geometry  corresponded 
to  values  of  unity  for  each  parameter  which  produced  a  nozzle  with  a  nominal  exit  to  throat  area  ratio  of  2.5.  Total 
conditions  were  specified  at  the  nozzle  inlet  and  a  static  pressure  below  second  critical  was  selected  at  the  nozzle 
exit  which  provided  supersonic  flow  development  in  the  divergent  portion  of  the  nozzle.  This  geometry  and  these 
boundary  conditions  produced  a  flow  with  a  nominal  exit  Mach  number  of  2.5  when  analyzed  by  application  of  the 
Euler  version  of  the  PARC  code. 

For  an  initial  guess,  the  design  parapeter  Pj  and  P2  were  set  equal  to  2.0  and  2.5,  respectively,  which  produced 
a  high  area  ratio  nozzle  with  a  nominal  exit  Mach  number  of  5.8.  Unlike  the  target  nozzle,  which  was  square  at  each 
axial  cross  section,  the  initial  guess  geometry  had  a  square  cross  section  at  the  inflow  plane,  which  transitioned  to  a 
rectangular  cross  section  at  the  mid-plane,  and  then  transitioned  again  to  a  square  at  the  exit  plane.  The  large 
difference  in  exit  flow  conditions  for  the  initial  guess  was  imposed  to  illustrate  that  the  initial  guess  flow  field  does 
not  necessarily  need  to  closely  resemble  the  desired  optimum  to  obtain  acceptable  results.  The  difference  in  the  flow 
fields  for  the  target  and  initial  guess  nozzles  is  illustrated  by  comparing  the  centerline  Mach  number  profiles  for  the 
two  designs  (Fig.  82). 

A  sensitivity  analysis  on  the  geometric  design  parameters  indicated  that  the  objective  function  partial 
derivatives  were  very  sensitive  to  parameter  step  size  because  of  nonlinear  effects  and  numerical  error  inherent  in 
the  objective  funtion  evaluations.  Although  the  most  stable  step  size  determined  was  applied,  Broyden's  algorithm 
did  not  converge  to  the  global  minimum.  However,  the  Gauss-Newton  algorithm  was  successfully  applied  and  the 
optimum  was  reached  in  six  iterations  requiring  eighteen  function  evaluations.  Figure  89  illustrates  the  RP 
convergence  by  comparing  RP  Mach  number  profiles  along  the  y-axis  for  various  iterations.  The  achieved  reduction 
in  objective  function  and  the  design  parameter  convergence  is  depicted  in  Figs.  84  and  85,  respectively. 


3.4.  Unsteady  optimization 

In  order  to  design  new  helicopter  blade  airfoils,  an  optimization  technique  has  been  developed  at  ONERA  by 
H.  Bezard. 

The  method  results  from  the  association  of : 

-  an  unsteady  full  potential  code  [36] 

-  a  3D  unsteady  boundary  layer  code  from  R.  Houdeville  and  J.  Cousteix  of  the  ONERA-CERT /DERAT 
department 

-  the  CONMIN  optimization  code. 

The  design  variables  are  4  airfoils  with  a  thickness  to  chord  ratio  of  0.12  presented  Fig.  86,  the  first  one  the 
NACA0012  airfoil  being  used  as  the  initial  design. 

-  The  first  optimization  case  has  been  done  under  the  following  conditions  : 

•  Mach  number 


•  Angle  of  attack 


M  =  0.67  +  0  18sinijj 


q°  =  am°  -  3*25  sin  ip 

ip  being  the  azimuth  angle  (0  s  ijr  s  360°  and  the  5*  design  variable). 
•  Objective  function 

OBJ  =  Cd  wave  +  Cd  viscous 


Cd  are  the  mean  values  of  the  drag  components  given,  by  : 


C 


D 
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Cd.  and  M  being  the  drag  and  the  Mach  number  at  each  time  (azimuth)  step.  Cowave  is  obtained  through  the 
integration  of  the  unsteady  momentum  equation  over  a  contour  surrounding  the  shock  at  each  time  step  while 
CDviscous  is  obtained  by  applying  the  squire  and  Young  formulae. 

•  One  constraint  on  the  mean  value  of  the  Cl  _ 

CL  *  0  3 

The  optimization  history  is  presented  Fig.  87.  After  8  optimization  cycles  the  objective  function  has  decreased 
by  24  %  and  the  constraint  is  not  active.  55  unsteady  aerodynamic  computations  have  been  performed.  On  the 
figure  are  also  drawn  the  evolutions  of  the  design  variables  during  the  optimization  process.  The  overall  computing 
time  is  1  H  37  mn  on  a  CRAY-2  computer. 
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-  The  second  optimization  case  is  the  same  than  the  previous  one  with  a  second  constraint  applied  on  the 
maximum  unsteady  pressure  coefficient  value  : 


1C 


The  objective  function  has  been  modified  in  order  to  obtain  some  penalty  when  a  separation  appears  on  the 
airfoil. 


OBJ  —  (Cj)WBve  ■*"  C[)  % 

Xs  being  the  maximum  location  of  the  separation  (from  the  trai  ling  edege)  computed  during  one  cycle. 

For  that  case,  the  optimization  history  presented  Fig.  88  is  less  smooth  than  for  the  first  case  due  to  boundary 
layer  separation  apparing  during  the  optimization.  After  8  optimization  cycles,  the  constraint  nc  1  (CiJ  is  non  active 
while  constraint  n°  2  (|CP|)  is  just  active. 

On  Fig.  89  are  plotted  the  design  variables.  The  additional  constraint  influences  greatly  the  final  solution  as  it 
can  be  shown  by  comparirg  Fig.  89  and  Fig.  87. 

The  airfoils  contour  obtained  with  these  two  optimizations  are  plotted  on  Fig.  90.  The  airfoil  from  case  nc  2 
exhibits  more  camber  which  is  confirmed  by  the  pressure  distribution  computed  for  two  azimuth  angles  plotted 
Fig.  91. 

Fig.  92  compares  the  unsteady  aerodynamic  coefficients  of  the  two  airfoils  versus  the  azimuth  angle. 

The  viscous  and  the  wave  drag  mean  values  of  airfoil  n°  2  are  higher  than  those  of  airfoil  n°  1  which  has  been 
optimized  without  the  constraint  on  the  |Cp  minl  I  however,  a  separation  occurs  on  the  airfoil  upper  and  lower 
surfaces  for  a  large  rai  of  azimuth  angles  which  is  not  the  case  for  airfoil  n°  2. 

This  design  method  which  is  presently  under  development  will  certainly  in  the  near  future  become  a  powerful 
and  valuable  design  tool  for  unsteady  designs. 


4.  CONCLUSION 


Through  the  various  examples  presented  in  the  paper  it  has  been  shown  that  numerical  optimizations  may  be 
used  for  solving  a  lot  of  design  problems.  Even  if  the  computing  time  is  somewhat  higher  than  the  one  of  other 
design  techniques,  numerical  optimization  provides  generally  a  reduction  in  total  design  time.  The  major 
advantage  of  numerical  optimization  is  the  possibility  to  deal  with  a  wide  variety  of  design  variables  and 
constraints  and  yield  improved,  efficient  and  economical  designs. 

However  it  is  important  to  understand  the  limitations  of  optimization  techniques  and  use  these  methods  as 
only  one  of  many  tools  which  are  available.  It  can  seldom  be  guaranteed  that  the  optimization  algorithm  will  obtain 
the  global  design  optimum.  Therefore  it  may  be  necessary  to  restart  the  optimization  process  from  several  different 
points  or  with  different  design  variables  to  provide  reasonable  assurance  of  obtaining  the  global  optimum. 

As  it  is  said  in  [1],  expectations  of  achieving  the  absolute  "best"  design  will  invariably  lead  to  "maximum" 
disappointment. 
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Ftg.  1  -  Two -variable  function  space.  No  constraint.  Fig.  2  -  Two-variable  function  space  With  constraints 


Fig.  3  -  Search  in  direction  S. 


Fig.  4  -  General  unconstrained  minimization  strategy 
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Given:  X°.  f*.  *»!./) 
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Fig.  1 1  -  Algorithm  for  the  robust  feasible  directions 
method 


Fig.  13  -  Rosen  and  Suzuki  problem.  CONMIN 
convergen  e  history. 


Fig.  14  -  Rosen  and  Suzuki  problem.  F04VAF 
convergence  history. 


X»  =  X"  1  +  o*S« 


•  Polynomial  approximations 
i  Golden  section  method 


•  Random  search 

•  Powell’s  method 

•  Steepest  descent 

•  Conjugate  direction  method 

•  Newton’s  method 


•  Linearization  (simplex  method) 

•  Sequential  unconstrained  minimization  technique 

-  penalty  functions 

-  augmented  Lagrange  multiplier  method 

•  Method  of  centers 

•  The  method  of  feasible  directions 


Fig.  12  -  Summary  of  the  main  optimization  algorithms. 


Optimuad  PV39GEO 
Ci -0  344 


Fig.  25  -  Variation  of  Co  as  a  function  of  the  Mach 
number,  at  Cl  —  0.55,  for  the  PV39GEO  and  optimized 
PV39GEO  airfoils,  at  Re  =  4.10*. 


Fig.  26  -  HOR07  airfoil  computed  performances  in  take 
off  conditions 
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Fig.  24  -  Comparative  aerodynamic  characteristics  of  the 
PV39GEO  and  optimued  PV39GEO  airfoils,  for  Mach 
0.76  and  Re  =  4.10 * 


Fig.  30  -  Co  -  os  -  Optimization  iteration. 


Fig.  27  -  HOR07  airfoil  computed  performances  in  cruise 
conditions. 


Fig.  28  -  HOR07  and  optimized  HOR07  airfoils  : 
experimental  performances  in  take-off  conditions. 


Fig.  29  -  HOR07  and  optimized  HOR07  airfoils  : 
experimental  performances  in  cruise  conditions. 


Fig.  31  -  Ci,.  Cm,(YlC)]  (65  %)  and  ( Y  C)2(85  vs 
Optimization  iteration. 


Fig.  32  ■  Basis  and  final  airfoils. 


10-3 


i 


Fig.  33  b  -  Off -design  performance  Cm  -  us  -  Cl  (M  =  0.25) 


Fig.  33a  -  Off -design performance C[)  -  vs  -  Cl( M  —  0.25). 


Fig.  33c  -  Off  design  performance  C o  -  as  -  M  (a  =  0).  Fig  33d  -  Off -design  performance  Cm  -  vs  -  M  (a  =  0) 


Fig.  34  -  Optimization  of  a  rectangular  wing.  Drag 
minimization.  Constraint :  Cl  2  ClO- 
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-1.2 


M  *  0.750  a-1.26  CL  -  0.500  CD  *  0  0142  CM  * -0  042 
COW -0.0051  CDF  *  0  0091  1/0  =  35  13 

Fig.  35  Case  2.  Viscous  analysis  of  original  airfoil  with 
KGBJ 


Fig.  36  Case  2.  Geometry  previously  designed  airfoil: 
geometrically  and  aerodynamically  unacceptable. 


M_  •  0  8 


Fig.  37  -  Case  2.  Comparison  ofTRO-2D  drag  optimized 
airfoil  to  previous  design. 


M  •  0.750  a  ■  !.51  CL  -  0.500  CD -0.0101  CM- -0  020 
COW  -00021  CDF -0.0080  L/0  -  49.45 


Fig.  33  Case  2.  Viscous  analysis  of  TRO  2D  design 
using  KGBJ 


Fig.  39  ■  Viscous  airfoil  te  't  case. 
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Fig.  50  ■  OA  ULM01  and  OA  ULM02  airfoils.  Lift  and 
pitching  moment.  Experimental  data. 


Fig.  47  -  Optimization  history 


Fig.  51  -  Starting  and  best  design  of  flap  position 
optimization. 


Fig.  48  -  OAULMOl  and  OAULM02  airfoils.  Computed  Fig.  52  -  Lift  and  slot  width  depending  on  flap  position, 
suction  side  shape  factor. 


Fig.  53  -  Optimization  progress  of  flap  position 
optimization. 


Fig.  49  ■  OAULMOl  and 0AULMQ2 airfoils.  Pressure 
distributions.  M  =  0.12,  Re  -  1.4. 106. 
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Fig.  59  ■  Performances  of  OA2 1 3  and  OA312  airfoils. 
Experimental  data. 


F ig.  63  -  Airfoil  distribution  along  the  span  vs.  the  n 
coefficient. 


Fig.  60  ■  OAF102  airfoil  evolution  of  the  Ci.  maj  with 
Mach  number  and  Reynolds  number. 


Fig  61  -  OAF102  airfoil.  Experimental  data  M  ~  0.62, 
Re  =  1.10 «. 


Fig  64  -  Performance  gain  unth  the  optimized  blade 
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Fig.  66  -  Drag  minimization  by  wing-twist  optimization. 
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AIRFOIL  SHAPE  AND  PRESSURES 
AFTER  OPTIMIZATION  RUN 

ORIGINAL  CESSNA  AIRFOIL  AND 
PRESSURE  DISTRIBUTION 


c)  90. 9J  span  station. 


Fig.  72  -  Concluded 
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Fig.  73  -  Coefficient  of  drag  ( X  100)  versus  Mach  number 
for  the  original 

and  optimised  wing  -  Cessna  650  case.  C[,  -  0.506 


00  01  03  03  04  0A  00  01  00  0*  10 

(•)  propeller- Induced  tangential  velocity 


Fig.  74  -  Propeller-induced  velocities. 


Fig  76  -  Effects  of  the  horizontal  propeller  location  on  the 
minimum  induced  drag. 
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Fig.  80  -  Optimized  unrig. 


Fig.  71  -  Optimization  of  a  four-engtned  jet  aircraft  wing  CROSS  stC’iO** 

taking  into  account  the  effects  of  the  propulsive  system.  ^ 


Up  ftHuktfinM  wiM  wtttt})  8  -  INITIAL  GUESS  PROFILE 

-  (unmi  m,*j,  C  -  1ST  ITERATION  PROFILE 


£  0  -  6TH  ITERATION  PROFILE 

Fig.  78  Wing  Cp  disturbance  due  to  the  engines  2 


Fig.  79  ■  Examples  of  geometrical  modification  functions 
for  the  optimization. 
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Fig  86  -  Airfoil  library  for  unsteady  optimization. 


Fig  85  •  3  -D  nozzle  parameter  convergence. 


Fig.  87  -  Case  n°  1  Convergence  history. 
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Number  of  analysis  computation 


Fig.  88  -  Case  n°2.  Convergence  history. 


Case  no  1 : 


Objective;  Cp  w^ve  +  Cp  vsci 
Constraint  CL  Z  0.3 


Case  no  2- }  0b|ecttve:  _?D  wave  +  Cp  viscous  *  separation 
'  I  Constraint  CL  >  0.3  and  max|Cp  S  2 


-  jo- 


Fig.  90  ■  Unsteady  optimized  airfoils. 


- Optimized  airfoil  no  2  l  q~  >  q  3 

Optimized  airfoil  no  1  J  L 


Fig  91  -  Unsteady  pressure  distribution,  optimized 
airfoils. 


Airfoil  A 


Airfoil  C 


Number  of  analysis  computation 

*9  34  is  »S 


Airfoil  B 


Number  of  analysis  computation 
'  39  IS  94 


Fig.  89  -  Case  n°2.  Design  variables  evolution. 
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CONSTRAINED  SPANLOAD  OPTIMIZATION 
FOR  MINIMUM  DRAG  OF  MULTI-LIFTING-SURFACE  CONFIGURATIONS 

R.F.  van  den  Dam 

National  Aerospace  Laboratory  NLR 
P.0.  Box  90502  Amsterdam  The  Netherlands 


SUMMARY 


This  paper  presencs  a  practical  method  for  the  determination  of  optimal  spanloads  for 
tnulti-lifting-surface  configurations.  It  comprises  algorithms  for  choosing  the  spanwise  distributions 
of  lift,  pitching  moment,  chord  and  thickness  - to-chord  ratio  of  lifting  elements.  The  choices  are 
optimal  in  that  they  minimize  induced  plus  viscous  drag  while  satisfying  constraints  of  aerodynamic, 
flight -mechanical  and  structural  nature.  The  configuration  that  can  be  dealt  with,  may  consist  of  a 
number  of  segments  representing,  for  instance,  wings  or  parts  of  wings,  horizontal  tails  or  canards, 
winglets,  flaprail - fairings ,  etc.  Also  the  Interaction  between  propellers  and  lifting  elements  may  be 
included  in  the  procedure. 

The  induced  drag  is  computed  using  the  Trefftz -plane  integral  (farf ield-analysis) ,  while  the 
viscous  drag  folVvs  from  form  factor  methods.  Novel  mathematical  formulations  of  the  constrained 
optimization  problem  are  used,-  that  are  based  on  the  calculus  of  variations.  The  method  can  be 
used  as  a  first  step  in  the  inverse  numerical  optimization  approach  to  provide  a  starting  point 
for  the  specification  of  target  pressure  distributions.  These  target  pressure  distributions  are 
then  used  by  an  inverse  code  to  determine  the  corresponding  geometry.  This  paper  presents  the 
theoretical  models  and  methods  underlying  the  analysis  and  optimization  capability,  comparisons 
with  other  theories,  and  some  examples  of  application. 


1  INTRODUCTION 

The  success  of  an  aircraft  design  depends  largely  upon  finding  an  optimal  balance  between  the 
contributions  of  the  disciplines  involved.  Moreover,  many  of  the  benefits  from  emerging  technologies 
can  only  be  fully  exploited  through  their  interactions  with  other  disciplines.  Good  examples  of  these 
are  the  technologies  of  active  control  and  composites  which  make  it  possible  to  design  aircraft  with 
forward  swept  wings  and  relaxed  static  stability.  In  order  to  find  an  optimal  balance  between  the 
contributions  of  the  disciplines  and  to  take  maximum  advantage  of  technology  advances,  the 
interactions  should  be  identified  and  quantified  before  the  main  decisions  concerning  the  overall 
configuration  design  are  made.  This  implies  the  necessity  of  developing  the  analysis  and  design 
capability  to  a  suitable  breadth  and  depth  for  earlier  application  in  the  design  process.  Increased 
breadth  means  the  inclusion  of  the  appropriate  spectrum  of  disciplines  and  new  technologies  early  in 
the  design.  Increased  depth  in  the  early  design  stage  is  required  to  assure  that  the  interactions  are 
correctly  quantified  before  the  main  decisions  are  made.  An  example  of  developing  methods  of  this 
nature  is  the  method  for  drag  minimization  studies  described  in  the  paper. 

Minimization  of  (aerodynamic)  drag  is  an  important  goal  In  aircraft  configuration  design  studies 
as  it  helps  to  improve  upon  fuel  efficiency.  In  these  studies,  It  has  been  common  practise  to 
decompose  the  aircraft  drag  in  components  that  are  to  a  large  extent  independent.  Computational  Fluid 
Dynamics  have  created  possibilities  for  drag  breakdown  that  Is  based  on  physical  principles  (Sect.  2.3 
of  Ref.  1).  In  such  a  breakdown  it  is  convenient  to  distinguish  between  viscous  (boundary  layer)  drag, 
induced  (or  vortex)  drag  and  wave  drag. 

With  respect  to  the  choice  of  independent  variables  in  drag  minimization  problems  one  may 
distinguish  different  approaches.  One  is  to  use  parameters  defining  the  geometry  as  the  independent 
variables  (direct  numerical  optimization).  While  this  approach  is  feasible  in  two  dimensions  (see  e.g. 
Ref.  2)  it  is  hardly  so,  at  present,  in  the  case  of  three-dimensional  configurations  because  of  the 
lack  of  accuracy  In  the  available  three-dimensional  codes  in  combination  with  the  limited  computer 
power  available  (Ref.  3). 

Yet  an  alternative  approach  may  be  adopted,  namely  the  use  of  aerodynamic  (load  and  pressure 
distributions)  rather  than  geometric  shape  functions  as  independent  variables  (Ref.  4).  This  approach, 
called  Inverse  numerical  optimization  (see  Fig.  1),  involves  the  successive  determination  of  optimal 
target  spanloads  (using  methods  as  described  in  the  paper),  target  pressure  distributions  (optimal 
with  respect  to  the  specified  drag  characteristics  and  providing  the  prescribed  spanloads),  and 
corresponding  lifting-surface  geometries  (using  an  inverse  code).  This  process  is  repeated  until  a 
geometry  Is  obtained  having  acceptable  performances  for  all  flight  conditions. 

This  paper  concerns  the  first  step  in  the  inverse  numerical  optimization  approach:  the 
determination  of  optimal  spanloads.  In  literature,  various  theoretical  methods  can  be  found  for 
determining  spanloads  for  minimum  drag.  Almost  all  of  them  consider  induced  drag  only  in  determining 
optimal  spanloads  (see  e.g.  Ref.  5,  6,  7).  Inclusion  of  other  drag  components  in  the  optimization 
procedure  can  produce  substantially  different  minimum  drag  spanloads  compared  with  induced-drag-only 
results . 


Methods  that  extend  the  induced  drag  minimization  theory  to  Include  other  components  as  well,  and  can 
be  used  in  preliminary  aircraft  design,  are  the  subcrltical  design  ~ode  of  Kuhlman  (Ref.  8)  and  the 
transonic  optimization  scheme  of  Mason  (Ref.  9). 

The  method  described  in  this  paper  provides  capabilities  for  choosing  the  spanwise  distributions 
of  lift,  pitching  moment,  chord  and  thickness-to-chord  ratio  of  lifting  elements  of  an  aircraft 
configuration.  The  choices  are  optimal  in  the  sense  that  they  minimize  induced  plus  viscous  drag,  or 
Induced  drag  only,  while  satisfying  constraints  on,  for  example,  pitching  moment  and  section  lift 
coefficients.  Determining  minimum  dTag  spanloads,  also  the  interaction  between  propellers  and  lifting 
elements  may  be  included  in  the  procedure.  With  an  optimal  spanload,  the  wing  can  restore  much  of  the 
(rotational)  energy  loss  associated  with  propeller  swirl  (Ref.  10,  II).  The  method  may  provide  direct 
Input  for  more  detailed  aerodynamic  design  (e.g.  the  inverse  numerical  optimization  procedure),  but 
may  also  be  used  for  parametric  airplane  configuration  design  studies.  In  these  parametric  design 
studies,  the  method  Is  used  to  quickly  assess  the  consequences  of  changes  in  the  configuration  of 
(complex)  aircraft. 

In  the  following  sections,  an  outline  of  the  analysis  and  minimization  technique  developed  is  pre¬ 
sented.  Comparisons  with  other  theories  are  given  and  the  capabilities  of  the  method  will  be  illustra¬ 
ted  by  some  examples  of  application. 


2  FORMULATION  OF  THE  PROBLEM 

It  is  assumed  that  the  projection  of  the  aircraft  configuration  onto  a  plane  perpendicular  to 
the  flight  direction  can  be  approximated  by  a  number  of  straight  line  segments,  representing  the 
various  elements  of  the  configuration.  An  example  is  shown  In  figure  2(a).  The  geometry  description 
can  include  wings  (or  parts  of  wings),  tailsurfaces ,  pylons,  winglets,  etc.  The  planform  geometries  of 
the  configuration  lifting  elements  can  be  described  by  the  spanwise  distributions  of  chord-length, 
together  with  the  coordinates  of  the  I/4-cho»*d  point  locations,  defining  the  planform  sweeps  (see  Fig. 
2(b)).  The  vortex  sheets  aft  of  the  configuration  are  assumed  to  remain  undistorted.  The  latter  can  be 
argued  to  be  a  reasonable  approximation  in  the  case  of  planar  optimal  spanloads.  It  Is  assumed  that 
this  also  holds  for  optimal  spanloads  of  non-planar  configurations.  The  airplane  lift  and  drag  are 
thought  of  as  being  composed  of  wing,  tail  and/or  canard,  fuselage  and  nacelle  contributions,  as 
illustrated  in  figure  2(c).  The  lift  of  the  fuselage  Is  modelled  using  the  principle  of  lift  carry¬ 
over  from  the  wing,  resulting  In  a  constant  distribution  of  bound  circulation  of  the  fuselage  width. 

If  the  interaction  between  propellers  and  lifting  elements  has  to  be  considered  as  well,  each 
propeller  Is  assumed  to  shed  a  helical  vortex  sheet  that  Is  not  Influenced  by  the  presence  of  the  wing 
(Ref.  12),  and  that  Is  confined  inside  a  cylindrical  "stream"  tube  parallel  to  the  flight  direction. 
The  velocity  distribution  inside  the  slipstream  has  to  be  known  for  a  specified  propeller  and  required 
thrust . 

The  following  problems  are  to  be  addressed: 

-  determination  of  optimal  spanwise  lift-distributions  plus,  if  applicable,  spanwise  pitching 
moment  distributions  that  result  In  either  minimum  induced  drag  or  minimum  induced  plus  viscous 
drag.  In  this  procedure,  constraints  may  be  imposed  on  total  pitching  moment  (trimmed  aircraft), 
section  liftcoef ficients  (feasible  airfoils),  rolling  moment  and,  if  applicable,  bending  moment. 
A  part  of  the  total  spanwise  lift-distribution  may  be  specified  in  advance.  In  that  case,  the 
Induced  (plus  viscous)  drag  Is  to  be  minimized  by  adjusting  the  remaining  part  of  the  lift- 
distribution. 

computation  of  the  Induced  (plus  viscous)  drag  for  given  (non-optimal)  spanwise  lift 
distributions.  For  Instance,  to  quickly  quantify  the  penalties  that  arise  from  the  use  of  non- 
optlmal  loadings,  to  determine  the  performance  under  off-design  conditions,  or  to  estimate  the 
Induced  drag  associated  with  flap  deflection. 


3  DETERMINATION  OF  DRAG  AND  LIFT 

The  aircraft  is  assumed  to  fly  with  a  constant  velocity  in  a  uniform,  inviscid  and  irrotational 
medium.  An  expression  for  the  Induced  drag  in  the  Tref f tz-plane  can  be  derived  by  applying  the 
momentum  theorem  to  a  control  surface  enveloping  the  aircraft  (Ref.  4,  13).  Consider  a  control  surface 
S  of  the  type  as  Indicated  In  figure  3.  Several  subsurfaces  of  S  can  be  distinguished:  the  Trefftz 
plane  (S  ) ,  a  similar  plane  fat  upstream  <S  ),  the  top  and  bottom  plane  (Sm) ,  the  body  surface  (S-), 
the  shoctwave  surface  (S  ),  the  vortex  shee¥  surface  (S  ),  the  propeller  surface  (S  )  and  the  slip¬ 
stream  surface  (Sg^)  .  application  of  the  conservation  laws  of  momentum  leads  to  the  integral 
expression: 

i  {  pn  +  puq  }  dS  -  0,  (1) 

S  * 

where  S-S  +S_+S  +S_+S  +  S  +S.+S. 

uT®Bpv8ls 

♦  -* 
p  is  the  (local)  static  pressure,  q  is  the  total  velocity  vector,  p  is  the  density,  n  is  the  ynlt 
outward  normal  to  the  control  surface,  and  u  is  the  component  In  the  free-stream  (x-)direction  of  q. 
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Splitting-off  the  body  pressure  Integral  and  realizing  that  q  ■  0  on  S  leads  to  the  following 
expression  for  the  total  pressure  drag  of  the  aircraft:  n 

D  *  (J  pn^  dS  -  f  (pn^  +  Pu<Jn)  (2) 


Working  out  this  expression  and  splitting-off  the  wave  drag  Integral  the  following  Tre f f tz-p lane 
integral  for  Che  induced  drag  can  be  derived  (see  Ref.  14): 

f  (H-lOu  1  n  . 

Dj  *  /  Up-p  )  +  p(u-u  )u  -  p  - - — -  \  dS  -  r  7  (^).  (3) 

ST  1  u.  >  1-1  u 

H  represents  the  stagnation  enthalpy.  D  is  the  slipstream  diameter,  J  is  the  propeller  advance  ratio 
(■  u^/JD,  where  u  is  the  propeller  angular  velocity),  Q  Is  the  propeller  torque  and  n  Is  the  number 
of  propellers.  p 

Assuming  small  perturbations  in  the  Tref f tz-plane ,  the  flow  being  isentropic,  and  using  the  law 
of  Blot-Savart,  equation  (3)  may  be  worked  out  further  to  obtain  (see  again  Ref.  14): 


Dj/o,,  -  |  J  r(n)vn(r;)dn  +  J  r(i)(f  ,.')d,  t  5  c‘sr(f  J 


Svn(ST  +ST  > 
II  III 


— 5  {  i  J  5  .5  ds  -  tp  -L-  <2>  l. 

u2  l  2  si  p  p  i-i  Ji  D  *  I 


T  is  the  bound  circulation,  v  is  the  velocity  induced  in  the  Tref f tz-plane  normal  to  the  vortex  sheet 
segment,  and  $  -  (u  ,v  ,w  )n  is  the  (fixed)  perturbation  velocity  in  the  slipstream  of  an  isolated 
propeller,  n  denotes  Ptha  distance  (spanwise  parameter)  along  S„oS  .  The  last  term  in  equation  (4) 
represents  the  magnitude  of  the  "swirl  loss"  of  the  propeller,  in  the  first  right-hand  term  of 
equation  (4)  the  integration  is  performed  over  all  lifting  elements,  in  Che  second  term  the 
Integration  is  performed  over  the  lifting  elements  in  the  slipstream  only.  The  local  trailing  vortex 
sheet  strength  is  equal  to  the  derivative  of  the  bound  circulation  at  that  spanwise  position;  so, 
using  the  law  of  Biot-Savart,  the  following  expression  for  v  can  be  derived: 

ti 


v  (n) 
n 


f  dr(r) 

2  7T  1  dT 


n(n) . (r(x,n)  x  e  ) 
|r(x,n> |2 


dx 


(5) 


Again,  the  line  integral  is  taken  over  the  projections  of  «- . ;  lifting  conf  igurat ion  elements 
onto  the  Tref f tz-plane .  n(n)  is  the  unit  vector  normal  to  the  position  n,  and  e  is  the  (downstream 
directed)  unit  vector  along  the  x-axis.  The  vector  rtx.r,}  denotes  the  vectorX  from  the  spanwise 
position  t  to  the  spanwise  position  n-  Integrating  by  part:  with  resm*^  to  t.  equation  (51  can  be 
rewritten  into: 


v  (n)  ■  S  u  /  f(T,n)  T  t)  dx 
n  ref  ®  1 


(6) 


f  (t,o! 


,  n(n) . (r (x ,n)  x  e  ) 


r(x,n)  | 


2  / 


(7) 


The  other  term  at  the  right  side  of  (6)  has  disappeared  since  r  =  0  at  the  >'ree  end  of  a  lifting 
element.  Substitution  of  (6)  in  (4)  yields: 


(f  f(r,n)  fCt)  f(n)  dxdn  + 


-j  f  r(n)(Vp(n).n(n))dr.  +  C 


(8) 


Thus,  the  optimal  circulation  distribution  may  be  computed  with  the  propeller  and  wing  located 
both  far  upstream,  eliminating  the  3D-computation  of  velocities  induced  by  the  wing  on  the  propeller 
and  by  the  propeller  bound  vorticity  on  the  wing.  In  fact,  this  expression  underlines  the  correctness 
of  the  postulation  of  reference  10  concerning  the  generalisation  of  the  stagger  theorem  of  Munk.  The 
generalized  version  of  the  stagger  theorem  allows  the  farfield  computation  as  it  states  that  also  for 
propeller-wing  combinations  the  "net  force  In  the  streamwise  direction  is  independent  of  the 
streamwise  position  of  lifting  surfaces  with  a  given  circulation  distribution". 
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Viscous  drag 


The  viscous  drag  is  derived  for  given  airfoil  characteristics.  These  airfoil  characteristics 
define  the  viscous  drag  at  each  spanwise  station  as  a  function  of  the  local  section  lift  coefficient. 
An  expression  for  the  viscous  drag  can  be  derived  using  the  (2D,  incompressible)  DATCOM/Hoerner 
formulae : 


vise 


f  1  +  k (t/c)  +  100  (t/c)*1  j  . 


ref 


(9) 


C  denotes  the  flat  plate  friction  e'et l'icient  (depends  on  location  of  transition  point  and 
local  Reynolds  number,  see  Ref.  14)  and  is  the  thickness  location  factor  (depends  on  locarion  of 
maximum  thickness),  t/c  represents  the  thlckness-to-chord  ratio.  For  common  airfoils,  the  wetted 

surface  S  is  about  twice  the  reference  surface  S 

wet  ref 

Applying  thin  airfoil  theory  and  considering  the  velocity  distribution  and  the  drag  contribution 


distributions, 

see  Fig. 

4) 

,  expression 

(9)  can  be 

written  in  the  form: 

Cd 

vise 

CF  {' 

+ 

V“t 

+  u?) 

+  lor 

+  st)4  }  ’ 

up 

f 

(10) 

+ 

Sc  l1 

+ 

klo("t 

"  5 1) 

+  100 

-  Gt>  } 

u^  and  u£  represent  average  perturbation  velocities  as  a  result  of  airfoil  thickness  and  lift, 
respectively: 


4 


(t/c)  cos  A 

B 


- 27 

COS  A 


(11) 

(12) 


coefficient  that  is  linked,  according  to  the  Kutta-Joukowskl  theorem,  to  the  bound  circulation  (see 
eq.  15).  Substitution  of  (11)  in  (10)  leads  to  an  expression  for  the  viscous  drag  as  function  of  C£ 
and  t/c.  It  is  plausible  to  assume,  on  the  basis  of  DATCOM’s  formulae,  that  k  varies  continuously  with 


0.3 


8.26 


-c-0-1  ) 


Using  this  formula,  k 
formulae . 


2  for  x_/c  -  0.3  and  k 


0.8,  which  corresponds  with  DATCOM's 
In  the  C£-range  of  interest,  the  viscous  drag  function  (10)  is  approximated  by  a  polar  of  the 


Cd  (Cj( r(n) ) )  .  c*  +  K*rcr  c^2,  <n> 

vise 

*  A  A 

where  the  factors  K  and  C£  follow  from  a  least  square  fit  to  the  function.  Integration  results 

In  the  total  viscous  profile  drag: 

Cd  (r(1),n)  C(ri) 

C  .  J  -  d„.  <U) 

vise  ref 


Expressions  for  lift  and  moments 

An  expression  for  the  local  lift  follows  from  the  Kutta-Joukovski  theorem  applied  in  the  lift 
direction : 


Ct(n)  -  g*(n)  r(n) 


where 


2  cos(0(n)) 
u(n)c(n) 


(15) 


u(n)  is  the  local  upstream  velocity  for  a  lifting  element  at  the  position  n.  if  (a  part  of)  the 
lifting  element  is  situated  in  the  slipstream,  u(n)  differs  from  the  undisturbed  velocity,  ^(n) 
denotes  the  dihedral  angle.  The  total  lift  of  the  configuration  follows  from  integration: 


CL  *  /  gj(h)  T(ri)  dn  where 


g.C^) 


2  cos(^(n))  u(n) 

S  ui 

ref  ® 


(16) 
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If  the  section  pitching  moment  distribution  is  not  given,  it  can  be  deduced  from  the  pressure 
recovery  point  locations.  For  the  class  of  pressure  distributions  given  In  figure  4,  the  next 
expression  for  the  section  pitching  moment  C  w.r.t.  the  quarter  chord  point  x  can  be  derived: 


C  (Cf)  -  c*  -  A*  Cj 

m  1  m  *> 

where 

„*  l  4  (t/c)  cos  A  ^  /.  'l 

/  V 4  “  a2a3  \ 

Cm  ml  v  tt  1 

*  1  -  cos  A 

l  a,  +  a2  / 

\  a,  +  a*  / 


(17a) 


(17b) 


( I  7c) 
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Cji  follows  from  (15).  m.  and  m.  are  known  constants.  With  the  section  pitching  moment  defined  with 
respect  to  the  quarter-<h\ord  point,  the  total  contribution  of  the  lifting  elements  to  the  aircraft 
pitching  moment  w.r.t.  the  centre  of  gravity  then  follows  from: 


St 


-  I  g,(")  rC0  d"  +  - - - 5  f  C*(D)  c2(n)  U2(1)  dn 


(18a) 


2  u(n) 


(x„  _  -  x./aC’)  -  A  Cl'C))  cos(*(1)) 


2  '  c.g.  1/4 


(18b) 


c  f  denotes  the  length  of  the  reference  chord,  and  x  is  the  longitudinal  coordinate  of  the 

configuration  centre-of-gravity.  t'*8' 


If  the  aircraft  configuration  is  asymmetrical,  (e.g.  a  configuration  with  propellers  all  rotating  in 
the  same  direction),  a  rolling  moment  constraint  CR  w.r.t.  the  point  ^  -  0  (in  the  plane  of  symmetry) 
may  be  imposed: 


cR  -  I  g3(n)  r(n)  dn 

where 


g3(^) 


2  u(n) 

Srefbref 


u 


2 


{y(n>  -  y(0)>  cos  (*(n))  +  (z(H)  ..  z(0)>  sin  (^(H)) 


(19a) 


(19b) 


b  ,  is  the  reference  span.  Note  that  the  rolling  moment  coefficient  equals  0  If  the  aircraft 
configuration  Is  symmetrical. 


Limitation  In  design  cg,  t/c,  and  M 

In  order  to  ensure  that  the  computer  program  works  wi*-h  feasible  airfoil  characteristics,  a 
relation  defining  feasible  combinations  of  (design)  lift  coefficient,  (design)  Mach  number,  wing 
thlckness-to-chord  rario  and  pitching  moment  coefficient  may  be  formulated.  For  supercritical 
airfoils,  a  graphical  representation  of  such  a  relation  between  t/c,  c»  and  M  is  given  in  figure  5  for 
c  *  -.110.  Data  tor  other  c  -levels  follow  from  the  relation  &(t/c)/°c  **  -0.6.  The  relation  can  be 

considered  to  represent  a  ^condensed"  section  characteristics  data  base  for  a  feasible  class  of 
supercritical  airfoils.  This  class  is  described  by  a  relation  between  allowable  combinations  of  design 
c4>  M,  t/c.  c  .  The  data  base  holds  for  2D-airfoils.  If  a  sweep  angle  A  is  applied,  the  3D-values  have 
to  be  calculated  from  the  2D-values  using  the  relations: 

Cj(3D)  -  Cj(2D)  cos A  ,  <^(30)  *  cos2\ 

-  (3D)  -  i  (2D)  cos*  ,  M  (3D)  -  M  (2D)/co8A. 

c  c 

The  data  base  is  used  when  imposing  (local)  lift  coefficient  constraints  in  drag  minimization 
procedures.  In  the  case  that  the  user  provides  pitching  moment  coefficient  distributions,  the 
combination  of  t/c,  M  and  c  directly  leads  to  the  upper  limit  of  the  allowed  range  for  the  (design) 
lift  coefficient.  If  the  pitching  moment  coefficients  are  not  directly  specified,  the  combination  of 
t/c  and  M  only  results  in  a  feasible  c  -c#  area.  In  that  case,  the  pitching  moment  coefficient 

m  *■ 
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distribution  may  be  defined  by  relation  (17),  which  further  restricts  the  possible  combinations  of  c 
and  in  this  feasible  atea.  Both  cffl  and  are  then  found  as  part  of  the  solution.  m 

It  is  emphasized  that  the  "data  base"  of  feasible  characteristics  is  representative  for  a 
certain  class  of  airfoils.  The  user  should  check  whether  this  data  base  is  compatible  with  his  own 
experience.  If  required,  the  relation  may  be  modified  to  his  own  experience. 


4  DRAG  MINIMIZATION 
General 


The  numerical  optimization  of  drag  is  based  on  an  approach,  in  which  the  evaluation  of  double 
Integrals  (see  eq.  8)  is  avoided.  This  is  realized  by  first  deriving  analytically  the  necessary 
optimality  equations  before  doing  any  discretization.  Discretization  of  the  bound-circulation 
distribution  in  the  (single)  integrals  is  performed  starting  from  these  analytical  necessary 
optimality  equations. 


Analytical  necessary  optimality  equations 

The  drag  minimization  problem  can  be  stated  as  follows:  determine  the  function  r(n)  that  mini¬ 
mizes  the  functional  subject  to  constraints  Imposed  on  C^,  and,  if  required,  on  CR: 

i  "vise 

0 

0  (20) 
0 

Also  C^(n)  may  be  constrained: 

G, (n)  -  C  (n)  -  C,  (n)  s  o  ,  Vn.  (21) 

H  des 

C  ,  C  and  the  (dimensionalized)  propeller  torque  C  are  prescribed  values  for  C  (eq.  16), 
aes  Mdes  Q  L 

(eq.  18)  and  (eq.  19).  (n)  follows  from  the  relation  between  c^,  t/c,  and  M  as 

des 

described  in  the  preceding  section.  Expression  (8)  and  (14)  specify  the  induced  drag  Cp  and  viscous 

drag  Cp  ,  respectively.  1 

vise 

The  problem  may  be  solved  through  the  Introduction  of  Lagrange  multipliers.  That  Is,  the 
augmented  integral 


3 

I  -  CD  +  c0  +  r  Aj  c(  +  /  u(n)G4(n)  dn 

1  vise  1"1  ’ 

is  formed,  where  the  Lagrange  multipliers  A.  (i  ■  2,3)  and  y(n)  are  to-  be  determined.  The  next  step 
towards  the  solution  of  the  optimization  problem  is  to  write  T(n)  -  T(n)  +  6T(n),  and  to  form  the 
first  variation  61  of  I  with  respect  to  variations  of  T(n), 


«I  -  I  [2  J  f ( T, n)  r(i) 


(V  (n)  .n(n)) 


IT2  P 


+  2  If  (n)  g{  (n)  r(n)  -  2  K  (nlg^nK^n)  +  ^  ^(n)  +  u(n)gj 


(n) 


6T(n)  dn 


(22) 


In  this  variation,  the  parameters  V  ,  K  and  C#>  and  all  geometry-related  parameters,  have  fixed 

P  1 


The  necessary  condition  for  the  minimization  of  I  is  that  the  first  variation  vanishes.  This 
condition  holds  for  any  arbitrary  function  6T(n),  hence  the  term  between  brackets  in  (22)  must  vanish 
at  all  spanvl8e  positions.  In  fact,  this  necessary  condition  for  the  minimization  of  I  is  nothing  else 
but  the  Euler-Lagrange  equations  of  variational  calculus.  Upon  substitution  of  the  expression  (6)  for 
f (t, n) ,  the  condition  can  also  be  written  in  the  form: 

-  --  2-  (  V„( n)  +  Vp(n).n(-^  +  2K*(n)g*\n)  r(n)  -  2K?n)g*(n)C*(n)  +  I  ^8,(1)  .  u(n)g*(n)  -  0 
Sr.fu-  1-1  (23) 

that  must  hold  for  all  n.  In  combination  with  the  constraint  relations  (20)  for  C^*  C^,  and  C^,  and  the 
constraint  for  C  ^(  n)  written  in  the  form  “ 
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M(n)(C.(n)  -  c9 


u(n)  a  o. 


the  optimal  bound  circulation  is  determined. 

It  may  fce  noted  that,  if  only  the  Induced  drag  is  minimized  (K  -  0)  in  a  flow  without  propeller 
slipstreams  (V  -  0)  and  imposing  the  total  lift  constraint  only,  the  necessary  condition  reduces  to 
Munk's  criterifim  for  minimum  induced  drag  (Ref. 15) 

— P  v„<n>  +  Me,  -  c,  )  -  o  ,  Vn 

Sret"~  des 

In  words,  "the  induced  drag  will  be  a  minimum  when  the  component  of  the  induced  velocity  normal 
to  the  lifting  element  at  each  point  is  proportional  to  the  cosine  of  the  dihedral  angle  of  the 
lifting  element  at  that  point  (v  -  w^  cos  V)", 

Numerical  approach 

The  necessary  optimality  conditions  (23)  for  the  drag  minimization  Includes  an  Integral 
expression  for  v  .  Direct  integration  can  be  done  analytically  only  for  the  most  simple  bound 
circulation  distributions.  Thus,  to  solve  the  Integral  equation  (23)  by  approximation,  it  is  necessary 
to  assume  a  priori  a  convenient  shape  of  the  bound-circulation  distribution  function  f(n).  The 
discretization  model  adopted  here  is  the  same  as  that  utilized  by  Kuhlman  (Ref. 7)  viz.  a  piecewise 
quadratlcally  varying  bound  circulation: 


*  P  S  h1 


where  h  is  the  half-width  of  the  panel  i.  P  is  the  panel  coordinate:  P  ■  0  coincides  with  the  panel 
midpoint,  while  P  is  positive  if  located  outboard  of  this  point.  Y  and  denote  the  trailing 
vortex  sheet  strength  at  the  panel  ends.  Using  this  discretization  model  and  a  suitable  panel-spacing 
technique,  sufficiently  accurate  solutions  can  be  obtained  with  a  relatively  small  number  of  panels. 

The  Integral  expression  (5)  for  the  normal  velocity  v  can  be  written  as  a  summation  of  panel 
integrals.  Upon  substitution  of  the  discretization  model,  tne  following  expression  for  v  Induced  at 
panel  j  and  at  a  distance  t  from  its  midpoint  can  be  derived  from  (5)  and  (25): 


I  2k  V  Vl  r1 

£  - — p  J  A(P,T)dO 


Y  -  T  "l 

/  PA(P,T)dP 


n(Y)  .  (r(P,T)  x  ex) 

lr(P,Y)|2 


UV  V 


The  summation  Is  performed  over  all  (2k)  panels  at  both  sides  of  the  (xz-)  plane  of  symmetry. 
The  Integrals  In  equation  (26)  over  each  individual  panel  are  evaluated  analytically. 

From  equation  (25)  follows 


£o)  -  r (hj) 


(-hlS  x  S  hj) 


r  (h  )  -  -  £  (Y  +  Y  )  h  . 
i  m— i  m  m 


The  summation  is  performed  over  all  panels  located  outboard  panel  i. 

Application  of  the  necessary  condition  (23)  at  all  panel  midpoints,  using  expressions  (26)  and  (27) 
for  v  and  r  respectively,  then  results  in  2k  relations  for  the  unknown  trailing  vortex  sheet  strength 
valued  Y^  and  Lagrange  multipliers  and  u  : 


2k  3 

r  Bn  Yi +  E  8t 


"3*11  ■  bJ  ’ 


where  the  index  J  indicates  the  panel  at  the  midpoint  of  which  the  necessary  condition  is  Imposed. 


Substituting  the  discrete  bound-circulation  model  (25)  in  the  equations  (16),  (18),  (19)  and  (15)  for 
CL,  C  ,  C  and  C^(n  ) ,  respectively,  these  equations  can  be  Integrated  analytically  and  can  be 
expressed  in  terms  of  the  trailing  vortex-sheet  strength  values  >  ^ .  Together  with  the  2k-relations 
(28)  and  the  constraints  (20)  and  (24)  they  form  a  system  of  linear  equations  for  the  unknown  trailing 
vortex-sheet  strengths  and  Lagrange  multipliers.  This  system  determines  the  optimal  spanwise 
bound-circulation  distribution  that  results  in  minimum  drag. 

The  method  developed  automatically  takes  care  of  satisfying  Helmholtz’  theorem  at  configuration 
element  intersections,  which  is  manifested  by  jumps  in  the  bound  circulation  distribution.  If  a 
symmetrical  aircraft  configuration  is  considered  (no  propellers,  or  a  counterrotating  pair  of 
propellers)  this  results  in  k  unknown  vortex  sheet  strengths  and  the  range  of  j  in  equation  (28) 
reduces  to  j  “  l,k.  In  addition,  the  rolling  moment  constraint  may  be  deleted. 

In  order  to  avoid  rather  complicated  and  computationally  expensive  integrals  the  drag  components 
are  calculated  using  a  numeriwal  integration  rule,  instead  of  integrating  anlvtically.  Using  a  panel 
arrangement  method  with  properlv  increased  panel  density  in  regions  with  comparatively  large 
fv  -variations,  use  of  the  midpoint  rule  already  results  in  a  sufficiently  accurate  approximation  with 
a  relatively  small  number  of  panels.  An  alternative  might  be  the  Simpson  rule. 

Knowing  the  spanwise  bound-circulations  also  other  quantities  of  interest  can  be  determined. 
Examples  are  trimdrag,  bending  moment  distribution,  and  the  overall  forces  acting  on  the  aircraft 
components. 


5  EXAMPLES  OF  APPLICATIONS 

In  this  section,  a  number  of  typical  examples  is  presented  that  demonstrate  some  of  the 
capabilities  of  the  method  developed.  The  examples  do  not  represent  actual  design  studies. 

Induced  drag  only 

Obviously,  the  accuracy  of  numerical  induced  drag  methods  is  affected  by  the  discretization 
model  of  the  bound  circulation  distribution.  It  has  been  shown  for  a  planar  wing  (Ref.  7),  that 
methods  using  piecewise  quadraticaliy  varying  bound  circulations,  are  approximately  four  to  five  times 
as  accurate  In  computing  the  Induced  drag  as  a  vortex-lattice  method  with  the  same  equal-sized  panel 
arrangements.  In  figure  6,  the  present  method  is  compared,  for  a  planar  wing,  with  the  method  of 
Kuhlman  (Ref.  7),  in  which  also  quadraticaliy  varying  bound  circulations  are  used.  Although  the 
present  method  is  less  time-consuming  than  Kuhlman's  method,  it  can  be  seen  that  the  differences  in 
accuracy  and  convergence  are  very  small;  both  methods  approach  the  exact  value  of  the  induced  drag 
rapidly  as  the  number  of  panels  Increases.  Using  10  wake  panels  per  semi-span,  the  minimum  induced 
drag  of  the  planar  wing  is  computed  with  an  accuracy  of  about  0.2  percent. 


For  an  non-plunar  configuration,  the  present  method  is  compared  with  a  result  obtained  by  Lundrv 
using  a  con  formal -mapping  technique  (Ref.  16).  In  figure  7,  the  optimal  bound  circulations  are  compared 
for  a  wing  configuration  with  vertical  endplates  (or  winglets).  In  figure  8,  the  induced  drag  values 
are  compared.  As  can  be  seen,  the  results  of  both  methods  agree  well. 


In  figure  9,  some  of  the  system  capabilities  with  respect  to  trimmed  induced  drag  minimization 
are  demonstrated  for  a  transport-aircraft  type  configuration,  a  sketch  of  which  Is  given.  The  minimum 
Induced  drag  as  function  of  the  centre-of-gravity  location  for  three  different  vertical  positions  of 
the  horizontal  tail  is  shown  in  figure  9a.  The  spanwise  C  -distribution  was  specified  (C„(n)  ■  -.106  | 
0  £  n  S  b/2)  and  for  the  body  pitching  moment  coefficient^  »  +  0.007  was  adopted.  T?lis  figure 

shows  that  for  (conventional)  cases  of  negative  tail  loads,  ’the  minimum  Induced  drag  increases  with 
Increasing  height  of  the  horizontal  tail.  Note  that  the  lowest  values  of  minimum  Induced  drag  are 
obtained  for  high-tail  configurations  with  positive  tail  loads.  This  suggests  that,  from  the  point  of 
view  of  Induced  drag,  there  might  be  a  preference  for  high-tail  positions  for  configurations  combining 
relaxed  static  stability  with  active  control  technology. 

In  figure  9b,  the  influence  of  the  taii-to-wing  span  ratio  and  the  vertical  position  of  the 
horizontal  tail  on  the  minimum  Induced  drag  is  displayed  for  two  different  positions  of  the 
centre-of-gravity.  It  can  be  seen  that,  for  a  fixed  height  of  the  horizontal  tail,  the  minimum  Induced 
drag  increases  with  decreasing  tail-to-wing  span  ratio. 

The  inclusion  of  C  (ri)-constraints  in  the  optimization  procedure  is  realized  using  a  relation 
between  c.(des),  c  (des) ,  M  and  t/c  (see  section  4).  As  an  example,  the  same  configuration  of  figure  9 
Is  considered  for1^  -  .735  The  limitations  in  design  c  ,  t/c,  c  and  M  of  figure  5  (supercritical 
airfoils)  are  used.  Instead  of  giving  a  specified  spanwise  C  -distribution,  now  the  pressure  recovery 
point  locations  have  been  given  (xD  ..  0(n)  -  .5  |  0  S  n  S  bU).  With  this,  a  relation  between  C,  and 
C,  is  specified  (see  eq.(I7),  (t'/ctn)  -  15.5  X  J  0  £  n  S  b/2).  In  figure  10,  the  optimal 

Cm-distributlon  is  compared  with  those  of  the  "no  wing-thickness  constraint"  option  (x  at  30  X 

M^C).  The  figure  shows  that.  In  this  particular  example,  the  (^-distribution  has  changed  fd  &  constant 
over  a  portion  of  the  wing.  The  inclusion  of  wing-thickness  constraints  results  in  an  induced-drag 
Increase  of  about  2  1. 
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Induced  drag  minimization  including  propeller  slipstreams 

In  order  to  examine  the  effects  of  the  propeLIer  slipstream  on  the  aircraft  induced  drag,  the 
axial  and  tangential  velocities  in  the  propeller  slipstream  have  to  be  given.  For  a  particular  example 
design  condition,  the  distribution  of  propeller  induced  velocities  of  figure  II  has  been  used  (advance 
ratio  of  J  ■  0.13  and  a  thrust  coefficient  of  ■  0.12). 

For  a  wing  configuration  with  two  "up-inboard"  rotating  propellers,  located  at  25 Z  of  the 
sealspan  with  a  diameter-to-span  ratio  of  13Z,  the  optimal  spanwise  bound  circulation  distribution  is 
shown  in  figure  12.  This  distribution  greatly  differs  from  the  optimal  "clean  wing"  distribution  that 
is  also  shown  in  figure  12.  With  this  distribution,  the  wing  is  capable  of  restoring  much  of  the  loss 
associated  with  slipstream  swirl. 

In  figure  13,  the  effects  of  the  horizontal  propeller  position  for  different  rotating  concepts 
of  the  propellers  on  the  minimum  induced  drag  coefficient  have  been  plotted.  As  can  be  seen  clearly 
from  this  f igv. rt ,  two  up-inboard  rotating  propellers  lead  to  a  most  favourable  configuration  with 
respect  to  the  minimum  Induced  drag.  If  the  location  of  the  propeller-centre  is  moved  outboard, 
Induced  drag  will  decrease  for  two  up-inboard  rotating  propellers  and  will  be  a  minimum  when  the 
propellers  are  located  at  the  wing  tips  (see  also  Ref.  11). 

It  is  apparent  from  the  results  above  that  favourable  lifting-element/propeller  interference 
resulting  in  lower  induced  drag  or,  equivalenty,  induced  thrust,  may  be  produced  by  appropriate  wing 
design.  The  required  C. -distribution  may  be  realized  by,  for  instance,  adjusting  twist,  thickness, 
camber  and  chord  distributions.  The  results  obtained  agree  with  those  of  Kroo  (Ref. 10),  who  showed 
that  In  some  cases  all  of  the  swirl  loss  can  be  recovered. 

Also  proper  design  of  the  engine  nacelle/pylon  may  possibly  contribute  to  swirl  loss  recovery. 
Figure  14  presents  the  optimum  span  loads  for  two  configurations  (with  up-inboard  rotating  propellers) 
one  utilizing  passive  (streamline)  shaping  of  the  pylon  and  the  other  having  an  active  loading  on  the 
pylon.  In  this  particular  example,  a  9  X  reduction  of  the  minimum  induced  drag  is  realized.  Of  course, 
this  is  not  an  actual  design  case  and  the  benefit  can  be  realized  only  at  the  cost  of  a  more 
complicated  detailed  design,  but  it  may  be  interesting  to  investigate  the  possibilities  of  a  more 
active  role  of  the  nacelle/pylon. 


Induced  +  viscous  drag  minimization 

The  importance  of  Including  the  viscous  drag  component  in  the  minimization  procedure  is 
illustrated  by  the  next  example.  This  example  concerns  a  wing-canard  configuration.  In  this  example, 
the  pressure  recovery  point  locations  have  been  given  ((x/c)^  ^  *  .5;  (x/c)R  l  m  .4),  while  for  the 
thickness-to-chord  ratio  (t/c)  a  constant  value  of  12  Z  has  beeh  adopted.  * 

In  figure  15,  the  drag  as  function  of  the  centre-of-gravi ty  location  is  displayed.  The  upper  set 
of  drag  curves  represent  the  sum  of  Induced  +  viscous  drag  (only  the  viscous  drag  of  wing  and  canard 
Is  considered),  while  the  lower  curves  are  for  the  induced  drag  alone.  By  optimizing  the  sum  of  the 
Induced  and  viscous  drag,  the  total  drag  Is  less  than  it  would  have  been  if  only  the  induced  drag  was 
minimized  and  the  viscous  drag  added  afterwards.  Of  course,  the  Induced  drag  alone  is  greater  when  the 
sum  of  the  drags  Is  minimized  than  when  induced  drag  alone  is  optimized.  In  addition,  the  total  drag 
minimum  is  located  about  10X  b/2  ahead  of  the  minimum  Induced  drag  alone  position,  stressing  the 
importance  to  Include  (estimation  of)  viscous  drag  in  configuration  design  studies. 

In  figure  16,  the  section  C  's  for  both  minimum  induced-drag  and  minimum  induced  plus  viscous 
drag  are  given  for  the  minimum  (induced  +  viscous)  drag  c.g. -position.  As  can  be  seen,  the  inclusion 
of  profile  drag  results  in  a  reduction  of  peak  section  and  an  inboard  shift  of  the  spanloading  for 
the  main  wing. 

The  results  agree  with  those  of  Mason  (Ref.  9),  who  showed  that  a  drag  reduction  of  about  5Z 
could  be  achieved  by  including  the  profile  drag  In  the  optimization  procedure. 


Configuration  design  studies 

The  method  developed  can  also  be  used  for  parametric  preliminary  design  studies,  for  Instance, 
to  assess  the  effect  of  changes  in  size,  location,  dihedral  and  sweepback  of  wing,  tail  or  canard, 
vinglets,  etc.  The  configuration  may  be  of  the  conventional  type  (tail-aft)  or  nonconventional  type 
(canard,  three-surface  configuration,  forward  awept  wing,  etc.). 

A  typical  example  of  a  nonconventional  aircraft  configuration  la  the  three-surface  aircraft 
(canard,  wing  and  aft  tail)  given  in  figure  17.  For  the  canard-wing  and  wing-tail  configuration,  the 
specification  of  the  centre-of-gravlty  position  (static  margin)  and  the  trim  condition  are  most 
decisive  to  fix  the  balance  of  lift  between  the  wing  and  control  surface,  but  for  the  canard-wing-tail 
configuration  the  lift  distribution  among  the  surfaces  can  be  chosen  to  reduce  the  total  Induced  drag 
while  retaining  trimmed  conditions  at  a  specified  static  margin.  The  three-surface  circulation 
distributions  of  figure  17  are  only  presented  to  Illustrate  the  capabilities  of  the  system  and  are  not 
meant  to  represent  an  actual  configuration  design  study. 
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In  the  past  couple  of  years,  there  has  also  been  a  renewed  interest  in  aircraft  configurations 
with  forward  swept  wings  (FSV) .  According  to  reference  17,  the  application  of  forward  swept  wings  may 
result  in,  among  others,  lower  induced  drag  and  higher  maximum  lift  coefficient  as  compared  with  an 
aft  swept  wing  (ASW).  The  problem  of  aero-elastic  problems  for  forward  swept  wings  may  nowadays  be 
solved  by  using  an  aero-elastically  tailored  wing  using  composite  materials.  Figure  18  shows  that  in 
the  case  of  forward  swept  wings,  the  tendency  of  spanvise  loading  for  minimum  trimmed  induced  drag  is 
to  move  inboard. 

Configuration  design  studies  may  concern  the  composition  of  the  total  aircraft  lay-out  as  well 
as  local  alterations  of  the  aircraft  configuration  as  is  the  case,  for  Instance,  when  the  effective¬ 
ness  of  vlnglets  is  investigated. 


6  CONCLUSIONS 

An  induced  (plus  viscous)  drag  analysis  and  minimization  method  has  been  developed  that  provides 
a  low  cost  and  useful  tool,  that  can  be  used  both  for  preliminary  aircraft  design  purposes,  and  for 
providing  direct  Input  to  detailed  aerodynamic  design  procedures.  In  the  latter  function,  the  method 
provides  bound-circulation  distributions  that  may  be  used  in  specifying  target  pressure  distributions 
for  inverse  aerodynamic  design  codes. 

Complementary  to  the  determination  of  optimal  spanloads,  the  method  can  also  be  used  to  support 
selection  of  spanwise  distributions  of  pitching  moment,  chord  and  thickness-to-chord  ratio.  In  the 
procedure,  the  interaction  between  propellers  and  lifting  elements  may  be  included.  Compared  to  other 
methods  in  this  spirit,  the  present  method  is  less  time-consuming  than  near  field  methods  and  more 
accurate  than  vortex-lattice  methods.  Comparisons  with  known  solutions  of  other  theoretical  methods 
have  proven  excellent  agreement. 

The  examples  shown  in  this  paper  illustrate  the  importance  of  considering,  early  in  the  design, 
all  aspects  that  may  Influence  the  drag  characteristics.  The  inclusion  of,  for  instance,  viscous  drag 
and/or  propeller  slipstreams  may  lead  to  other  choices  for  the  spanwise  distributions  of  lift, 
pitching  moment,  chord,  and  thickness-to-chord  ratio  than  when  only  the  induced  drag  without 
propel ler-slipstream  is  considered. 


The  method  is  fast  and  easy  to  use,  and  therefore  very  suitable  for  interactive  design  purposes 
in  which  rapid  configuration  trade-offs  have  to  be  made.  It  has  a  wide  field  of  application  and  may  be 
especially  usefull  to  support  the  assessment  of  unconventional  design  concepts  in  which  lack  of 
experience  precludes  good  design  decisions.  Examples  of  unconventional  concepts  are  three-surface 
configurations,  relaxed  static  stability,  "active"  nacelles/pylons.  forward  swept  wings,  etc.  The 
capabilities  of  the  method  are  exploited  more  efficiently  when  used  in  a  mul tidiseipl inary  design 
environment 
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Fig.  I  Scheme  for  inverse  numerical  optimisation 
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(e)  SIDEVIEW 


Fig.  1  Summary  of  input  parameters  for  trimmed 
induced  drag  minimization 


Fig.  4  Characteristic  airfoil  pressure 
distr ibut ions 


SUPERCRITICAL  AIRFOIL  DATA 


7  8ound-r t rculat ion  distributions  of  a  wing 
with  end  plates 


Fig.  8  Induced  drag  efficiency  factoi 
for  a  wing  with  end  plates 


CC  LOCATION  I  V#*C  I 

(a)  Effects  on  the  location  of  center-of-gravity 
and  the  tail  heigth  relative  to  the  wing  on 
the  minimum  trimmed  induced— drag  (C^(W/B)*-.09) 
Fig.  9  Examples  of  trimmed  i 


(b)  Effects  of  the  tail  height  and  the  tai 1- 
to-ving  span  ratio  on  the  minimum  trinroed 
induced-drag  (CM<W/B)«- .09) 
l-drag  minimization  studies 
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Fig.  10  The  influence  of  C^-constraints  (for  given 
x^-distribution) 


<a)  propeller-induced  tangential  velocity 


(b)  propeller-induced  axial  veloritv 


Fig. 


12  Optimal  bound 
wing  with  two 


circulation  distribution  for  a 
up-inboard  rotating  propellers 


Fig.  11  Propeller-induced  velocities 


Fig.  13  Effects  of  the  horizontal  propeller 
location  on  the  minimum  induced  drag 


Fig.  14  Optimal  bound-circulation  distributions 
for  configurations  with  "up-inboard 
rotating  propellers,  with  passive  shaping 
Snd  with  "active"  shaping  of  the  pylon 
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Fig.  18  Spanloads  of  forward  and  aft  swept  wing  configurations 
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SUMMARY 

The  application  of  conventional  optimization  schemes 
to  aerodynamic  design  problems  leads  to  inner-outer 
iterative  procedures  that  are  very  costly.  In  this 
paper,  an  alternative  approach  is  presented  based  on 
the  idea  of  updating  the  flow  variable  iterative 
solutions  and  the  design  parameter  iterative  solutions 
simultaneously.  Several  schemes  based  on  this  idea 
are  applied  to  problems  of  optimizing  advanced 
propeller  designs  and  correcting  wind  tunnel  wall 
interference.  Computations  are  performed  to  test  the 
schemes’  efficiency,  accuracy,  and  sensitivity  to 
variations  in  the  computational  parameters. 

SYMBOLS 

Cj  incrementing  factor  for  optimization  scheme 
[see  Equation  (9)] 

c2  decrementing  factor  for  optimization  scheme 
[see  Equation  (9)] 

C  positive  constant  for  chord  method 

[see  Equation  (7)] 

Cp  power  coefficient;  also  pressure  coefficient 

Cpo  desired  power  coefficient 

D  propeller  diameter 

unit  vector  along  the  P ^  axis 

E  objective  function 

/  constraint  function 

g  solution  of  the  flow  governing  equations 

G i  ft  component  of  V/ relative  to  rotated 

coordinate  system 

h  tunnel  height 

1 1  unit  vector  along  the  Pf  axis  with 

components  defined  relative  to  the  unrotated 
design  parameter  coordinate  system 


± I  unit  vector  along  the  P ^  axis  with 

components  defined  relative  to  the  rotated 
design  parameter  coordinate  system 

L  number  of  design  parameters 

Le  measured  model  lift  coefficient 

Lp  computed  lift  coefficient  for  model  in  free  air 

Lj  computed  lift  coefficient  for  model  in  wind 

tunnel 

A/  Mach  number;  also  number  of  problems 

solved  in  parallel  by  the  optimization  scheme 

nj?  number  of  iterations  required  for  the 
convergence  of  the  analysis  problem’s 
solution 

n°  number  of  iterations  required  for  the 

convergence  of  tfie  optimization  problem's 
solution 

P  vector  of  design  parameters 

P  vector  of  design  parameters  relative 

rotated  coordinate  system 

Pf  ft  componenet  of  design  parameter  vector 

Pj  ft  component  of  design  parameter  vector 
relative  to  rotated  coordinate  system 

r  radial  coordinate 

R  blade  tip  radius 

/?£  residual  Euclidean  norm 

Rniai  maximum  residual 

a  angle  of  attack 

^o3/4  ^3/4  wh‘ch  corresponds  to  the  power 
coefficient  Cpo 


SR-3  blade  angle  at  75%  blade  span 


re* 


J0  unperturbed  blade  angle  distribution 

biad  e  angle  distribution  perturbation 

incremental  vector  used  to  update  the  vector 
of  design  parameters 

dPjnaz  maximum  incremental  value  allowed  in 
updating  the  design  parameters 

A  M  Mach  number  correction 

A ;V  number  of  iterative  steps  at  which  P  is 

periodically  updated 

An  angle-of-attack  correction 

<  small  positive  incremental  value  used  to 

perturb  the  design  parameters 

i]  propeller  efficiency 

p  parameter  determining  the  allowable  region 

in  design  parameter  space  for  searching  for 
the  optimum  solution  [see  Equation  (26)] 

u  cost  of  solving  an  optimization  problem/ 

cost  of  solving  L  analysis  problems 

T  =»?/»? 

ti'  How  iterative  solution 

Superscripts 

n  iteration  number 

*  optimum  value 

Subscripts 

e  measured  tunnel  condition 

F  computed  free-air  condition 

/  corrected  condition 

M  coordinate  system  rotated  by  the  modified 

scheme 

5  body  surface 

T  computed  tunnel  condition 

oo  free -st. ream  condition 


1.  INTRODUCTION 

Numeri  d  optimization  is  one  of  the  tools  ibid  in 
aerodynamic  design.  The  solution  of  the  optimization 
problei  attempts  to  determine  the  vector  of  design 
parameters  P  that  minimizes  the  objective  function 
E(  P‘,  g)  subject  to  given  constraints,  where  g  is  the 
solution  of  the  flow  equations.  In  airfoil  and  wing 
design  problems,  P  contains  the  coefficients  of  the 
polynomials  or  the  sha|>e  functions  used  to  define  the 
lifting  surface,  while  /.  may  be  chosen  to  be  the 
minimized  drag,  subject  to  the  constraint  of  a 
minimum  allowable  lift  value.  I  he  objective  function 
E  may  also  be  chosen  to  In-  a  measure  of  the 
difference  between  the  pressure  on  tin*  lifting  surface 
and  a  desired  pressure  distribution. 

Conventional  optimization  methods  (e.g.,  the  steepest 
descent  method  and  the  conjugate  gradient  method) 
are  iterative  procedures  that  determine  a  sequence  of 
solutions  Pj,  /' 2-  •  that  converges  to  the  optimum 
solution  P* .  These  methods  require  the  evaluation  of 
the  objective  function  and  constraint  function  many 
times  before  the  optimum  solution  is  determined. 

Since  E  is  dependent  on  the  solution  y,  the  flow 
governing  equations  must  be  solved  each  time  E  is 
evaluated.  Therefore,  any  of  the  conventional 
optimization  schemes  become  a  two-cycle  (innor¬ 
outer)  iterative  procedure.  The  inner  iterative  cycle 
solves  the  analysis  problem  for  g  iteratively  for  a 
given  iterative  solution  P,  while  the  outer  iterative 
cycle  determines  the  optimum  P  iteratively.  In  the 
inner-outer  iterative  approach  for  solving  the  design 
problem  (References  1-5),  the  usual  procedure  is  to 
couple  an  existing  analysis  code  (which  solves  the  flow 
equations  iteratively  for  a  given  P)  to  an  optimization 
code  (which  finds  the  optimum  P  iteratively).  The 
repetitive  execution  of  time-consuming  analysis  codes 
is  the  source  of  the  high  cost  of  this  appront  h. 

An  alternative  to  the  costly  conventional  two-cycle 
approach  is  the  single-cycle  approach.  This  approach 
is  based  on  the  idea  of  updating  the  flow  variable 
iterative  solutions  and  the  design  parameter  iterative 
solutions  simultaneously.  The  iterative  procedure  for 
solving  the  flow  governing  equations  (the  analysis 
problem)  \s  modified  so  that  the  solutions  of  live 
flow  equations  and  the  design  parameters  P  are 
Miniated  h.  miitaneously.  This  results  in  the 
successively  improved  approximations  (<jTl,  Pl). 
where  n  =  1.2,..  ..  that  converge  to  the  solution 
(y*.  /'*).  thus  satisfying  the  optimization  problem. 
With  this  approach,  the  need  for  the  costly  inner- 
outer  iterative  procedure  is  eliminated.  Schemes 
based  on  this  approach  are  presented  below.  The 
results  of  applying  these  schemes  to  aerodynamic 
problems  are  also  presented. 


rotated  coordinate  system 


2.  OPTIMIZATION  PROBLEM 

In  the  optimization  problems  considered  here,  the 
optimum  design  parameter  vector,  P* ,  is  determined 
so  that 

E{P *;  g )  -  min  E{P\  g)  (1) 

P 

subject  to  the  constraint 

/(?*#)  =  0  (2) 

with  the  flow  variable  vector  g  satisfying  the  flow 
governing  equation 

D(g)  =  0  (3) 

subject  to  the  boundary  condition 

B(g;  P)  =  0  (4) 

The  flow  governing  equation,  Equation  (3),  may  be 
the  Navier-Stokes,  Euler,  potential  flow  equations  or 
an  approximation  of  any  of  these  equations.  The 
boundary  conditions  given  by  Equation  (4)  include 
boundary  conditions  applied  at  the  body  surface  as 
well  as  far-field  boundary  conditions.  Schemes  are 
presented  below  for  solvii  g  the  single  equality 
constraint  problem  defined  by  Equations  (l)-(4). 
Extensions  of  these  schemes  to  other  constrained  and 
unconstrained  problems  arc  also  prest  nted. 

3.  OPTIMIZATION  APPROACHES 

Different  approaches  may  be  used  to  solve  the 
optimization  problem  defined  by  Equations  (l)-(4). 

In  this  section,  a  discussion  of  several  of  these 
approach*  s  is  presented.  The  discussion  is  limited  to 
the  one-drsign-parameter  problem,  governed  by 
Equations  (1),  (3),  and  (4)  with  the  vector  P  replaced 
by  the  scalar  P.  This  special  problem  allows  the  use 
of  graphical  illustrations  to  complement  the  discussion 
and  is  chosen  for  that  reason.  However,  many  aspects 
of  the  discussion  may  be  extended  to  the  general 
problem  defined  by  Equations  (I)-(4). 

The  iterative  procedure  used  to  solve  the  flow 
governing  equations  determines  a  sequence  of 
successive  approximations,  gn ,  where  n  =  1,  2,  .  .  .  . 
The  flow  solution  therefore  evolves  gradually  with  n. 

It  is  possible  to  replace  the  n  coordinate  by  a  time-like 
coordinate  t  and  to  view  the  evolution  of  g  as  a  time 
dependent  process.  However,  the  time  here  is  not 
real.  The  time  coordinate  i  will  be  used  inter¬ 
changeably  with  the  n  coordinate  in  discussions  given 
here.  For  example,  gn  which  denotes  the  n*"  iterative 
flow  solution  may  be  replaced  by  <f(I),  where  t  =  n. 

3. 1  Graphical  Approach 

The  point  P*  at  which  E  is  a  minimum  can  be 


determined  by  choosing  a  set  of  closely  spaced  points, 

P  =  pf^,  m  =  1,  2,  .  .  .,  Af,  and  evaluating  the 

function  E  at  these  points.  A  curve  showing  the 

variation  of  E  with  P  may  then  be  plotted  and  the 

value  of  P*  at  which  E  is  a  minimum,  E  ,  can  be 

determined  (see  Figure  1).  The  objective”Kinction 

E{Pm'  5m)  >s  dependent  on  the  flow  solution  gm.  To 

evaluate  E  for  a  given  P ^  it  is  therefore  necessary  to 

choose  an  initial  iterative  guess  for  g ,  which  is 

assumed  to  be  the  free  stream  flow,  then  the  flow 

equations  are  solved  iteratively  so  that  gm  evolves  n 

time  until  convergence  occurs.  The  iterative  flow 

solutions  are  therefore  evaluated  along  M  paths  as 

shown  in  Figure  2,  with  N  iterative  solutions 

evaluated  at  each  path  where  .V  is  a  number  large 

enough  to  allow  the  solutions  on  all  paths  to  reach 

convergence.  The  iterative  solutions  E(P^\  gm) 

along  those  paths  define  a  valley  shaped  surface,  5^, 

as  shown  in  Figure  3.  The  minimum  value  of  the 

objective  function  is  time  dependent  and  is  given  by 

E  9(t).  The  path  of  thisjx>int  is  given  by  P°^(t).  As 

the  solution  converges,  P  t )  and  E°^(t)  converge  to 

P*  and  E  . 

min 

3.2  Steady-State  Approach 

This  is  the  conventional  approach  to  solving 
optimization  problems.  It  is  a  two-cycle  (inner-outer) 
iterative  procedure.  An  optimization  scheme  is  used 
to  determine  a  sequence  of  successive  approximations, 
PmSS *  hi  =  1,  2,  .  .  .,  which  converge  to  the  optimum 
value  P * .  This  is  the  outer  iterative  process.  Like  the 
graphical  approach,  E  is  evaluated  at  different  P 
values  as  shown  in  Figure  1,  however,  the  use  of  an 
optimization  scheme  to  choose  these  values  leads  to  a 
significant  reduction  in  the  number  of  these 
evaluations  in  corrq  irison  to  the  graphical  approach. 
For  each  P  value  {P  =  Pm ss )  the  flow  equations  are 
solved  iteratively  (inner  iterations)  along 
P  =  constant  paths,  similar  to  those  shown  in 
Figure  2.  However,  it  is  possible  to  reduce  the 
number  of  iterative  solutions  obtained  on  a  particular 
path  by  using  the  last  converged  outer  iterative  flow 
solution  as  an  initial  guess  for  the  present  outer 
iteration.  The  conventional  approach  is  labeled  here  a 
steady-state  approach  because  the  design  parameter. 

P,  is  held  fixed  while  the  flow  solution  evolves  in 
time.  It  is  updated  only  after  the  flow  solution  is 
converged  to  a  steady  state.  In  other  words,  P  is 
updated  on  the  basis  of  information  obtained  from  the 
steady-state  curve  shown  in  Figure  1.  Information 
from  the  surface  shown  in  Figure  3  is  not  used  in  this 
process. 

3.3  Time- Dependent  Approach 

In  the  time-dependent  approach,  the  iterative 
procedure  for  solving  the  flow  governing  equations  is 
modified  so  that  g  and  P  are  updated  simultaneously. 
In  this  case  the  multiple  iterative  paths,  P  =  Pmss , 
m  =  1,  2,  .  .  used  in  the  steady-state  approach  are 


replaced  by  a  single  time  varying  path  P  =  Ptd(t). 
The  solution  Eta(t)  along  this  path  is  embeded  in  the 
surface  S*d  given  by  E?ds{L  P).  It  is  defined  by  the 
iterative  solutions  along  time-dependent  paths  parallel 
to  These  paths  are  given  by  P=  Pt  (f)  +  S,, 

1  ■=  1,  2,  .  .  where  S j  is  a  constant  for  a  given  path. 
The  minimum  value  of  the  objective  function  is  time 
dependent  and  is  given  by  E°td(t).  The  path  of  this 
point  is  given  by  Pot£*(<).  As  the  solution  converges, 
Ptd(t),  P°id{i ),  Eid(t),  E°td(t),  and  Etds{t,  P) 
converge  respectively  to  P*,  P*,  ^rrijn’  ^min’  anc* 
E(P).  This  approach  updates  P  as  g  evolves  in  time. 
It  is  a  single-cycle  approach,  since  it  eliminates  the 
need  for  the  two-cycle  (inner-outer)  iterative 
procedure. 


schemes  here  serves  two  purposes.  They  provide 
additional  examples  of  schemes  that  update  the  design 
parameters  and  the  flow  variables  simultaneously. 
Moreover,  results  obtained  from  applying  these 
schemes  to  optimization  problems  provide  additional 
sets  of  data  for  determining  the  effects  of  updating  the 

design  parameters  while  the  flow  solution  is 
developing. 

4.1  Scheme  I  (Parallel  Scheme) 

This  scheme  is  first  presented  for  the  single  equality 
constraint  problem  defined  by  Equations  (l)-(4).  It  is 
then  extended  to  other  problems. 


Before  developing  a  time-dependent  scheme,  it  is 
important  to  recognize  some  of  the  main  differences 
between  the  steady-state  and  the  time-dependent 
formulations.  In  the  steady-state  formulation,  the 
search  is  performed  for  a  fixed  target,  P*,  for  which 
E(P*)  is  the  minimum  of  the  fixed  curve  £(P).  In 
the  time-dependent  formulation,  however,  the  search 
is  performed  for  a  moving  target,  P°*d(t),  and  the 
objective  function  £^^5(f,  P)  is  a  continuously 
evolving  function.  While  the  use  of  higher  order 
schemes  which  depend  on  information  from  a  number 
of  iterative  solutions  may  be  advantageous  in  the 
steady-state  formulation,  iterative  schemes  should  be 
limited  to  lower  order  schemes  in  the  time-dependeiP 
formation,  since  diff  ent  iterative  solutions  are  not 
obtained  at  the  same  time  /.  Another  important 
difference  between  both  formulations  is  that  the 
iterative  g  and  P  solutions  are  noninteracting  in  the 
steady-state  formulation,  while  they  are  mutually 
interacting  in  the  time-dependent  formulation.  In  the 
latter  case,  the  path  P*  (t)  should  be  chosen  so  that 
the  flow  solution  converges  in  a  number  of  iterations 
comparable  to  that  required  for  solving  an  analysis 
problem  with  P  held  fixed.  Large  corrections  applied 
to  P  can  cause  the  flow  solution  to  be  nonconvergent. 
while  extremely  small  corrections  applied  to  P  can 
lead  to  a  slow  convergence  of  the  optimization 
solutions.  Figures  4a,  4b,  and  4c  show  cases  in  which 
the  corrections  applied  to  P  are  too  small,  acceptable, 
and  too  large  respectively.  The  actual  path  used  in 
the  computations  is  that  given  by  P*d(t). 
Computations  are  not  performed  for  the  path  P°  “(/); 
however,  that  path  may  be  found  if  desired  by 
computing  surface  Sia . 


4.1.1  Single  Equality  Constraint 

The  goal  of  the  optimization  scheme  is  to  determine 
the  values  of  the  design  parameters  that  minimize  the 
objective  function,  E ,  subject  to  an  equality 
constraint.  A  search  must  therefore  be  conducted  in 
the  design  parameter  space  P  for  the  optimum 
solution,  P *.  This  optimization  problem  is  most 
conveniently  solved  in  the  rotated  design  parameter 
space  P,  with  the  P  j  coordinate  normal  to  the 
constraint  surface  and  the  P ^  coordinates,  where 
/  =  2,  3,  .  .  .  ,  L%  parallel  to  the  constraint  surface. 

For  fixed  values  of  the  components  of  P,  let 

J"+I  =  J(5";  P).  n  =  0,  1.  2 -  (5) 

be  the  iterative  solution  for  the  analysis  problem, 
where  0  denotes  the  solution  obtained  by  applying  the 
iterative  scheme  for  solving  the  flow  governing 
equations  once  using  as  an  initial  guess.  As  for 
the  analysis  solution,  obtaining  the  optimization 
solution  requires  the  repeated  application  of 
Equation  (5)  to  update  the  flow  field.  While  P  is 
held  fixed  in  the  former  case,  it  is  allowed  to  vary  in 
the  latter. 

The  vector  of  design  parameters  P  is  updated  every 
A  A'  it  erations.  Therefore. 

£n+ 1  =  Pn  +  6Pn+l  (6) 

where 

fP',+  l  =  0,  (n+l)/A;V  /  1,  2.  3,  .  .  . 


4.  TIME-DEPENDENT  SCHEMES 

The  basic  idea  of  updating  both  g  and  P 
simultaneously  can  be  used  to  develop  a  family  of 
efficient  optimization  schemes.  Three  of  these 
schemes  are  presented  here.  The  first,  scheme  I,  is  a 
genera]  scheme  which  can  be  used  to  solve  problems 
with  different  constraint  conditions.  The  second  and 
third  schemes  (II  and  III)  are  applicable  to  a  limited 
class  of  problems.  Nevertheless,  including  the  last  two 


In  the  iterative  steps  that  satisfy  the  relation 

(n-f  I)/AjV  =  1,  2,  3,  ...  ,  the  incremental  values  for 

the  design  parameters  are  given  by 

*E ,"+I  =  -  j£j  [min  (C  |/"|,  bPmal)]  (7) 


/  =  2,  3 . L 


(8) 
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where 


r  =  y(pn;r) 

Af"+1  =  CCi(r"+1+1)+C2(T"+1~1)]<£/ 


*r- 


AE *  6P”+l-*N 
|A E"  (,pn+1-*N | 


n+l-aN 

(9) 
(10) 


3”+1  =  ^(s?;£n+1  +  <l;l+1)  (12) 

are  also  computed.  Here  c  is  a  small  positive  constant 
and  j.”+\  /  =  1,  2,  .  .  .,  £,  are  the  set  of  orthogonal 
unit  vectors  along  the  axes  of  the  rotated  coordinate 
system  P”"*-1,  P”*1.  •  .  fj^1.  In  Equation  (10) 

A E*  is  given  by 

&Enl=E{Pn  +  <lnl;gTi)-  E(Pn;gn)  (I3) 


The  purpose  of  A  P”  appearing  in  Equation  (10)  is  to 
determine  the  sign  of  dE/dP ”,  which  in  turn 
determines  the  sign  of  the  new  incremental  step  along 
the  P”  direction. 


The  incremental  displacement  in  the  design  parameter 
space  introduced  so  that  the  constraint  may  be 
satisfied  is  taken  in  the  direction  normal  to  the 
constraint  surface  and  is  determined  by  the  chord 
method  in  Equation  (7).  The  constant  6Pmax  sets  an 
upper  limit  on  the  magnitude  of  this  incremental 
displacement.  The  incremental  displacements  given 
by  Equation  (8)  are  introduced  along  the  coordinate 
axes,  which  are  parallel  to  the  constraint  surface  with 
the  purpose  of  reducing  the  value  of  the  objective 
function.  The  sign  of  the  incremental  correction 
where  6Pn.+  1\s  the  f  component  of  the 
vector  6?n+1,  is  cnosen  to  be  opposite  to  that  of 
dEfdP The  magnitude  of  the  increment  6P”+1  is 
given  by 


16£"+1 


\  =  c\SP 


n+i-d/V 

I 


with  an  upper  limit  given  by  6Pmgr,  where  c  >  0.  If 
the  signs  of  $P”+1  and  6P**1’*  are  in 
agreement,  then  the  last  two  iterative  solutions  £” 
and  P^n'AN  fall  to  one  side  of  the  point  along  the  P ^ 
direction  at  which  E  is  a  minimum.  In  this  case,  c  is 
set  equal  to  the  constant  c1,  which  is  greater  than  1. 
Increasing  the  magnitude  of  the  step  size  in  this 
manner  accelerates  the  approach  toward  the  point 
along  the  Pj  direction  at  which  E  is  a  minimum-  On 
the  *'ther  hand,  if  the  signs  of  6P!l~*’1  and 
6P^  r  A  are  not  in  agreement,  then  P”  and 
P”  AN  fall  on  opposite  sides  of  the  point  along  the 
Pj  direction  at  which  E  is  a  minimum.  In  this  case,  c 
is  set  equal  to  the  constant  c2,  which  is  less  than  1. 
Decreasing  the  magnitude  of  the  step  size  in  this 
manner  is  necessary  for  convergence  to  the  point  along 
the  Pj  direction  at  which  E  is  a  minimum. 


The  updated  components  of  the  design  parameter 
vector  P  are  used  to  calculate  the  new  flow 
iterative  solution,  given  by 

5n+1  =  ^(?n;  £n+1)  (11) 

In  addition  to  the  main  solution  given  by  Equation 
(11),  the  perturbed  solutions  ,  /  =  1,2 
given  by 


Scheme  I  is  referred  to  as  a  parallel  scheme  because 
the  sign  of  the  incremental  change  SPj^1  of 
Equation  (8)  is  chosen  on  the  basis  of  comparing  the 
main  iterative  solution  E(£n;  g11)  with  a  perturbed 
solution  E(Pn  +  c  £”)•  The  paths  along  which 
these  solutions  are  computed  in  the  P-t  plane  are 
paralled  to  each  other,  as  shown  in  Figure  5. 

While  the  optimization  procedure  is  most  suitably 
conducted  in  terms  of  the  transformed  parameters  P^, 
/  =  1,  2 the  flow  solution  is  computed  in 
terms  of  the  physical  design  parameters  P^, 

/  =  1,  2.  -  .  .,  L.  To  express  the  transformed  design 
parameters  in  Equations  (11)  and  (12)  in  terms  of  the 
original  design  parameters,  it  is  necessary  to  use  the 
transformation  equation,  which  relates  these  two  sets 
of  parameters. 


£«+  i  _  ^ji+i  £n+i 


where  the  orthogonal  transformation  matrix  7'n+1  is 
given  by 


n  «+i 


•r1 


7J1+1  =  [7” 

The  unit  vector  j  is  normal  to  the 
surface  sil  P  =  Prt  and  is  given  by 


r1] 


>"+1  =  Vj(£";  5")  /  )V^£n;  y'*)|  (H) 

where  an  estimate  for  G”,  the  Ith  component  of  V/,  is 
given  by 


ey  =  \j(£n  +  < ±i  ■.  ??)  -  {ln\  t)]a  nsj 


The  Gram-Schmidt  orthogonalizalion  process,  which 
uses  a  set  of  i  linearly  independent  vectors  to 
construct  a  set  of  L  orthonormal  vectors,  is  used  to 
construct  the  unit  vectors  i  /  =  2,  3 
along  the  rotated  axes  P”*  ,  I  =  2,  3,  .  .  .  ,  L.  The 
following  equation  is  usea  for  this  purpose: 
jn+l 

7?+1  =  .  /-  2,  3 . L 

t  tfn+V 


where 


12-b 


is  the  set  of  orthogonal  unit  vectors  along  the  axes  of 
the  coordinate  system  Pj,  P2»  •  •  •  »  P^-  While  the 
flow  variable  vector  g  is  updated  each  iterative  step, 
the  coordinate  system  in  the  design  parameter  space  is 
rotated  every  AN  iterations.  The  unit  vectors  i  ^  like 
the  vector  of  design  parameters  P ,  are  updated  only 
in  the  iterative  steps  that  satisfy  the  relation 
(n+l)/AN  =  1,  2,  3 . 


The  optimization  scheme  described  above  requires 
that  £  +  1  iterative  problems  be  solved  in  parallel.  In 
addition  to  the  main  solution,  l  perturbed  solutions 
are  computed  in  which  each  of  the  design  parameters 
in  the  transformed  space  P±,  /?2,  •  •  •»  El  >s 
perturbed.  The  computational  costs  and  the 
computer  memory  requirements  are  therefore 
proportional  to  L  +  1.  A  modification  to  this  scheme 
requires  that  only  L  iterative  solutions  be  obtained. 

In  the  modified  procedure,  the  perturbation  solution 
associated  with  the  perturbed  design  parameter  in  the 
direction  of  the  P l  axis,  normal  to  the  constraint 
surface,  is  not  computed.  This  solution  was  used  in 
Equation  (15)  to  compute  G",  which  is  required  for 
the  calculation  of  the  vector  i  which  determines 
the  direction  normal  to  the  constraint  surface  in 
Equation  (14).  In  the  absence  of  this  solution,  a  new 
procedure  for  rotating  the  design  parameter  space 
must  be  defined.  The  procedure  is  first  explained  for 
the  case  of  a  two-design-parameter  problem,  and  then 
it  is  extended  to  the  general  multi-design-parameter 
problem. 


Figure  6  shows  the  design  parameter  space  for  a  two- 
design-parameter  problem.  In  the  figure,  the 
constraint  function  values  /|j,  /J,  are  defined  as 
follows: 


rQ=(i\r) 

/?  =  /(£'’  +  <  I?;??) 
r2^(in  +  «I;;  9 ;) 

In  the  modified  procedure,  the  chord  method,  used  in 
Equation  (7)  to  satisfy  the  constraint  condition,  is 
used  to  rotate  the  design  parameter  space.  The 
rotation  angle  60  given  by 


is  used  to  rotate  the  coordinate  system,  where  the 
subscript  M  indicates  that  the  modified  scheme  is 
used.  The  angle  60^ 1  now  compared  to  the 

corresponding  rotation  angle  00n+1  used  in  the 
original  scheme  and  given  by 


This  comparison  shows  that  the  term  in  the 

original  scheme  is  replaced  by  e/C  in  tne  modified 


scheme.  Therefore,  the  modified  scheme  may  be 
viewed  as  the  original  scheme  with  the  exception  that 
the  exact  value  for  ij  is  replaced  by  an  approximate 
estimate  in  which  the  gradient  of  /in  the  direction  of 
the  P1  axis,  Gj,  is  not  calculated  but  is  estimated 
using  the  same  proportionality  constant  used  in  the 
chord  method  of  Equation  (7).  Thus, 

Sl  =  £  (19) 

This  is  applicable  for  both  the  two-design  parameter 
problem  and  the  general  multi-design-parameter 
problem. 

In  the  optimization  scheme  developed  here,  corrective 
increments  are  applied  to  the  design  parameter 
solutions  every  few  iterations  of  updating  the  flow 
solutions.  For  convergence  to  occur,  the  signs  of  the 
increments  must  be  chosen  correctly  to  allow  the 
iterative  solution  to  approach  the  desired  solution. 

The  magnitudes  of  the  increments  are  dependent  on 
the  computational  constants  Cj,  c2,  and  C.  Because 
the  design  parameters  are  updated  frequently  during 
the  iterative  process,  we  are  not  concerned  with 
determining  the  incremental  step  sizes  that  lead  to  the 
highest  short-term  convergence  rate.  In  fact,  this  may 
be  difficult  to  define,  since  the  flow  variable  solutions 
are  continuously  changing  during  the  iterative  process. 
Our  aim  is  to  achieve  design  parameter  convergence 
over  a  long  term  defined  by  the  number  of  iterations 
required  for  the  flow  solution  convergence.  A  wide 
range  of  incremental  step  sizes  should  produce  the 
desired  convergence  properties  over  many  iterations, 
even  though  convergence  properties  over  a  few 
iterations  may  differ.  These  comments  apply  to  both 
of  the  schemes  described  above  for  determining  the 
design  parameter  space  rotation.  The  direct 
procedure  for  determining  the  design  parameter  space 
rotation  in  the  original  scheme  is  replaced  by  an 
iterative  procedure  in  the  modified  scheme.  Since  this 
rotation  is  updated  frequently  during  the  iterative 
process,  this  replacement  should  have  no  substantial 
effect  on  the  overall  convergence  of  the  solution. 

A  potential  problem  exists  when  the  modified  scheme 
is  used  for  rotating  the  design  parameter  axes.  In  the 
first  AN  —  1  iterative  steps  of  solving  the  problem, 
the  coordinate  system  in  the  design  parameter  space 
coincides  with  the  original  unrotated  design  parameter 
space  Pj,  /*2,  .  .  .  ,  PL.  At  the  AN **  iterative  step,  a 
new  rotated  coordinate  system  is  determined.  When 
Equation  (15)  for  determining  G^'^is  used,  we  are 
guaranteed  that  the  vector  i^^^points  in  the  direction 
in  which  the  constraint  function  increases. 
Consequently,  the  use  of  Equation  (7)  will  cause  t  he 
iterative  solution  to  approach  the  constraint  surface. 
When  Equation  (15)  is  replaced  by  Equation  (19)  for 
determining  G^"1,  there  is  a  possibility  that  the 
computed  vector  i^will  point  in  the  direction  in 
which  the  constraint  function  decreases.  In  this  case, 
the  assumption  that  C  is  positive  is  wrong,  and  using 


r 

I 


it  will  cause  the  solution  to  diverge.  This  occurs  if  the 
vector  is  nearly  in  the  direction  of  —  that 

is,  if  the  quantity 

yysdN-l 

~~  |V/J,v'1|  '  Cl 

is  close  to  unity.  The  probability  of  this  occurring  is 
approximately  1:4  in  a  two-design-parameter  problem 
and  is  reduced  further  as  the  number  of  design 
parameters  increases.  There  are  two  suggested 
approaches  for  overcoming  this  problem.  In  the  first 
approach,  the  initial  few  iterations  are  performed 
using  the  original  scheme  for  determining  G”  by 
Equation  (15)  in  order  to  determine  the  correct  initial 
directions  for  the  P*  axis.  This  may  then  be  updated 
using  the  modified  scheme,  Equation  ( 19),  in  the  rest 
of  the  computation.  Realizing  that  the  probability  for 
the  potential  problem  to  occur  is  smail,  the  second 
approach  uses  the  modified  scheme  from  the 
beginning  of  the  computation.  If  divergence  does 
occur,  then  the  constraint  function  is  redefined  to  be 
equal  to  the  negative  of  the  original  constraint 
function,  and  the  problem  is  solved  again. 

4.1.2.  Extensions  of  Scheme  1 

Scheme  I  is  applicable  to  optimization  problems  with 
a  single  equality  constraint.  However,  this  scheme 
may  be  extended  to  more  general  problems  such  as 
multiple  constraint  problems  and  problems  with 
inequality  constraints.  These  extensions  are  now 
briefly  presented. 

In  the  case  of  multiple  constraints,  the  set  of 
equations 


4(?;J)  =  o,*=i,2 . k 

replaces  Equation  (2),  where  K  is  the  number  of 
constraints.  For  this  problem,  Equation  (7)  is 
replaced  by 


i~  I,  2 . K 


Equation  (8)  is  applied  for  values  of  /  given  by 
I  =  K+ 1,  K+2.  .  .  .,  I  and  the  unit  vectors  i”"*"1  are 
given  by 


VAff”  ;  ?")/  |VA  (£"  ;  »")l .  /=  1 

<?"+1/  IQ"+1|  .  '  =  2,  3 . A 

/"+1/U"+1|.  l=K+l,  A+2 . L 


where 


^n+l 


Vn+l 


-  E<*?+1 

r=l  1 


W‘. 


/  =  2,  3 .  A 

iV^+1  =  VA  (£»;?») 

and  7*+1  was  defined  in  Equation  (16). 

In  the  case  of  an  unconstrained  problem,  the  problem 
is  solved  in  the  original,  unrotated  design  parameter 
space.  In  this  case  Equation  (7)  is  not  used  and 
Equation  (8)  is  applied  for  /  values  given  by 
/=1,  2, 

In  the  case  of  a  problem  with  inequality  constraints, 
the  solution  procedure  at  a  given  iterative  step  is 
equivalent  to  that  of  an  unconstrained  problem,  if 
none  of  the  constraints  are  effective,  and  it  is 
equivalent  to  that  of  a  problem  with  Ke  equality 
constraints,  if  Ke  of  the  constraints  are  effective.  For 
the  problem  with  inequality  constraints,  Equation  (2) 
is  replaced  by 

/*(?;?)<  0,  *=1,2,..  K 

At  the  iterative  step  n+  1,  the  *<A  constraint  is 
effective  if  either  of  the  following  conditions  is 
satisfied: 

4  (£";  sn)  >  6 

where  6  is  a  small  positive  number,  or 


14  (£";  5")l  <  6 , 


dE(Pn  ;  gn) 

an 


Otherwise  it  is  not  effective. 


<  0 


4.2  Scheme  II  (Branch  Scheme) 

The  perturbed  solutions  g ”  are  used  only  once  every 
AN  iterative  steps  to  compute  the  perturbed  objective 
functions  appearing  in  Equation  (13).  It  is  therefore 
possible  to  modify  scheme  I  so  that  it  becomes 
unnecessary  to  compute  to  flow  solutions  along  paths 
parallel  to  that  of  the  main  solution.  In  this  modified 
scheme,  Equation  (13)  is  replaced  by 

AE”  =  e(p"  +  r  7”;  -  £(?n;  w"+1)(20) 

where 

/?"+l  =  (21) 
h,u+1  =  En  +  <ij)  (22) 

Equation  (12)  is  no  longer  used  to 
^  n  4  Equation^ (21)  and  (22)  are  used 
to  compute  H  n+l  and  only  once  every  AN 

iterations.  If  A  A  is  greater  than  or  equal  to  five, 
substantial  savings  in  computational  costs  may  occur. 
The  paths  along  which  computations  are  performed 
are  shown  in  Figure  7. 


In  this  formulation, 
calculate  q,n  and 


* 


a 
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It  should  be  noted  that  scheme  II  will  be  successful  as 
long  as  the  signs  of  A  E*f  predicted  by  Equations  (13) 
and  (20)  are  in  agreement.  The  magnitudes  of  A £? 
given  by  the  two  equations  will  not  be  in  agreement, 
even  as  the  flow  solution  converges.  For  that  reason 
scheme  II  may  not  be  used  in  general  for  solving 
constrained  optimization  problems.  In  these  problems 
V/  is  used  to  determine  the  direction  normal  to  the 
constraint  surface.  Correct  results  are  obtained  only  if 
the  computed  V/ converges  to  the  exact  V/.  This 
does  not  occur  for  scheme  II.  The  use  of  scheme  II  is 
therefore  limited  to  unconstrained  problems  solved  in 
the  original  (unrotated)  design  parameter  space.  An 
exception  to  that  is  the  constrained  problem  in  which 
the  direction  of  the  normal  to  the  constraint  is  known 
(Reference  6).  In  this  case  the  constrained  problem  is 
solved  in  the  original  (unrotated)  design  parameter 
space.  Further  discussions  about  scheme  II  are 
found  in  Reference  7. 

A  possible  variation  of  scheme  II  is  shown  in  Figure  8. 
It  combines  elements  from  both  schemes  I  arid  II. 


4.3  Scheme  III  (Special  Scheme) 

This  scheme  is  applicable  to  a  limited  class  of  two- 
design-parameter  problems  with  an  equality 
constraint.  The  objective  function  is  assumed  to  be  of 
special  form  and  the  constraint  line  is  assumed  to  l>e 
normal  to  the  Px  axis  in  design  parameter  space. 
Therefore,  the  solution  is  obtained  in  the  original 
(unrotated)  design  parameter  space. 


The  scheme  was  developed  for  application  to  a 
particular  problem  arising  from  a  transonic  wind 
tunnel  wall  interference  correction  procedure.  In  this 
procedure  the  free-air  flowfield  around  the  model  is 
computed.  The  design  parameters  are  the  model 
angle  of  attack^*  ^  and  the  free-air  Mach  numl>er 
St0 so  that  P  =  (af,  M  F).  Their  optimum 
values  are  determined  so  that  Equation  (I)  is  satisfied 
witli 


£  _  /(  ^ FS  M TS 

f^TS 

subject  to  the  constraint 


(23) 


/=  Lf  -  Lf  =  0  (24) 

where  M  FS  is  the  computed  Mach  number 
distribution  on  the  model  surface  in  free-air  ami  \tj.^ 
is  the  corresponding  Mach  number  distribution  in  the 
wind  tunnel.  This  is  obtained  from  a  wind  tunnel 
flow  computation  which  is  performed  prior  to  the  free- 
air  computation.  The  integrals  in  Equation  (23)  are 
taken  over  the  model  surface. 


In  scheme  HI  a  single  solution  given  by  Equation  (11) 
is  computed.  To  determine  the  sign  of  dEn/dPn.  it  is 
therefore  necessary  to  use  values  of  E  at  different 
iterative  steps.  In  this  scheme  AN  =  1  and  A£'!j  is 


defined  by 

A E\  =  (in  -  £"'l)(en  -  en‘l) 

where 

£'*  =  £(/-";  $») 

fn  =  <•  (£n;  jn) 

^  ^  Af  2*^)  ds 

J  M ts  da 

Because  A  £’”  is  evaluated  at  two  different  time  steps 
the  si^n  of  A  En.  may  not  always  agree  with  that  of 
3En/0Pnr  As  long  as  the  frequency  at  which  this 
disagreement  occurs  is  below  a  certain  limit  the 
scheme  converges  to  the  correct  solution.  The 
coordinate  system  in  design  parameter  space  is  not 
rotated.  Therefore,  the  search  for  the  minimum 
objective  function  is  conducted  along  constant  P1 
lines.  In  general,  this  will  not  lead  to  accurate 
determination  of  the  optimum  solution,  however,  in 
the  particular  problem  considered  here  the  constant 
Pj  lines  are  nearly  parallel  to  the  constraint  curve. 
The  resulting  error  is  therefore  negligible.  Further 
discussions  about  scheme  III  are  found  in  Reference  8. 


5.  MSUITS 

'flie  optimization  procedures  described  above  were 
applied  to  propeller  design  problems  and  wind  tunnel 
wall  interference  problems.  The  computations  were 
(>erformed  on  the  Cray  X-MP  computer.  The  results 
of  these  computations  are  presented  below. 


5.1  Propeller  Design 


I  he  optimization  procedure  I  described  above, 
combined  with  the  Euler  analysis  code  developed  by 
Yamamoto  et  al.  (Reference  9),  was  used  in 
Reference  10  to  find  the  twist  distribution  for  the 
blades  of  the  eight-bladed  SR-3  propeller  with  the 
objective  of  maximizing  its  efficiency  under  the 
constraint  of  a  desired  |K>wer  coefficient  given  by 
Cjl0  =  1.7.  The  computations  were  performed  for  a 
free-stream  Mach  number  of  0.8  and  an  advance  ratio 
of  3.06.  Let.  $03/4  be  the  blade  angle  at  the  75% 
blade  span  corresponding  to  the  desired  power 
coefficient.  We  take  the  blade  angle  distribution, 
,70(r),  corrcsjKmding  to  this  propeller  as  our  base 
configuration.  A  perturbation,  .?f(r),  to  the  blade 
twist  distribution,  f,( r).  was  computed  so  that  the 
profiler  efficiency  would  l>e  maximized  subject  to  the 
flower  constraint..  The  perturbation  twist  distribution 


is  given  by 
J'(r)= 


(25) 


where  Pj,  P2*  an^  ^3  are  components  of  the 
vector  of  design  parameters  P  and  R  is  the  propeller 
radius. 


Experimentation  with  the  propeller  analysis  code 
indicated  that  the  flow  iterative  solution  diverges 
when  the  blade  tip  angle  exceeds  a  certain  limit.  To 
exclude  the  region  leading  to  the  divergence  from  our 
search  in  the  design  parameter  space,  the  following 
redefinition  of  the  objective  function  was  introduced: 

E  =  —t)  max  {00.0.1(475^-,)!  (26) 

where  /j  determines  the  allowable  search  region.  As 
the  value  of  p  increases,  the  allowable  search  region 
also  increases.  The  value  of  was  taken  to  be  equal 
to  5.0  unless  otherwise  specified. 

The  mesh  used  in  the  following  computations  consists 
of  45  points  in  the  axial  direction,  21  points  in  the 
radial  direction,  and  11  points  between  adjacent 
blades  in  the  circumferential  direction.  Computations 
are  initialized  by  the  SR-3  flow  solution,  which 
corresponds  to  a  54.9'  angle  at  the  75%  blade  span. 
This  initial  solution  was  intentionally  chosen  not  to 
be  a  close  approximation  of  the  desired  solution.  In 
all  of  the  following  computations,  the  modified 
coordinate  rotation  scheme,  which  determines  G j  by 
Equation  (19)  instead  of  Equation  (15),  is  used  unless 
otherwise  specified.  Also,  unless  otherwise  specified, 
the  initial  iterative  guesses  for  the  design  parameters 
are  set  equal  to  zero  and  the  computational  para¬ 
meters  cv  c2,  C,  6I&,  6F&,  6Pmaz,  c,  and  AN  are 
given,  respectively,  by  1.2,  0.6,  3.0,  0.5,  0.5,  1.0, 

0.0001,  and  40. 

The  optimization  procedure  was  applied  to  two- 
design- parameter  problems  and  to  three-design- 
parameter  problems.  For  the  two-design-parameter 
computations,  the  values  of  P3  in  Equations  (25)  and 
(26)  are  set  equal  to  zero.  Results  for  the  two-design- 
parameter  problem  are  presented,  followed  by  those 
for  the  three-design- parameter  problem.  For  the 
initial  flow  solution,  which  corresponds  to  a  /?3/4 
value  of  54.9’,  the  value  of  Cp  was  1.1.  Also  the 
value  of  0o3j4  was  determined  to  be  58.067*.  The 
design  parameters  predicted  by  the  optimization 
scheme  are  given  by  Pj  =  —2.83',  Pj  =  5.51’.  The 
predicted  solution  does  satisfy  the  power  constraint. 
The  value  of  Cp  corresponding  to  this  solution  is 
1.6999.  The  objective  function,  E ,  was  reduced  from 
the  value  —0.839  in  the  case  of  the  original  design, 
with  P1  =  P2  =  0*0t  to  the  value  —0.908  in  the  case 
of  the  optimized  design.  The  value  of  the  efficiency 
was  increased  from  0.839  for  the  original  design  to 
0.910  for  the  optimized  design. 

The  computed  value  of  efficiency,  which  corresponds 
to  the  optimized  design,  is  approximately  5%  higher 
than  expected.  Towards  the  end  of  this  study  it  was 
discovered  that  an  approximate  formulation  used  in 
the  analysis  code  to  integrate  the  aerodynamic  forces 
near  the  blade  base  was  the  cause  of  this  over¬ 
prediction.  The  main  portion  of  the  results  presented 
here  was  obtained  using  the  approximate  formulation 


for  computing  the  performance.  These  results  are 
presented  first.  They  are  then  followed  by  results 
obtained  by  using  an  accurate  formulation  for 
computing  the  performance.  While  there  may  be  no 
interest  in  the  first  set  of  solutions  for  the  purpose  of 
improving  the  propeller  design,  these  results  are  valid 
for  the  purpose  of  testing  the  optimization  scheme.  In 
this  case,  —  rj  is  viewed  as  an  objective  function 
without  attaching  a  physical  meaning  to  it.  In  the 
second  set  of  results  it  was  necessary  to  use  an 
accurate  formulation  for  computing  the  performance 
in  order  to  show  the  required  blade  shape  modification 
for  improved  perfor:  lance  and  the  corresponding 
increase  in  performance  obtained  by  optimization. 

The  iterative  histories  of  the  design  parameters  are 
shown  in  Figure  9,  while  the  iterative  histories  of  the 
power  and  efficiency  are  shown  in  Figure  10.  From 
these  figures  two  distinct  stages  in  the  convergence 
process  of  the  solution  may  be  identified.  In  the  first 
stage,  relatively  rapid  changes  in  the  values  of  P,  Cp, 
and  q  occur  as  they  approach  the  converged  values  of 
the  solutions.  At  the  end  of  this  stage,  these  para¬ 
meters  are  close  to  their  final  values.  In  the  second 
stage,  minor  adjustments  take  place  as  the  parameter 
solutions  converge  to  their  final  values.  The  residual, 
flg,  is  a  measure  of  the  convergence  of  the  flow  field 
solution.  Figure  1 1  compares  the  residual  history  for 
the  design  problem,  in  which  g  is  updated  in  addition 
to  P,  to  the  residual  history  for  the  regular  analysis 
problem,  in  which  g  only  is  updated  while  P  is  held 
fixed.  The  figure  indicates  that  modifying  the  pro¬ 
peller  geometry  in  the  design  problem  as  the  iterative 
solutions  for  the  flow  variables  are  updated  does  not 
negatively  affect  the  rate  of  convergence  of  the  flow 
field  solution  in  comparison  to  the  analysis  problem. 

In  fact,  the  following  results  of  our  computations  show 
that  the  convergence  of  the  flow  field  solution  is 
accelerated  when  the  design  parameters  are  updated 
to  satisfy  the  power  constraint  or  to  satisfy  the  the 
conditions  of  the  optimization  problem.  For  a  regular 
analysis  problem  with  P  set  equal  to  P* ,  the  number 
of  iterations  required  for  convergence  was  4710. 
Hereafter,  convergence  is  assumed  to  be  achieved 
when  the  magnitude  of  the  residual,  Rg,  is  reduced  to 
the  value  of  10"7.  For  a  constrained  solution  in  which 
the  second  component  of  the  design  parameter  vector, 
P2,  was  set  equal  to  the  value  P!£,  while  the  first 
component  was  updated  throughout  the  iterative 
process  so  that  the  constraint  Cp  —  Cpo  would  be 
satisfied,  convergence  was  attained  after  4040  iterative 
steps,  indicating  an  increased  convergence  rate  relative 
to  the  regular  analysis  problem.  For  the  design 
problem  in  which  both  Pj  and  P2  were  updated  in  a 
manner  that  allows  the  constraint  Cp  =  Cp0  to  be 
satisfied  and  the  objective  function  E  to  be  min¬ 
imized,  the  number  of  iterative  steps  required  for 
convergence  was  further  reduced  to  3250. 

On  the  average,  0.972  epu  second  was  required  for  the 
iterative  step  in  the  design  problem,  while  0.403  epu 
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second  was  required  for  the  iterative  step  in  the 
analysis  problem.  Therefore,  the  average  design 
iterative  step  required  slightly  more  than  double  the 
cpu  requirements  for  the  analysis  iterative  step.  In 
the  design  problem,  two  analysis  problems  are  solved 
in  parallel.  The  additional  cpu  requirement  for  the 
design  problem  is  mainly  due  to  generating  a  new 
computational  mesh  whenever  the  design  parameters 
are  updated. 

For  a  regular  analysis  problem,  the  computational 
mesh  is  generated  only  one  time  at  the  beginning  of 
the  computation.  For  a  design  problem,  however,  it 
is  necessary  to  regenerate  the  computational  mesh 
whenever  the  design  parameters  are  updated.  In  the 
present  computations,  this  was  done  once  every  40 
iterative  steps.  The  cost  of  mesh  generation  relative 
to  the  cost  of  solving  the  flow  equations  was 
acceptably  low.  As  the  value  of  A  A  decreases, 
however,  a  point  may  be  reached  at  which  the  cost  of 
generating  the  mesh  becomes  excessively  high,  and  it 
may  represent  a  substantial  fraction  of  the  total 
computational  cost.  In  this  case,  a  possible 
alternative  to  regenerating  new  meshes,  whenever  the 
design  parameters  are  updated,  is  the  use  of 
approximate  meshes  that  are  generated  by  linearly 
combining  L+ 1  reference  meshes.  The  reference 
meshes  may  be  updated  every  J  AN  iterative  steps, 
where  J  >  1.  The  need  for  making  this 
approximation  does  not  arise  here,  as  the  propeller 
analysis  code  used  here  has  relatively  slow 
convergence  properties  and,  therefore,  the  appropriate 
AN  value  is  relatively  large.  However,  the  use  of 
accelerating  schemes,  such  as  the  multigrid  scheme, 
would  allow  the  AN  value  to  be  sufficiently  low  to 
require  the  use  of  the  mesh  approximation  discussed 
above. 

We  have  performed  a  single  computation  using  the 
exact  formulation  for  calculating  as  given  by 
Equation  (14),  with  G-^  computed  by  Equation  (15). 
This  formulation  requires  solving  L+ 1  problems  in 
parallel  instead  of  L  problems,  in  the  case  of  the 
approximate  formulation  given  by  Equation  (19). 

The  average  iterative  step  for  this  computation 
required  1.474  cpu  second.  The  number  of  iterations 
required  for  convergence  was  3425.  Comparing  these 
values  to  the  corresponding  values  for  the 
approximate  formulation  indicates  that  there  is  a 
strong  advantage  in  using  the  approximate 
formulation  over  the  exact  formulation. 

To  verify  that  the  computed  solution  is  indeed  the 
optimum  solution,  solutions  were  computed  that  were 
slightly  perturbed  from  the  optimum  predicted 
solutions  but  that  satisfied  the  power  constraint. 
Table  1  compares  the  values  of  the  objective  function 
for  the  solution  predicted  by  the  optimization  scheme, 
shown  in  the  first  row,  to  those  for  the  perturbed 
solutions,  shown  in  the  second  and  third  rows.  It  is 
apparent  from  the  table  that  perturbing  the  design 


parameters  causes  the  value  of  the  objective  function 
to  increase.  Therefore,  the  design  parameters 
predicted  by  the  optimization  scheme  do  indeed 
minimize  the  value  of  the  objective  function. 


Table  1.  The  Objective  Function  at  the  Optimum 
Solution  and  Perturbed  Solutions  for  the 
Two- Design-Parameter  Problem 


Pl 

P-2 

K 

-2.83 

5.51 

-0.90773 

-2.73 

5.31 

-0.90730 

-2.93 

5.71 

-0.90728 

The  sensitivity  of  the  scheme’s  convergence  to  the 
initial  iterative  guesses  of  the  solution  and  to  the 
computational  parameters  was  tested  by  recomputing 
the  problem  defined  above  with  perturbed  initial 
conditions  and  computational  parameters.  Table  2 
shows  the  number  of  iterative  steps.  n£,  required  for 
convergence  when  different  values  are  used  for  the 
initial  iterative  solutions  and  the  computational 
parameters.  It  is  clear  from  the  table  that  the 
convergence  properties  of  the  scheme  are  weakly 
sensitive  to  the  values  of  the  initial  conditions  and  the 
computational  parameters.  Needless  to  say.  there  is 
an  optimum  set  of  values  for  these  parameters  that 
maximizes  the  convergence  rate  of  the  scheme  for  a 
given  problem.  However,  within  a  relatively  wide 
range  of  these  parameter  values,  good  convergence  is 
achieved.  This  is  due  to  the  frequent  updating  of  the 
design  parameters  in  the  course  of  solving  the 
problem.  The  cpu  requirement  for  the  average 
iterative  step  is  approximately  the  same  for  all  the 
cases  solved,  except  for  the  case  in  which  AN  —  25. 


Table  2.  Effect  of  Perturbing  the  Initial  Conditions 
and  the  Computational  Parameters  on  the  Scheme’s 
Convergence,  for  the  Two- Design  Parameter  Problem 


>i 

po 

1  2 

AN 

C 

fl 

C2 

"? 

0.0 

o.o 

40 

3.0 

1.2 

0.6 

3250 

3.0 

-5.0 

40 

3.0 

1.2 

0.6 

3690 

0.0 

00 

25 

3.0 

1.2 

0.6 

3376 

0.0 

0.0 

40 

4.5 

1.2 

0.6 

3252 

0.0 

0.0 

40 

6.0 

1.2 

0.6 

3250 

0.0 

0.0 

40 

3.0 

1.5 

0.6 

3333 

0.0 

0.0 

40 

3.0 

1.2 

0.4 

3120 

0.0 

0.0 

40 

3.0 

1.5 

0.4 

3281 

The  cpu  requirement  for  the  average  iterative  step  in 
this  case  is  given  by  1.078  seconds,  in  comparison  to 
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approximately  0.972  second  for  the  other  cases.  This 
is  due  to  the  increased  frequency  of  generating  the 
computational  mesh  in  the  case  with  AN  =  25. 
Figures  12  through  14  show  the  iterative  histories  for 
PXy  7*2,  Cp  and  R£  for  the  case  in  which  the  initial 
iterative  guesses  for  the  design  parameters,  P®  and 
were  perturbed.  Among  all  the  perturbed 
computations,  the  rate  of  convergence  for  this  case 
was  affected  the  most. 

The  computations  performed  above  for  the  two- 
design-parameter  problem  were  performed  with  a 
value  of  5.0  for  p.  To  perform  computations  that 
allow  both  parabolic  and  linear  modifications  to  the 
blade  angle  distributions,  it  was  necessary  to  reduce 
the  value  of  ft  to  4.0.  The  three-design- parameter 
optimization  computations  were  solved  using  this 
value  for  ft.  The  main  two-design- parameter 
computation  was  also  repeated  using  this  value  for  ft 
to  allow  a  comparison  between  the  two-design- 
parameter  and  the  three-design-parameter  results. 

The  optimum  values  of  the  design  parameters  for  the 
two-design-parameter  problem  with  ft  =:  4.0  were 
found  to  be  given  by  P^  =:  —2.35*  and  P 2  =  4.56*. 
The  value  of  Cp  corresponding  to  this  solution  is 

1.6999.  The  objective  function  E  was  reduced  from 
the  value  —0.839  in  the  case  of  the  original  design, 
with  Pl  =  P2  =  0.0,  to  the  value  —  0.897  in  the  case 
of  the  optimized  design.  The  value  of  77  was  increased 
from  0  839  for  the  original  design  to  0.900  for  the 
optimized  design.  As  expected,  the  magnitudes  of 
both  E  and  rj  determined  with  fjt  =  4.0  are  less  than 
those  determined  with  ft  =  5.0.  As  the  value  of  ft 
decreases,  the  restriction  on  the  allowable  search 
region  in  the  design  parameter  space  increases.  In  the 
two-design-parameter  problem,  3235  iterative  steps 
were  required  for  convergence.  The  cpu  requirement 
per  iterative  step  was  0.972  second.  The  optimum 
values  of  the  design  parameters  for  the  three-design- 
parameter  problem  with  ft  =  4.0  were  found  to  be 

=  —2.77*,  P*2  =  4.50‘,  and  F*  -  -1.20*.  The 
corresponding  values  of  CP  ’  E'  and  rj  are  given  by 

1.6999,  —0.900,  and  0.905,  respectively,  indicating  a 

superior  design  to  that  achieved  by  using  only  two 
design  parameters.  The  number  of  iterative  steps 
required  for  convergence  was  3228,  while  the  cpu 
requirement  per  iterative  step  was  1.459  seconds.  The 
iterative  histories  for  /71»  ^3,  Cp,  and  Kg  aie 

shown  in  Figures  15  through  17. 

To  verify  the  accuracy  of  the  computed  solution, 
several  solutions  were  computed  that  were  slightly 
perturbed  from  the  optimum  predicted  solution  but 
that  satisfied  the  power  constraint.  Table  3  compares 
the  values  of  the  objective  function  for  the  solution 
predicted  by  the  optimization  scheme,  shown  in  the 
first  row,  to  those  for  the  perturbed  solutions  shown 
in  the  following  rows.  It  is  apparent  from  the  table 
that  perturbing  the  design  parameters  causes  the 
value  of  the  objective  function  to  increase-  Therefore, 
the  design  parameters  predicted  by  the  optimization 


scheme  do  indeed  minimize  the  value  of  the  objective 
function. 

Table  3.  The  Objective  Function  at  the  Optimum 
Solution  and  Perturbed  Solutions  for  the  Three-Design 
Parameter  Problem 


Pl 

P7 

P3 

E 

-2.77 

4.50 

-1.20 

-0.90026 

-2.87 

4.50 

-1.45 

-0.90011 

-2.87 

4.69 

-1.20 

-0.89986 

-2  67 

4.50 

-0.93 

-0.90012 

-2.67 

4.30 

-1.20 

-0.89988 

Computations  were  performed  using  the  accurate 
formulation  for  computing  the  propeller  performance. 
In  these  computations  it  was  found  that  77  responds  to 
changes  in  the  design  parameters  at  an  iteratively 
much  slower  rate  than  that  associated  with  the  first 
set  of  computations.  For  that  reason  it  was  necessary 
to  reduce  the  value  of  Cj  to  0.98.  All  other 
computational  parameters  were  set  equal  to  their 
same  values  used  in  the  first  set  of  computations.  In 
this  set  of  computations,  it  was  determined  that 
^°3/4  =  57.648°.  The  value  of  Cp  for  the  initial 
flow  solution,  which  corresponds  to  a  0^/4  va*ue  of 
54.9*,  was  1.2.  By  optimizing  the  blade  shape  for  the 
two-design-parameter  problem,  the  value  of  the 
efficiency  was  increased  from  0.8229  for  the  original 
design  to  0.8233  for  the  optimized  design.  For  a 
regular  analysis  problem  with  P  set  equal  to  P *  the 
number  of  iterations  required  for  convergence  was 
4320.  A  comparison  of  this  number  with  the  number 
of  iterations  required  to  solve  the  optimization 
problem,  3260,  shows  that  the  cost  of  solving  the 
optimization  problem  is  approximately  twice  the  cost 
of  solving  a  regular  analysis  problem. 

In  the  computations  presented  above,  the  effect  of 
varying  the  linear  term  of  Equation  (25)  on  the 
propeller  efficiency  was  investigated.  To  investigate 
the  effect  of  varying  the  quadratic  term  in  Equation 
(25)  on  the  propeller  efficiency,  a  computation  was 
performed  in  which  P3  was  allowed  to  vary  while  P2 
was  set  equal  to  zero.  In  this  case,  the  design 
parameters  predicted  by  the  optimization  scheme  were 
given  by  PJ  =  —0.79*,  F*  =  —2.07*.  The  value  of 
Cp  corresponding  to  this  solution  was  1.7000,  and  the 
value  of  77  was  0.82549.  The  number  of  iterations 
required  for  convergence  was  3980.  A  comparison  of 
the  values  of  77  for  the  two  cases  in  which  (Pj,  Pj) 
and  (P^,  P^)  were  the  design  parameters  shows  that 
the  introduction  of  a  quadratic  perturbation  to  the 
twist  distribution  is  more  effective  in  increasing  the 
efficiency  than  the  introduction  of  a  linear 
perturbation. 
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Finally,  the  optimum  values  of  the  design  parameters 
for  the  three  design-parameter  problem  were  found  to 
be  f*  =  -3.34\  P*2  =  3.92*,  and  F3  =  -3.23*.  The 
corresponding  values  of  Cp  and  tj  are  given  by  1.7000 
and  0.83291,  respectively.  It  is  apparent  that  using  a 
combination  of  linear  and  quadratic  perturbations  in 
the  blade  angle  distribution  is  much  more  effective  for 
improving  the  efficiency  than  using  only  one  of  these 
distributions.  Relative  to  the  original  SR-3  design, 
using  both  perturbed  distributions  increased  the 
propeller  efficiency  by  0.0100.  This  is  compared  to  a 
value  of  0.0026  for  the  quadratic  distribution  alone 
and  a  value  of  0.0004  for  the  linear  distribution  alone. 
The  number  of  iterative  steps  required  for  convergence 
was  4380  in  comparison  to  4460  for  the  regular 
analysis  problem. 

The  iterative  histories  for  F,  rj,  Cp.  and  H £  in  the 
second  set  of  computations,  not  presented  here,  are 
similar  to  those  of  the  first  set  of  computations 
(Figures  9  through  17),  and  may  be  found  in 
Reference  11. 

Figure  18  compares  the  optimum  blade  angle 
perturbations  from  the  SR-3  baseline  design  predicted 
for  the  cases  of  linear,  quadratic,  and  combined  linear 
and  quadratic  shape  functions.  Curve  C. ,  which  gives 
the  blade  angle  perturbation  distribution  for 
maximum  improvement  in  efficiency,  shows  that  the 
efficiency  of  the  SR-3  propeller  can  be  improved  by 
reducing  the  blade  angle  distribution  both  at  the  hub 
and  at  the  tip.  This  explains  the  observed  weak 
sensitivity  of  the  propeller  efficiency  to  linear 
variations  in  the  blade  angle  distribution.  The  use  of 
a  linear  shape  function  allows  an  increase  in  the  blade 
angle  at  either  the  tip  or  the  hub  positions  and  a 
decrease  in  the  blade  angle  at  the  other  position. 
Therefore,  the  positive  effect  on  efficiency  resulting 
from  the  perturbed  blade  angle  distribution  at  one  of 
these  positions  tends  to  cancel  the  negative  effect 
resulting  from  the  perturbed  blade  angle  distribution 
at  the  other  position  leading  to  the  apparent 
insensitivity  of  the  efficiency  to  linear  variations  in 
the  blade  angle  distribution.  The  maximum 
improvement  in  efficiency  obtained  here  resulted  from 
the  use  of  linear  and  quadratic  shape  functions. 
Further  improvement  may  be  obtained  by  using  other 
shape  functions. 

5.2  Wind  Tunnel  Wall  Interference  Corrections 

References  12  and  13  present  a  wall  interference 
correction  procedure  which  is  divided  into  two  main 
steps.  In  the  first  step  the  flow  is  computed  around 
the  model  in  the  wind  tunnel  subject  to  measured 
boundary  conditions  at  the  tunnel  walls.  The  model 
angle  of  attack,  a  T,  that  causes  the  computed  model 
lift,  Lj,  to  match  the  measured  lift,  Lt ,  is  determined 
by  the  chord  method.  The  Mach  number  distribution 
on  the  model  surface,  M  jS,  is  also  determined  in  this 
step.  In  the  second  step,  which  is  formulated  as  an 


optimization  problem,  th**  flow  is  computed  around 
the  model  in  free  air.  The  design  parameters  Fj  and 
P2  are  the  model  angle  of  attack,  a  p,  and  the  free¬ 
st  ream  Mach  number,  A respectively.  They  are 
detemined  so  that  the  objective  function  given  by 
Equation  (23)  is  minimized  subject  to  the  constraint 
given  by  Equation  (24).  The  Mach  number 
correction,  AM,  and  the  angie-of-attack  correction. 

Aft,  are  given  by 

AM  —  M^p  Moot  !  ^ft  —  ct p  ot p 

and  t  he  corrected  Mach  number  and  angle  of  attack 
art*  then  found  from  the  relations 

=  M^f  +  A A/  ;  r»y  =  oe  +  Aft 

The  flow  was  assumed  to  be  governed  by  the  Euler 
equations.  The  flow  solver  used  was  based  on  a  finite 
volume  discretization.  A  multigrid  strategy  together 
with  a  multistage  time-stepping  scheme  were  used  to 
advance  the  flow  solution  to  a  steady  state  as  rapidly 
as  possible.  Details  of  the  dissipative  terms,  the 
multistage  scheme  and  the  multigrid  method  arc 
given  in  References  14-16.  Some  results  of  applying 
the  optimization  procedures  to  the  wall  interference 
problem  in  References  12  and  13  are  presented  below. 

The  correction  procedure  was  applied  to  a  wing/body 
combination  consisting  of  an  ONERA  M6  wing,  with 
a  wing  span  and  maximum  chord  of  2.4  and  0.6737 
unit  lengths,  respectively,  mounted  on  a  cylindrical 
body  of  a  0.2-unit-length  radius.  The  model  was 
assumed  to  be  tested  in  an  open  jet  with  zero  pressure 
perturbations  along  its  boundaries.  The  tunnel  height 
ami  width  considered  were  2.0  and  4.0  unit  lengths, 
respectively.  The  computational  domain  consisted  of 
half  the  flow  field  by  including  the  plane  of  symmetry 
as  one  of  its  boundaries.  The  computational 
parameters  c c2.  C ,  and  6Pmax  were  assigned 
the  values  0.005,  1.2,  0.6,  0.3,  and  0.2  respectively. 
The  initial  guess  for  the  flow  solution  was  set  equal  to 
free-stream  conditions.  A  72x24x12  mesh  was  used 
for  the  tunnel  computation,  while  a  72x32x12  mesh 
was  used  for  the  free-air  computation.  The  free-air 
mesh  and  the  tunnel  mesh  were  identical  in  a  region 
bounded  by  the  upper  and  lower  tunnel  walls  and  the 
wing  tip.  Beyond  the  wing  tip,  the  meshes  did  not 
coincide.  The  experimental  conditions  were  given  by 

M^e  =  0.84  and  Le  =  0.20. 

In  the  first  step  of  the  correction  procedure,  the  tunnel 
flow  is  computed  and  the  angle  of  attack,  a  T,  is 
determined.  It  was  found  to  be  given  by 
Qj.  —  2.777*.  In  the  second  step  of  the  correction 
procedure,  the  free-air  flow  is  computed  and  the 
parameters  Fj  and  F2  are  determined  by  using 
scheme  III,  where 

Pl  =  atp  and  P2  =  A f^p 
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Their  values  were  found  to  be  given  by  ctp  2.468 
id  =  0.833.  The  angle-of-attack  and  Mach 

numbei  corrections  are,  therefore,  given  by 
Act  =  —0.309*,  and  AM  =  —0.007.  Figure  19  shows 
the  iterative  histories  for  atp  and  Lp ,  while  the 
iterative  history  for  M  F  is  shown  in  Figure  20. 
Figure  21  compares  Rmaz  for  the  second  step  in  the 
correction  procedure,  in  which  g  is  updated  in 
addition  to  atp  and  M^p,  to  Rmax  f°r  the  regular 
analysis  solution,  in  which  only  g  is  updated  while  atp 
and  M.,  are  held  fixed.  The  figure  indicates  that 
the  convergence  rates  for  the  analysis  and  the 
correction  schemes  are  comparable.  The  high- 
frequency  oscillations  apparent  in  the  curve  associated 
with  the  correction  procedure  are  due  to  the 
introduction  of  perturbations  in  the  flow  field  as  M  F 
is  updated.  The  computational  requirements  for  the 
free-air  correction  scheme  and  the  analysis  scheme  are 
tl.w  .oiiie.  The  first  of  these  computations 
required  153  cpu  seconds,  while  the  second  required 
150  cpu  seconds.  For  the  uncorrected  free-air  flow 
{M^p  =  0.84,  ctp  =  2.777”),  the  values  of  Lp  and  E 
are  given  by  Lf  =  0.235,  E  =  5.2xl0'6.  For  the 
corrected  free-air  flow  (M^p  =  0.833,  atp  =  2.468”), 
these  values  are  given  by  Lp  =  0.200,  E  =  6-92xl0'7. 
The  corrections  therefore  achieved  the  goal  of 
satisfying  the  lift  constraint  and  of  reducing  the  value 
of  the  objective  function. 

Scheme  III  was  applied  to  different  three-dimensional 
configurations  with  success.  However,  problems 
developed  when  applying  it  to  two-dimensional 
configurations,  as  the  supersonic  bubble  size  increased 
beyond  a  certain  limit.  To  demonstrate  this  problem 
the  procedure  is  now  applied  to  a  NACA  0012  airfoil 
tested  in  an  open  jet  of  height  h  =  3.6.  The  airfoil  is 
assumed  to  have  a  chord  of  unit  length  and  to  be 
located  in  the  middle  between  the  upper  and  lower 
boundaries.  A  72x64  mesh  is  used  for  the  tunnel 
simulation  and  a  72x96  mesh  is  used  for  the  free-air 
simulation.  The  airfoil  lift  coefficient  and  the  tunnel 
Mach  number  are  given  by  Lt  —  0.35  and 
Moot  =0.7. 

In  the  first  step  of  the  correction  procedure,  the  wind 
tunnel  flow  is  computed  and  the  angle  of  attack  aT  is 
determined.  In  the  second  step  of  the  correction 
procedure,  the  free-air  flow  is  computed  and  the 
parameters  a F  and  M^p  are  determined.  The  initial 
iterative  values  of  o  F  and  M^p  are  chosen  to  be 
equal  to  and  Mraei  respectively.  The  initial  flow 
field  solution  is  set  equal  to  free-stream  conditions. 
The  parameters  6P 2,  Cj,  c2,  C,  SPmax ,  A  and  < 
are  given,  respectively,  by  0.005,  1.2,  0.6,  0.3,  0.2,  4, 
and  10'5. 

The  iterative  history  of  M^p  resulting  from  using 
scheme  I  is  shown  in  Figure  22a.  In  this  figure,  an 
initial  stage  of  about  150  iterative  steps  is  identified 
in  which  relatively  rapid  variations  in  the  value  of 
M  p  ta^e  At  the  end  of  this  stage,  the  value 


of  M^p  is  essentially  converged.  Only  minor 
variations  are  observed  in  the  value  of  beyond 
the  initial  stage.  The  iterative  history  of  M  F 
resulting  from  using  scheme  III  is  shown  in  Figure 
22b.  An  initial  stage  of  about  60  iterative  steps  of 
rapid  variations  is  observed  in  thi9  figure.  The 
solution  beyond  this  point  seems  to  be  essentially 
converged.  However,  at  approximately  the  80*^  and 
the  230 tfi  iterative  steps,  a  rapid  departure  from  the 
apparently  converged  solution  takes  place.  Within 
about  25  iterative  steps  in  both  cases,  an  essentially 
converged  solution  is  observed  again.  Many 
computations  were  performed  using  scheme  Ill,  for 
different  test  conditions.  The  appearance  of  local 
spike-shaped  deviations  is  a  common  feature  among 
these  solutions.  However,  the  size  of  these  spikes  and 
the  frequency  of  their  occurrence  depends  on  the 
particular  problem  being  solved.  In  scheme  I,  the 
incremental  value  SP2  *s  determined  by  comparing 
two  objective  functions  at  the  same  time  step.  In 
scheme  III,  this  value  is  detemined  by  comparing  two 
objective  functions  at  different  time  steps.  Scheme  III 
functions  properly  as  long  as  the  dependence  of  the 
objective  function  on  the  parameter  M^p  is  stronger 
than  its  dependence  on  time.  As  its  dependence  on 
time  becomes  comparable  or  stronger  than  its 
dependence  on  the  computed  6P2  values  no 

longer  lead  to  convergence  to  the  optimum  solution. 
The  local  divergence  shown  in  Figure  22b  is  due  to 
the  solution’s  weak  dependence  on  M^p  as  the  values 
of  6P2  become  small.  As  the  local  divergence  occurs, 
the  value  of  6P2  increases,  causing  a  stronger 
dependence  on  M^p  and  causing  reconvergence.  In 
other  words,  the  process  that  takes  place  at  the  spikes 
is  self-stabilizing.  It  is,  therefore,  possible  to  use 
scheme  III  to  determine  a  solution  by  simply  ignoring 
the  local  solutions  at  the  spikes.  However,  as  the 
supersonic  region  increases  in  size,  the  size  of  the 
spikes  also  increases.  Eventually,  it  becomes  no 
longer  possible  to  use  scheme  III  for  determining  valid 
solutions.  Figure  22c  shows  the  iterative  history  of 
M^p  resulting  from  .  ‘ung  scheme  III  in  the  same 
problem  solved  above,  but  with  a  value  of  M0 oe  of 
0.75  rather  than  0,7.  It  is  apparent  that  a  converged 
solution  in  this  figure  is  no  longer  identifiable. 
Therefore,  scheme  III  is  no  longer  useful  in 
determining  a  solution. 

Figure  23  shows  the  history  for  the  maximum 
residual,  Rjnaxi  for  the  three  cases  corresponding  to 
Figure  22.  While  the  effect  of  the  spikes  is  seen  to  be 
local  and  limited  to  a  few  time  steps  in  Figure  22b, 
the  recovery  to  the  pre-spike  level  is  seen  to  take  a 
relatively  longer  time  interval  in  the  case  of  the 
maximum  residual,  as  indicated  in  Figure  23b,  which 
shows  that,  beyond  300  time  steps,  the  maximum 
residual  oscillates  about  a  fixed  value.  The 
computation  was  continued  to  800  time  steps,  and  the 
oscillatory  behavior  was  found  to  continue.  This 
behavior  is  due  to  the  same  process  that  leads  to  the 
local  divergence  observed  above.  As  indicated  above, 
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at  certain  stages  of  the  computation,  the  signs  and 
values  of  6P2  are  no  longer  chosen  in  a  manner  that 
causes  M^p  to  approach  its  optimum  value.  If 
conditions  are  such  that  the  sign  of  6P2  remains 
unchanged  for  a  large  number  of  steps,  then  the  local 
divergence  observed  above  will  occur.  On  the  other 
hand,  if  the  positive  and  negative  signs  of  SP2  are 
reasonably  well  balanced,  then  the  oscillatory 
behavior  observed  in  Figure  23b  occurs.  It  should  be 
noted  that,  even  though  the  maximum  residual  may 
no  longer  converge,  the  level  at  which  this  occurs  in 
Figure  23b  does  indicate  that,  for  practical  purposes, 
the  solution  is  converged.  The  uncertainty  caused  by 
scheme  III  in  this  particular  problem  should  be  of  no 
practical  concern. 

Table  4  compares  the  accuracy  of  the  schemes  I  and 
III.  The  exact  solution  was  obtained  by  solving  a 
series  of  problems  with  different  values  of  A/oo  r-  I*1 
each  problem  the  value  of  a p,  which  satisfies  the  lift 
constraint,  was  determined  by  the  chord  method.  In 
each  of  these  problems,  the  objective  function  was 
computed.  The  exact  solution  is  the  solution  that 
results  in  the  minimum  value  for  the  objective 
function.  It  does  appear  from  the  table  that  the 
results  obtained  by  each  of  the  two  schemes  are 
accurate  and  the  errors  are  within  acceptable  levels. 


Table  4.  A  Comparison  of  the  Accuracy  of  the 
Optimization  Schemes 


exact 

scheme  I 

scheme  III 

Aa 

-1.6000' 

-1.5999" 

-1.5981" 

A  M 

-0.0062 

0.0062 

-0.0065 

error  in 

0.0% 

0.0% 

0.1% 

Aa 

error  in 

0.0% 

0.0% 

-4.8% 

AM 

E 

8.97xl0'4 

8.97x10  4 

8.98x1 0"4 

To  compare  the  efficiency  and  relative  costs  of  the 
two  schemes,  it  is  necessary  to  set  a  convergence 
criterion.  The  convergence  criterion  used  here 
assumes  that  convergence  is  attained  when 
Rmax  =  10'4.  At  this  value  of  the  maximum 
residual,  it  is  found  that  the  values  of  A  a,  A  A/,  and 
E  are  all  essentially  converged.  Based  on  this 
convergence  criterion,  Table  5  compares  the  number 
of  iterations  and  the  computational  time  required  for 
convergence  for  the  different  schemes  and  for  a  regular 
analysis  solution.  It  is  clear  from  the  table  that 
updating  the  angle  of  attack  and  the  Mach  number  in 
addition  to  the  flow  variables  resulted  in  reduced 
convergence  rates  relative  to  that  of  an  analysis 
problem  in  which  only  the  flow  variables  are  updated. 
The  table  also  indicates  that  the  computational  time 
per  iteration  required  for  scheme  I  is  double  that  of 


scheme  III.  This  is  due  to  the  requirement  of 
computing  two  solutions  in  parallel  when  scheme  I  is 
used.  While  scheme  III  updates  a  p  and  M^o  p  each 
iterative  step,  scheme  I,  through  the  parameter  A N, 
allows  the  user  to  specify  the  frequency  of  updating 
these  parameters.  In  the  present  computations,  these 
parameters  were  updated  every  four  iterative  steps. 
We  did  not  attempt  to  determine  the  value  of  A N 
that  maximizes  the  rate  of  convergence.  Therefore, 
there  is  a  good  possibility  that  the  efficiency  of 
scheme  I  can  be  improved  over  that  indicated. 


Table  5.  A  Comparison  of  the  Efficiency  of  the 
Optimization  Schemes 


analysis 

scheme  I 

scheme  III 

Number  of 

92 

268 

174 

Iterations 

CPU  Seconds 

23 

137 

44 

The  above  computations  were  performed  for  a  case  in 
which  scheme  ill  functions  properly  to  allow 
comparison  between  that  scheme  and  scheme  I  in  the 
range  in  which  it  is  valid.  Scheme  I  was  applied 
successfully  to  cases  at  high  Mach  numbers 
(Reference  12)  in  the  range  where  scheme  III  cannot 
be  used.  An  example  of  these  cases  is  defined  by  the 
test  conditions  A  =  4.6,  =  0.8  and  Le  —  0.35.  A 

72x80  mesh  was  used  for  the  lunne )  sin) uiat.ion  and  a 
72x112  mesh  was  used  for  the  free-air  simulation. 

The  first  step  of  the  correction  procedure  determined 
an  Op  value  of  2.8296°.  Figure  24  shows  the  iterative 
histories  for  M^p ,  af,  Lp  and  Rmaz  in  the  second 
step  of  the  correction  procedure.  This  step 
determined  an  a p  value  of  1.6488°  and  an  M^p  value 
of  0.7871.  A  comparison  between  the  solution 
obtained  in  the  second  step  and  a  regular  analysis 
solution  indicates  that  246  iterations  and  143  epu 
seconds  are  required  for  the  present  solution  to 
achieve  convergence,  while  66  iterations  and  19  epu 
seconds  are  required  for  the  analysis  solution  to 
achieve  convergence.  The  correction  results  are  given 
by 

Aa  =  -  1. 1808'.  AM  =  -0.0129.  E„  =  3.54  x  10'4 

1  hese  values  are  identical  to  the  exact  solution. 

Figure  25  presents  a  comparison  between  the  pressure 
on  the  airfoil  surface  for  the  wind  tunnel  flow 
(A/^j.  =  0.8,  qt  =  2.8296°),  the  free-air  flow  at  the 
uncorrected  conditions  {M^p  =  0.8,  af,  =  2.8296*) 
and  the  free-air  flow  at  the  corrected  conditions 
{M^p  =  0.7871,  qf  =  1.6488*).  As  indicated  from 
the  figure,  the  correction  procedure  does  accomplish 
the  goal  of  determining  the  free-air  corrected 
conditions  (af,  M^p)  with  aerodynamic  properties 
nearly  matching  the  corresponding  properties  for  the 


tunnel  conditions  (o^,  M^e).  The  value  of  E  is 
reduced  from  384.36  x  10"*  for  the  free-air  flow  at  the 
uncorrected  conditions  to  3.54  x  10  4  for  the  free-air 
flow  at  the  corrected  conditions. 

Scheme  III  was  applied  in  References  8  and  17  to  the 
problem  of  wall  interference  correction.  There, 
however,  the  transonic  small  disturbance  equation  was 
assumed  to  be  the  flow  governing  equation  and  the 
solution  was  obtained  by  successive  line 
overrelaxation. 

5.3  Efficiency  of  Optimization  Schemes 

Schemes  I  and  II  were  applied  in  this  paper  (P)  and  in 
Reference  6  to  propeller  design  problems  (PD). 
Schemes  I,  II,  and  III  were  applied  in  this  paper  in 
References  7,  8,  and  17  to  wall  interference  correction 
problems  (WIC).  Scheme  II  was  applied  in 
Reference  18  to  airfoil  design  problems  (AD).  In  these 
applications  the  Euler  equations,  the  potential  flow 
equation  and  the  transonic  small  disturbance  (TSD) 
were  assumed  to  be  the  flow  governing  equations. 

The  potential  flow  and  TSD  equations  were  solved  by 
successive  line  overrelaxation  (SLOR),  while  the  Euler 
equations  were  solved  by  method  A,  described  in 
References  9,  method  B  described  in  Reference  16,  or 
the  multigrid  method  C  based  on  the  schemes  of 
References  14-16.  One-,  two-,  and  three-design- 
parameter  problems  were  solved. 

The  effect  of  updating  the  design  parameters  while  the 
iterative  flow  solutions  evolve,  on  the  convergence  of 
the  flow  solution,  is  measured  by  the  parameter  a 
given  by 


where  n£  is  the  number  of  iterations  required  for 
convergence,  when  solving  the  optimization  problem, 
and  n®  is  the  corresponding  number  of  iterations 
required  for  convergence,  when  solving  the  analysis 
problem.  A  a  value  of  one  indicates  that  updating 
the  design  parameters  while  the  iterative  flow  solution 
evolves  has  no  effect  on  the  convergence  of  the  flow 
solution,  while  a  values  which  are  less  than  one  and 
greater  than  one  indicate  accelerating  and  decelerating 
convergence  effects,  respectively.  To  compare  the 
efficiency  of  different  schems,  it  is  convenient  to  define 
the  parameter  u,  which  is  the  ratio  of  the  cost  of 
solving  the  optimization  problem  to  the  cost  of 
solving  L  regular  analysis  problems.  It  is  given  by 


v  =  \<r 


where 


A  = 


1M(  L  for  scheme  I 

(AN  +  L  +  Z)  /  ( LAN)  for  scheme  II 
1  / L  for  scheme  III 


M  is  the  number  of  problems  solved  in  parallel  for 
scheme  I;  Z  takes  the  values  of  1  and  0  for 
unconstrained  and  constrained  problems,  respectively. 


Table  6  compares  the  parameters  u  and  o  for  different 
problems  solved  in  this  paper  and  in  References  6,  7, 

8,  17,  and  18.  All  problems  satisfy  a  single  equality 
constraint,  except  those  of  References  7,  8,  and  18. 
which  are  unconstrained.  The  table  shows  that  good 
convergence  rates  for  the  flow  iterative  solutions  are 
possible  even  if  the  design  parameters  are  allowed  to 
vary  as  the  flow  solutions  evolve.  The  table  also 
shows  that  it  is  possible  to  solve  an  Zr-design- 
parameter  optimization  problem  at  a  cost  equal  to  L 
times  the  cost  of  solving  the  analysis  problem.  It 


Table  6-  Efficiency  of  Solving  Optimization  Problems 


Problem 

Flow 

Eqs. 

Method  of 
Solution 

Scheme 

L 

N 

o 

Ref. 

PD 

Euler 

A 

i 

2 

2 

0.7-0. 8 

0. 7-0.8 

P 

PD 

Euler 

A 

i 

2 

3 

0.7 

1.1 

P 

PD 

Euler 

A 

i 

3 

3 

0.7-1. 0 

0. 7-1.0 

P 

PD 

Potential 

SLOR 

11 

3 

- 

1.1 

2.2 

6 

WIC 

Euler 

B 

i 

2 

2 

2. 9-3. 7 

2. 9-3. 7 

p 

WIC 

Euler 

B 

in 

2 

1 

1.0-1. 9 

0. 5-1.0 

p 

WIC 

TSD 

SLOR 

ii 

1 

- 

0.7-0. 8 

1. 1-1.2 

7 

WIC 

TSD 

SLOR 

a 

2 

- 

0.8-1. 5 

0.7-1. 4 

7 

WIC 

TSD 

SLOR 

u 

3 

- 

1.4  16 

0.9-1. 1 

7 

WIC 

TSD 

SLOR 

hi 

l 

i 

0.9- 1.1 

0.9- 1.1 

8 

WIC 

TSD 

SLOR 

in 

2 

i 

0.9 

0.5 

17 

AD 

Euler 

C 

ii 

3 

2.9 

1.3 

18 
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should  be  noted  that  the  costs  considered  here  do  not 
include  those  for  mesh  generation  and  evaluation  of 
the  objective  and  constraint  functions.  These  costs 
were  minor  in  the  problems  presented  here. 

6.  CONCLUSIONS 

In  this  paper,  an  approach  based  on  updating  the  How 
variables  and  the  design  parameters  simultaneously 
was  presented.  This  approach  is  applicable  to 
aerodynamic  optimization  problems  in  which  the  flow 
governing  equations  are  nonlinear  equations  that  are 
solved  iteratively.  Three  schemes  based  on  this 
approach  were  presented. 

Scheme  1  is  a  general  scheme.  It  was  applied  to  two- 
and  three-design -parameter  problems  with  a  single 
equality  constraint.  However,  extensions  of  this 
scheme  applicable  to  optimization  problems  with 
multiple  equality  and  inequality  constraints  were 
presented.  The  results  show  that  the  scheme  is  highly 
accurate  in  determining  the  solution  of  constrained 
optimization  problems.  Schemes  H  and  HI  also 
presented  here  are  only  applicable  to  a  limited  class  of 
problems.  The  cost  of  solving  the  optimization 
problems  presented  here  was  within  the  range 
(0.5 L  —  3.7 i)  times  the  cost  of  solving  a  regular 
analysis  problem,  where  L  is  the  number  of  design 
parameters.  This  wide  range  is  a  reflection  of  the 
different  problems  solved,  the  differe  procedures 
used  in  sohing  the  flow  governing  equation,  and  the 
different  degrees  of  accuracy  to  which  the  design 
parameters  were  determined.  Tests  performed  on 
sc:  eme  I  indicate  that  the  convergence  rate  of  the 
solution  is  weakly  sensitive  to  variations  in  the 
computational  parameters  and  the  initial  iterative 
guesses  for  the  design  parameters. 

The  three  schemes  presented  here  are  only  examples  of 
schemes  which  update  the  flow  variables  and  the 
design  parameters  simultaneously.  Other  schemes 
based  on  this  approach  may  be  developed.  The 
results  of  the  preliminary  tests  conducted  indicate 
that  the  approach  of  updating  the  flow  variables  and 
the  design  parameters  simultaneously  is  an  att  ract!  ** 
alternative  to  the  costly  inner-outer  iterative 
procedure  associated  with  the  use  of  conventional 
optimization  schemes.  Further  tests,  however,  are 
required  to  better  evaluate  this  approach.  Direct 
comparisons  between  the  results  of  this  approach  to 
the  results  of  conventional  schemes  are  necessary. 
Applying  this  approach  t.o  problems  with  a  larger 
number  of  design  parameters  than  used  here  and 
investigating  its  performance  in  this  case  is  also 
necessary  for  a  better  evaluation  of  this  approach. 
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Figure  2.  Path  of  Objective  Function's  Minimum 
Point  (Graphical  Approach). 
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Figure  4.  Design  Parameter  and  Objective  Function1 
Minimum  Paths  (Time- Dependent  Approach). 


Figure  3.  Objective  Function's  Time  Evolution. 


Figure  5.  Parallel  Scheme  (I). 
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Figure  6.  Two-Dimensional  Design  Parameter  Space 


Figure  10.  Power  and  Efficiency  Iterative  Histories 
for  the  Two-Design-Parameter  Problem. 
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Figure  11.  Residual  Iterative  Histories  for  the 
Analysis  Problem  and  the  Two- Design- Parameter 
Optimisation  Problem. 
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Figure  9.  Design  Parameter  Iterative  Histories  for 
the  Two- Design- Parameter  Problem. 


10.0-4 - — r - , - 

0  !<X»  2000  3000  *000  5000 

wjMwofrounoNs 

Figure  12.  Design  Parameter  Iterative  Histories  for 
the  Two- Design-Parameter  Problem  with  Perturbed 
Initial  Conditions. 


Figure  13.  Power  and  Efficiency  Iterative  Histories 
for  the  Two- Design-Parameter  Problem  with 
Perturbed  Initial  Conditions. 
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Figure  14.  Residual  Iterative  Histories  for  the 
Analysis  Problem  and  the  Two- Design- Parameter 
Optimisation  Problem  with  Perturbed  Initial 
Conditions. 
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Figure  15.  Design  Parameter  Iterative  Histories  for 
the  Three- Design- Parameter  Problem. 
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Figure  16.  Power  and  Efficiency  Iterative  Histories 
for  the  Three- Design- Parameter  Problem. 
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Figure  18.  Optimum  Blade  Angle  Perturbations. 
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Figure  19.  Iterative  Histories  for  the  Free- Air 
Solutions  (Scheme  III). 
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Figure  17.  Residual  Iterative  Histories  for  the 
Analysis  Problem  and  the  Three- Design- Parameter 
Optimisation  Problem. 


Figure  20.  Iterative  History  for  (Scheme  III). 


Figure  21  •  Residual  Evolution  Histories  for  the 
Correction  Problem  and  the  Analysis  Problem  in 
Free  Air  (Scheme  III). 
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b.  Scheme  III,  Moot  =  0.7 
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Figure  23-  Maximum  Residual  Evolution  History 
(A  =  3.6,  lt  -  0.35). 


Figure  22.  Iterative  History  for 
(k  =  3.6,  Le  =  0.35). 
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Figure  25.  Pressure  Distribution  on  the  Airfoil 
Surface  (A  =  4.6,  =  0.8,  Lt  -  0.35). 
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Figure  24.  Iterative  Histories  for  the  Free- Air 
Solutions  Using  Scheme  I  (A  =  4.6,  —  0.8, 
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